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PREFACE 


Neither seeking nor avoiding mathematical exejgjiations we 
enter into problems solely with a view to possible usefulness for 
physical science. 

Loed Kelvin and Peter Guthrie Tait, 
“Treatise on Natural Philosophy,” Part II. 

The primary objective of this book is to introduce the 
to the mathematical treatment of engineering problems. It is 
often said that the engineer nowadays needs more and more 
mathematics. However, it is common experience that most 
engineers apply only a small portion of the knowledge presented 
to them in their college mathematics courses. It seems that in 
many cases the amount of mathematics included in the curricu- 
lums is quite adequate, but the ability to find the proper mathe- 
matical setup for given physical or engineering problems is not 
developed in the student to a sufficient degree. In other words, 
the need is not so much for “more mathematics” as for a better 
understanding of the potentialities of its application. 

There are two ways of teaching the art of applying mathe- 
matics to engineering problems. One consists of a systematic 
course comprising selected branches of mathematics including a 
choice of appropriate examples for applications. The other 
chooses certain representative groups of engineering problems 
and demonstrates the mathematical approach to their solution. 
There are excellent books available that follow the first method. 
This book might be considered as an experiment in the direction 
of the second method. Of course, it would not be advantageous 
to push this method to an extreme; hence, certain parts of th(^ 
book are concerned primarily with mathematical subjects. 
However, also in these parts the mathematical concepts are 
presented from the viewpoint of their application rather than 
from that of their purely logical development. 
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To keep the book within a reasonable size the scope of topics 
was limited, although the authors realize that, for example, the 
study of partial differential equations, integral equations, func- 
tions of complex variables, and vector and tensor analysis 
is desirable to complete the mathematical equipment of a 
scientific engineer. 

Mathematical prerequisites for an understanding of this book 
are ordinary calculus, the elements of analytical geometry, and 
the elements of algebra, which include linear equations, determi- 
nants, and some knowledge of algebraic equations. It is supposed 
that the reader can handle the elementary operations with com- 
plex numbers. Previous knowledge of differential equations is 
not necessary. To avoid ambiguity in the mathematical 
terminology, some of the fundamental definitions of algebra, 
calculus, and analytical geometry are compiled under the title 
Words and Phrases. 

The first two chapters on differential equations and Bessel 
functions are fundamentally of a mathematical character. In 
the subsequent chapters we have tried to insert most of the^ 
information of mathematical nature between the problems that 
require their knowledge. The reader will notice that elliptic 
integrals, for example, are treated in connection with the classical 
problem of the pendulum, and that vector algebra ap})ears in 
the chapter on the fundamental concepts of dynamics. The 
latter chapter was included in the belief that niechanica rationality 
generally does not enjoy its due place between physics and 
applied mechanics in the engineering curriculum. The instructor 
who shuns Lagrange’s equations may omit the last sections of 
Chapter III. The examples of Chapters V and VI, in which 
Lagrange’s equations are used, can be treated without referenc(^ 
to the Lagrangian method. However, it is believed that famili- 
arity with generalized coordinates, generalized forces, and other 
concepts of the mechanics of Lagrange is a positive a(lvantag(^ 
for the scientific minded engineer. 

Most problems treated in detail in the text are drawn from 
the dynamics of particles, rigid bodies, and the theory of struc- 
tures; a smaller number from the theory of electric circuits. 
Many of the problems of mechanical oscillations can easily bo 
converted into problems of oscillations in electrical networks. 
The problems given at the end of each chapter contain, besides 
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exercises in mathematical operations, additional applications 
to various fields of engineering, e.g., fluid mechanics, heat 
conduction, etc. 

We ask the mathematician who uses this book for the instruction 
of engineering students not to forget that a book of this type 
cannot contain rigorous proofs for all mathematical statements 
included. We hope that most of the statements stand up even 
before the supreme court of pure mathematics. Possibly it 
cannot be avoided that at times an engineer will be seduced into 
applying some of the mathematical methods beyond their 
limit of validity and will run into difficulties. Perhaps the best 
advice he can be given is to consult a mathematician. 

We ask the engineering instructor to take into consideration 
that we cannot always give that problem which he deems to be 
the most significant for the demonstration of certain mathe- 
matical methods. He may work out his own problems and 
substitute them for those given in this book. 

We ask the student to remember that mere following of the 
detailed treatment of a certain problem does not assure a real 
understanding of the method unless he has solved analogous 
problems by himself. 

We ask the 'practicing engineer to forgive us if we do not give 
precisely the particular problem that he has lately encountered 
or the particular method that he hoped to find in the book. 
He may also read those chapters that momentarily do not interest 
him so much, for perhaps he will face similar problems tomorrow. 

The authors outlined each chapter in close cooperation. Then 
each author worked out independently a certain number of 
chapters. Finally the whole manuscript was worked over in 
view of continuity through mutual discussions. The close 
cooperation of the authors was made possible, especially during 
the initial period, by a fellowship granted to the junior author 
by the Belgian-American Educational Foundation. The authors 
wish to express their gratitude to the Foundation and especially 
to its vice-president, Mr. Perrin C. Galpin. 

Mr. F. J. Malina assisted the senior author with great devo- 
tion during the whole work; both his and Dr. W. R. Sears’s 
assistance in revising the manuscript and proofs was an essential 
help for the completion of the book. Dr. H. S. Tsien, Dr. W. Bol- 
lay, Dr. A. E. Lombard, Mr. H. J. Stewart, and Mr. W. D. Rannie 
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Yin 

contributed helpful criticism and aid in computations. The 
authors wish to express their appreciation for the valuable 
assistance received from all these persons and for the devoted 
help of Miss Margaret Belasco, Mrs. Tera Biot, Mrs. Helen Hill, 
and Mr. A. M. O. Smith in preparing the manuscript. 

Theodore v. KAbmXn, 
Maurice A. Biot. 

Califobnia Institute of Technology, 

Columbia University, 

December^ 1939. 
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CHAPTER I 


INTRODUCTION TO ORDINARY DIFFERENTIAL 
EQUATIONS 

Mathematicians do not study objects, but the relations between 
objects. Matter does not engage their attention, they are inter- 
ested in form alone. 

— H. PomcARE 
Science et Hypothese.’^ 

Introduction. — The first part of this chapter, including sections 
1 to 7, gives a short review of the fundamental theorems on 
differential equations of one independent variable. We begin 
in section 1 with the simplest form of a differential equation: 
one which can be solved by pure quadrature. In sections 3 and 4 
the elements of the theory of differential equations of the first 
order are given. Section 6 discusses numerical methods for the 
solution of differential equations. Section 7 contains some 
general remarks on differential equations of higher order. The 
last sections are devoted to linear differential equations, espe- 
cially to equations with constant coefficients and their special 
methods of solution. 

1. The Fundamental Problem of Integral Calculus. — The 

simplest example of a differential equation is a relation of the form : 


It requires the determination of a function y{x) whose first 
derivative is equal to a given function f{x) of the independent 
variable x. We assume that j{x) is single valued and continuous. 

The solution of Eq. (1.1) is furnished by the fundamental 
theorem of the integral calculus which states that the differential 

quotient of the definite with respect to the upper 

limit X is equal to f{x ) ; the lower limit a is an arbitrary constant. 
In fact, if we plot /($) (Fig. 1.1) as function of the definite 
integral in question is equal to the area ABCD enclosed by the 

1 
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^-axis, the curve whose ordinates Sive f(^) and the ordinates AD 
erected at ^ = a and BC at ^ = x. The area ABCD is defined 
as the limiting value of the sum of the small rectangles shown 
schematically in Fig. 1.1. If we increase the upper limit by AXy 
the area increases by the amount/(x) Ax; therefore, the derivative 
of the integral as function of the upper limit is equal to f(x), 
as required by Eq. (1.1). Hence, 

y(x) = fJfiO (1-2) 

is a solution of the differential equation (1.1). When the solu- 
tion of a differential equation is obtained, as in this case, by 



Fia. 1.1. — Geometrical interpretation of a definite integral. 

integration of a given function, we say that the equation is solved 
by quadrature or direct integration. 

If we plot the solution y = as function of x, we 

obtain a so-called integral curve of the differential equation (1.1). 
This integral curve passes through the point x* = a, ?/ = 0. In 
order to obtain the integral curve passing through any point x — Xa, 

y = Vfi, we write y = yo + I V(l) If we vary Xq, the integral 

is changed only by a constant. Let us choose the origin J = 0 
within the domain for which /(x) is defined. Then we can write: 

+ C (1.3) 


where C is an arbitrary constant. 

For the sake of simplicity in notation, we shall write, in general, 
a definite integral that is a function of the upper limit x, in the form 

Jq /(x) dx, except when such simplification may lead to confusion. 
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The expression (1.3), containing the arbitrary constant C, 
constitutes the general solution of Eq. (1.1); any function y{x) 
corresponding to a particular value of C is a particular solution of 
(1.1). The general solution represents a one-~parameter family of 
curves, which, in this special 
case, are identical equidistant 
curves. 

Another method of finding 
the solution of Eq. (1.1) is con- 
nected with the fundamental 
geometrical interpretation of 
the derivative of a function. 

Equation (1.1) states that the 
slope of the integral curves is a 
given function of the abscissa 
X, i.e., all integral curves cross- 
ing the same ordinate have the 
same slope (Fig. 1.2). Hence, 
if we start from an arbitrary 
point XQ,yo and draw a continuous curve through Xo,Vo, which 
crosses every ordinate with the slope prescribed by Eq. (1.1), we 
obtain the integral curve passing through the point Xo,yo- The 

equation of this curve is, as shown above, y = yo + I ^f(x) dx, 

m/XQ 

Since f(x) is assumed to be single valued, there is only one such 
curve. It is evident that by varying xo,yo an infinite number of 
such curves can be drawn and that they constitute a one- 
parameter family of equidistant curves. 

2. Numerical Evaluation of Integrals. — The solution of 
Eq. (1.1) involves the evaluation of definite integrals of the form: 

S = £f(x) dx (2.1) 

This integral can be evaluated approximately in the following 
way. We divide the range ab into n equal intervals /i, such that 
h — a = nh (Fig. 2.1). Two successive ordinates 

Vr = f(a + rh) 



Fig. 1.2. — Construction of the in- 
tegral curve passing through the point 
a:o, 2 / 0 . 


define a trapezoid A BCD whose area is4(^^ A- yr+\)h. Th<' 
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area representing the definite integral (2.1) is approximated 
by the sum of the areas of all the trapezoids defined by the ordi- 
nates yo, 2 / 1 , . - . ^ 2/r^- 

S ^ [(2/0 + 2/1) + (2/1 + 2/2) + * ‘ + ( 2 /n-l + 2 /n)] h 

or 

^ ~ (iyo + 2/1 ■+ 2/2 "t” * ’ * + Vn-i + iyn)h (2.2) 

The formula (2.2) is known as the trapezoidal rule. It is equiva- 



lent to approximating the curve y — fix) between equidistant 
ordinates by segments of straight lines. 

A closer value of the definite integral may be obtained by 
approximating the curve y = f(x) by a succession of parabolic 
arcs. This leads to Simpsovis rule. 



Consider, for instance, the portion of th(^ curve in the int(‘rval 
u ^ ^ a + 2h. We denote the ordinates corresponding to 

a, a + A, and a + 2A by 2 / 0 , yi, and 2 / 2 , respectively (Fig. 
2.2). The equation of any parabola passing through the point 
(a + h, yi) is of the form: 

= 2/1 H- q: [r — (a + A)] -|- p [.r (a -f- 


(2.3) 
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We determine the two constants cx. and 13 in such a way that the 
curve also passes through the points (a,yo) and (a + 2h, 2 / 2 ). 
This gives 


a. 


</3 — f/O 

2h 


R = 2/2 + 2/0 — 2y i 

^ 2h^ 


The area between this parabolic arc and the a;-axis is 

X a-^2h ra+2h ra+2h , tm j 

rj dx ^ I yi dx + a I [a; — (a + ^)] dx 


-r 


[x ~ (a -h h)]^ < 


= i(yo + 42/1 + 2 / 2 ) A 


We proceed in the same way for the set of three points (a + 2h, 
2 / 2 ), (ci + Sh, 2 / 3)5 (O' + 4^, 2 / 4 ) and evaluate the area between 
the parabolic arc passing through these three points and the 

x-axis: -^( 2/2 + 42/3 + ydh, and so on for the other intervals 

(a + 4h) to (a + 6 / 1 ), (a + 6h) to (a + 8h), etc. Each parabolic 

arc covers an interval 2/i, and if we have divided the range ab 

into an even number n of equal intervals h, we can approximate 
the entire curve y = /(x) from a to h by a series of n/2 parabolic 
arcs. The area representing the integral (2,1) is then approxi- 
mated by the sum of all the areas under these parabolic arcs. 


S 


g [( 2/0 + 42/1 + 2 / 2 ) + ( 2/2 + 42/3 + 2 / 4 ) + 


= g [2/0 + 42/1 + 22/2 + 42/3 + 


-f- (2/n— 2 + 42/71—1 + 2 /n)] 

22/71-2 4 “ 4 yn—l + 2 /n] 


(2.4) 


where the number n of intervals is even. This formula is known 
as Simpson’s rule. 

The degree of approximation of these formulas depends, of 
course, on the magnitude of the interval h. It is possible to 
establish formulas which are more accurate than Simpson's rule 
by using polynomials of higher degree to approximate the curve 
y = f(^x) in the successive intervals /i.* In most practical cases, 
however, Simpson's rule will be satisfactory for engineering use. 


* See, for instance, J. B. Scarborough, Numerical Mathematical Analy- 
sis,’’ pp. 117—152. 
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Example. — The value of t is given by the integral 



To evaluate this integral, we compute the values of the function y — — ; — - 

between a; = 0 and x = 1 using as interval h = 0.25. We obtain 
^0 = 1.00000000, yi = 0.94117647, 2/2 = 0.80000000, = 0.64000000, 

2/4 = 0.50000000. 

The trapezoidal rule gives ^ 


and 


- - 0.25 
4 


1 1 
+ + + 


TT = 3.:3117647 


Simpson’s rule yields the value 


and 


7 = [yo + 4yi 4- 2y2 + 42/3 + ^ 4 ] 

4 3 


TT = 3.14156896 


The correct value of ir to nine digits is 

TT = 3.14159265 


Comparison with the values above shows the superiority of Simpson’s 
rule which gives a result correct to five digits, while the trapezoidal rule 
gives only the first two digits correctly. By using a smaller interval h — 0.1, 
the trapezoidal rule yields tt = 3.13992597, and Simpson’s rule yields 
■TT = 3.14159260. The latter value is now correct to eight digits, whereas 
that given by the trapezoidal rule has not been greatly improved. 

3. Differential Equations of the First Order. — We define a 
differential equation of the first order as a relation between the 
independent variable x, the unknown function y{x), and its first 
derivative dy/dx: 

( 3 . 1 ) 

Obviously, Eq. (1.1) is the simplest case of such a relation. 

We first assume that/(a:,y) is a single-valued function of x and 
y, that it can be differentiated with respect to x and y, and that 
its derivatives are finite. 

Although we were able to find the solution of (1.1) by quad- 
rature (direct integration), in the case of an equation of the form 
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(3.1) this will be possible in exceptional cases only. However, 
the second method of solution applied to Eq. (1.1) can be general- 
ized for the case of (3.1). We draw a family of curves defined by 
the equation 

f{Xyy) = const. (3.2) 

Obviously, each of these curves connects the points in which th^ 
integral curves of (3.1) have the same slope. Varying the value 
of the constant in Eq. (3.2), we obtain a family of such curves, 
called the isoclines (Fig. 3.1). The problem of finding solutions 
of (2.1) consists in plotting curves which cross each of the iso- 



Fiq. 3.1. — To illustrate the isocliae method. The parallel line segments 
along a line/(r, y) = const, indicate the slope dy/dx of the integral curves cross- 
ing that line. 

dines with the slope associated with that isocline. It is seen that 
an infinite number of such integral curves can be obtained by 
starting from different points of a certain isocline. Figure 3.1 
shows the integral curve passing through the point x ~ a, y — h. 
In the special case treated in section 1 the isoclines were straight 
lines X = const. 

This method of solving a differential equation of the first 
order is called the isocline method. It can always be used as a 
step-by-step method provided that f(x,y) is a single- valued 
continuous function of x and y. However, we shall later encoun- 
ter cases in which for some particular points these conditions are 
not fulfilled. Let us assume, for instance, that /(x, 2 /) is given 
as the quotient of two functions <p midip, f(x,y) = (p{x,y)/\p(x,y). 
Then if (p and xf/ vanish at the same point, f(x,y) has the form 0/0 
and the isocline method cannot be applied without further dis- 
cussion. The behavior of the integral curves in the neighborhood 
of such singular points will be discussed later in connection with 
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the problems in which they occur (Chapter IV, sections 10 
and 11). 

Separation of Variables . — It was said above that, in general, the 
solution of (3.1) cannot be found by quadratures. However, 
there are some important cases in which this is possible. One 
of these particular cases occurs if the variables x and y can be 
separated. 

Assume that f(x,y) has the form /(x^y) = <p(x)/\p(y); then 
Eq. (3.1) becomes 

^ = Kx,y) = ^ (3.3) 

and, therefore, 

Hy) ^ (3.4) 


The left side of (3.4) is obviously the derivative of a function 
with respect to x, where '^(y) is defined by 


^iv') = fj'f'iy) dy 

and 6 is an arbitrary constant. Hence, (3.4) reads 


dx 


= <p{x) 


(3.5) 


This equation is of the form (1.1) ,* hence, we have by integration 

^ dy = dx (3.6) 

The values of x and y which satisfy Eq. (3.6) determine an 
integral curve of the differential equation (3.3). Writing 
(3.6) in the form: 

G{x,y) = J^V(^) dy - dx = 0 

we verify by differentiation that 

dy _ __dGldx ___ cp{x) 
dx dGjdy \p{x) 

For X = a and y = h both integrals vanish; hence, x = a, 
y =: h is one point of the integral curve; in other words, (3.6) is 
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the equation of the integral curve passing through an arbitrary 
point X = a, y == b. The integral curves constitute a one- 
parameter family of curves. This is seen by choosing for a and b 
fixed values, for example, a = 0, h = 0. Then we can write 
Eq. (3.6) in the form: 

dy - (3.7) 


The relation (3.7) containing the arbitrary constant C is 
the general solution or general integral of the differential equation 
(3.3), since C can be determined in such a way that the integral 
curve passes through an arbitrary point. 


Example : The Catenary. — We shall derive the equation of the so-called 
catenary, i.e., the equilibrium configuration of a cable loaded by its own 
weight (Fig. 3.2). It follows from the 
equilibrium condition that the horizontal 
component H of the cable tension must be a 
constant. Denoting the inclination of the 
tangent by B, the vertical component of 
the cable tension will be equal to H tan 6. 

The weight of the cable per unit length will 



XXHiX 


. — The catenary. 


be denoted by w] then the weight of an 
element ds, the horizontal projection of 
which is equal to dx, will be given by w dx/cos 6. The difference of the 
vertical components of the cable tension at x and a: -f- da; is equal to the 
weight of this element; hence, 

H ~ (tan 6) — — 

dx cos 6 


dd w 


(3.8) 


Separating the variables, we obtain 


and 


where we assume thj 
lowest point of the catenary. Integrating both sides 


dd 

^ ~dx 

<3.9) 

cos d 

H 

r do 


(3.10) 

Jo cos 9 

Hjo 

= 0 when 

X — 0, i.e., X 

= 0 corresponds to the 


log tan 
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Consequently, 


tan(^ + -) 


1 toa? 

tan 0 = 5 (e e 


Introducing ?/ = y{x) as the equation of the catenary, we obtain from (3.11) 

^=tan0= - -e 
da; 2 ^ 

and integrating both sides 

jj — tgg 

^) + const. (3.12) 

2w 

Homogeneous Equation . — A homogeneous equation of the first 
order has the form : 


E-<l) 


Equation (3.13) is reduced to a form in which the variables can 
be separated by the substitution u — yjx or y = xu. We have 
by differentiation 

dy du , 
dx ^ dx ^ 

and, therefore, Eq. (3.13) becomes 
du . 

a: ^ =/(«)-« (3.14) 

The variables in this equation are vseparable; we have 

du _ dx 

f(u) — u X 


Hence, putting 


du 

fiu) -r u 
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4. Linear Differential Equations of the First Order. — The 

first-order linear equation represents a further fundamental 
case in which the solution can be obtained by quadratures. 
The general form of a first-order linear equation is 

^ = <p{x)y + 4/{x) (4.1) 

We show two methods of obtaining the solution of (4.1). The 
first method proceeds in the following way: We substitute in 

(4.1) 

y = uv (4.2) 

where both u and v are unknown functions of x. Then from 

(4.1) , we have 

^ ^ = <p(x)uv + (4.3) 

Obviously, we can choose arbitrarily one of the two functions u 
and V. Let us choose v such that 


i.e., 


« ^ = <p(x)uv 


1 dv 


(4.4) 


Then the rest of Eq. (4.3) can be solved by quadratures. We 

integrate (4.4) and write log v ~ Jo <p(x) dx or v == 
Substituting this expression in Eq. (4.3), we obtain 

, = = e JO 1 (4.5) 

dx V 

and by integration 

^ ^V(^) dx 4“ const. (4.6) 

Substituting (4.6) in (4.2), we obtain the general solution of 
Eq. (4.1) 
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y = dx + C) (4.7) 

Obviously, we could use any other lower limits in the integrals 
occurring in (4.7). However, it is easily shown that.Eq. (4.7) 
represents the complete family of integral curves; viz,, if we vary 
the lower limits in the integrals occurring in (4.7), we obtain the 
same functions that we had before; they merely belong to other 
values of the arbitrary constant C, 

The second method of solving Eq. (4.1) consists in finding the 
so-called integrating factor for this differential equation. 

We write Eq. (4.1) in the form: 

g - ,p{x)v = ^{x) . (4.8) 

Then we try to determine a function M{x) of the independent 
variable x such that the left side of (4.8) when multiplied by 
M{x) represents the derivative of a function of a:. We call such 
a function M(x) an integrating factor of the differential equation. 
Writing 

M-£- M<p(x)y = MHx) (4.9) 

it is seen that the left side will be the differential quotient of My 
if 

. dM . dM / , , 

M(p{x) = -Jl = -<p(x)dx 

or by integration 

log M — dx + const. 

J *%(x) dx 

° ^ is an integrating factor 
of Eq. (4.8). Substituting this expression for M in Eq. (4.9), 
we obtain 

^ - Mx)e 

and 

y = + C) 

where C is a constant. It is seen that the exprf'ssion.s (4.7) and 


(4.10) 

(4.11) 
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(4.11) are identical. They represent the general solution or 
general integral of the differential equation (4.1). 

As an example let us assume that cp{x) is equal to a constant 

m. Then dx = mXj and we obtain 


y = dx + (4.12) 

5. Singular Solutions of First-order Equations. — If the func- 
tion f(x,y) in Eq. (3.1) is multivalued, in general more than one 
integral curve will go through an arbitrary point x,y. Let us 
consider, for example, the differential equation 




Obviously dyfdx is real only if y ^ 1; hence, the real integral 
curves cover only the portion of the plane for which y S 1- If 
y < Ij we obtain two real values for the slope of the integral 
curves passing through the point x,y corresponding to the positive 
and negative signs of the radical on the right side of (5.1). 
Separating the variables in Eq. (5.1), we obtain 


and by integration 


dy 

Vl — 2/ 


dx 


— 2'\/ 1 ~ y = X — a 


where a is an arbitrary constant. Thus we obtain 


(5.2) 


2/ = 1 - i (x - a)2 


(5.3) 


This equation represents a one-parameter family of parabolas 
(Fig. 5.1) which are all tangent to the straight line y — The 
parabola corresponding to the particular value a of the arbitrary 
constant has its vertex at the point x = a, y = 1. Now it is 
seen that the straight line y = 1, which is the envelope of the 
family of the parabolas, also satisfies the differential equation 
(5.1), since in this case dyfdx = 0. However, this solution is 
not contained in the expression (5.3), i.e., it cannot be obtained 
by a particular value of the parameter a. The expression (5.3) 
is called the general solution of (5.1); any solution corresponding 
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to a particular value of a is called a particular solution. The 
solution y = I, because it is not included in the general solution, 





Fig. 5.1. — The envelope of the family 
of parabolas is a singular solution of 
the differential equation (5.1). 


is called a singular solution or 
a singular integral. It was said 
that it represents the envelope 
of the family of the parabolas; 
it touches at every point one of 
the particular solutions. 

Equations of first order can 
have singular solutions only if 
the function f(x,y) determin- 


ing dy/dx is multivalued. 

6- Numerical Solution of Differential Equations of the First 

Order. — The analytical methods shown in the previous sections 
are restricted to certain classes of differential equations of the first 
order. Hence, there is a need for numerical methods which enable 
one to calculate particular solutions of any differential equation 
of the first order with a higher accuracy than can be done, for 
example, by the isocline method shown in section 3. Several 
such methods have been suggested by different mathematicians. 
They are in general step-by-step methods; those developed by 
I. C. Adams and by C. Runge jointly with R. Kutta are perhaps 
the most practical ones. 

Let us consider the equation 




( 6 . 1 ) 


with the initial condition that y = yo at x ~ Xq. Then w(^ 
try to find an approximate method for the calculation of th(^ 
values of y for equidistant values of x, say 

A, == Xo 2A, 

and so on. Let us assume for the moment that we have deter- 
mined the solution up to the point x^ = xo + nh. Then th(^ 
crudest approximation for pn+i corresponding to 

Xn+i = xo + (n + l)h 


* More information on singular solutions may be found in any treatise on 
differential equations, sueh as, for instance, H. T. H. Piaggio, “An Ele- 
mentary Treatise on Differential Equations and Their Applications. 
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will be 

Vn+l = yn + qjl ( 6 . 2 ) 

where qn is the value of dy/dx for x = Xn and y = 2 /„, 
q-n = fi^njVri). Wo proposc to refine this approximation by 
assuming that portions of the function y(x) can be approximated 
fairly well by portions of polynomials. Let us use, for instance, 
polynomials of the second degree. This means for the graphical 
representation of y — y(x) that portions of the curve y = y{x) 
are replaced by parabolic arcs. A parabola being determined 
by three points, let us assume that the points yn-i] Xn, yn\ 
and Xn+i^ Vn+i belong to one parabola and that the equation 
of the parabola is 

y = y-n + a(x — rr„) + h(x — Xr,Y (6.3) 

In order to determine the coefficients a and h in Eq. (6.3), 
let us express the values qn—i of dy/dx at x = Xn and x = :r„_i 
in terms of a and 6. Obviously, 

^ = a + 26(a: - x„) (6.4) 

and 

qn = a, — a — 2bh (6.5) 

Hence, 

j r q^ — 1 

a = qn and h = — 

and Eq. (6.3) becomes 


y = Vn + qn(x — Xn) + — Xn)" (6.6) 

We now use Eq. (6.6) to compute Vn+i'- 

i) h (6.7) 


Equation (6.7) evidently represents a refiiu^ment of the first 
approximation (6.2). 

The first ordinate that can be computed by means of Ecp 
(6.7) is y 2 , provided we know, besides the initial value ijo 
for X = Xo, the value yi for Xi = a:o + ^ and the first derivatives 
of y for X = Xq and Xi = Xo + h. We calculate these data 
approximately by means of the Taylor series 
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and 

I- (I). 

by substituting successively rr — xo = 0 and then x — Xo = h. 
The coefficients in these series can be determined by repeated 
differentiation of the function f(Xjy), Evidently 

\dx/o 

dx^/o \dx dy dx/o \dx *' dy^ 

and so on. The subscript means that the values of the function 
/ and of its derivatives are to be taken for x == xo and y == t/o- 
Calculating in this way yi — y(xQ + K), go = (dy/dx)x^a:o 7 
qi = (dy/dx).j,^xo+h, we obtain from Eq. (6.7) 


h (6.11) 


Now 2/2 being known, we compute §2 from 
q2 — f(x() + 2h, 2 / 2 ) 

Hence, .we can continue the calculation by writing, according to 
(6.7), 

($2 + ( 6 . 12 ) 

and this procedure can be continued until the desired range of 
integration is covered. 

In order to obtain better approximations, polynomials of 
higher (4th or 5th) degree will be used. Using, for instance, a 
polynomial of 5th degree, the reader will verify by similar ele- 
mentary calculation that the equation which gives the difference 
2 /n 4 -i — yn expressed by the values of the slope at five equidistant 
points Xn, Xn — h, Xn — 2h, Xn — 3h, Xn — 4/1 is of the form: 

2/n+l — yn = h(qn + ^ Ag„__i -|“ -fy A^qn~2 + f 

^gn- 4 ) (6.13) 
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where the d3:fferences Aq, AP-q, and A^q are defined l^y 

Aqr = gr+i — qr 

AV = A?r+1 - Aqr 

A% = A®gr+1 — A^qr 
This generalizes Eq. (6.7). 

Assuming that we know 2/1, 2/2, 2/3, 2/4 at five equidistant 
points, Xq, xq + h, Xo + 2h, xo + 3A, Xo + 4/i, we calculate the 
differences (6.14), and appljdng (6.13), we obtain the value 
of 2/5 at the point x + 5h. Repeating now the same proce- 
dure for the five points Xo + hj xq + 2h, Xq + Sh, xo + 47z, 
Xo + 5hj we find y&. By successive application of the procedure 
we determine all other ordinates 2/7, ^g, . . . step by step. 
To start the procedure five initial ordinates at equidistant points 
must be calculated. This is done by a Taylor series expansion as 
illustrated in the example below. 

The formula (6.13) has the advantage that the sequence of 
coefl&cients is independent of the degree of the polynomials used. 
It is seen that we obtain Eq. (6.7) by retaining the first two terms 
in parentheses on the right side of Eq. (6.13). If w'e want to 
use polynomials of the 4th order, for instance, we can cut off the 
expression on the right side of (6.13) after the fourth term. 

Example. — We shall apply Adams’ method to the numerical 
integration of the differential equation 


with the initial condition y 0 at x = 0. We first calculate 
Taylor’s expansion of the solution in the vicinity of r = 0. The 
first derivative is 


dx 


X + y 


The second derivative is found by differentiating this equatioji 
with respect to x: 


Differentiating again, 
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Using the values of these derivatives at a; = 0,' 2 / == we 
find Taylor^s expansion 

y = 

This gives a good approximation of the solution up to x = 0.4. 
We use as increment A — 0.1 and compute from Taylor’s expan- 
sion the values of the function 


2/1 = 0.0051 

for 

a; = 0.1 

2/2 = 0.0213 

for 

X = 0.2 

2/3 = 0.0498 

for 

X = 0.3 

2/4 = 0.0916 

for 

X = 0.4 


We also compute the corresponding values of q == f(x,y) = a: + 2 / 
and its four first differences. We find in particular 

Qi = 0.4916 
Ags = 0.1418 
A2g2 == 0.0133 

ASgi = 0.0010 

A^go = -0.0002 

Substituting these values in expression (6.13), we obtain 
2/5 — 2/4 — 0.0568 

and then proceed similarly for the following steps. The calcula- 
tion up to a; = 1 is recorded in the following table. The result is 
compared with the exact solution: y = — x — 1, which can be 

easily obtained from Eq. (4.12)., (Cf. section 10, Example a.) 

By comparison with the exact value x — 1, it can be seen 
that the error on the numerically calculated value of y is of the 
order of 0.0001. The irregular character of the A'^g column shows 
that these values are inexact; however, their influence on the 
value of y is very small. 

The procedure sketched above corresponds to 1. C. Adams’ 
method. The procedure of Rimgc and Kutta is somc^what differ- 
ent. They express the difference — yn~i by linear combination 
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of values of q = dy/dx at certain suitably chosen points within 
the intervals instead of using the values of q corresponding to the 
end points of the intervals. For practical use of either of these 
methods the references on numerical methods at the end of this 
chapter should be consulted. 


X 

Exact 

— X — 1 

Nu - 

merical 

y 

q X y 

Aq 

A^q 

i 

A^q 

A^q 

0 

0 

0 

0 

0.1051 




0.1 

0.0052 

0.0051 

0.1051 

0.1162 

0.0111 

0.0012 


0.2 

0.0214 

0.0213 

0.2213 

0.1285 

0.0123 

0.0010 

- 0,0002 

0.3 

0.0499 ; 

0.0498 

0.3498 

0.1418 

0.0133 

0.0017 

0.0007 

0.4 

0.0918 

0.0916 

0.4916 

0.1568 

0.0150 

0.0020 

0.0003 

0.5 

0.1487 ! 

i 

0 . 1484 

0.6484 

0.1738 

0.0170 

0.0009 

- 0,0011 

0.6 

1 0.2221 

1 

0.2222 

0.8222 

0.1917 

0.0179 

; 0.0021 

0.0012 

0.7 

0.3138 

0.3139 

1.0139 

0.2117 

0.0200 

0.0024 

0.0003 

0.8 

0.4255 

0.4256 

1.2256 

0.2341 

0.0224 



0.9 

0.5596 

0.5597 

1.4597 





1.0 

0.7183 

0.7184 







The methods of Adams or Runge and Kutta can be extended to 
a system of simultaneous equations of the first order. This is of 
great practical importance, since — as will be shown in the next 
section — a differential equation containing higher order deriva- 
tives of the unknown function can be replaced by a system of 
simultaneous equations of the first order. 

In addition to numerical methods various mechanical devices 
are available for the solution of differential equations. For 
example, the so-called differential analyzer, developed by \\ 
Bush,* has been shown to be an extremely useful tool for solving 

* V. Buwsh, “The Differential Analyzer. A New Machine for Solving 
Differential Equations,” Jownial of the FranMin Institute, Vol. 212, 1931. 
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engineering problems involving differential equations or systems 
of differential equations. 

7, Differential Equations of Higher Order. General Remarks. 

The order of a differential equation means the order of the highest 
derivative occurring in the equation. The equation 


dx^ 

is, for instance, a differential equation of third order. It is 
equivalent to a system of three linear differential equations of the 
first order. We can introduce the derivatives dyjdx and d^yjdx^ 
as new auxiliary variables z and u. Then the following system of 
equations: 

X 


~ = y. 

is equivalent to Eq. (7.1). To solve Eqs. (7.2) by a step-by-step 
method, we plot the functions y{x), z{x)^ u{x) as curves in three 
planes, using x as abscissa and u as ordinates, respectively. 
Starting from the arbitrary initial values x = xo, y = yo, ^ Zo, 
u = Uq, the slopes of the integral curves in all three planes 
are given by (7.2). Proceeding from a:o to Xq + Ax with 
the slopes given by (7.2), we obtain new values of y, z, u, 
and, consequently, we can calculate by means of Eqs. (7.2) the 
new values for the three respective slopes at the new points. 
The solution obtained in this way will depend on three arbitrary 
parameters, viz.^ ^o, Uq, Zq, or ?/o, (dy/dx)o, {d'^y/dx^)^. In other 
words, the solution of the equation considered is given if the 
initial values of the ordinate, the initial slope, and the initial 
curvature are known. In the case of an equation of the order n 
the general solution will depend on n arbitrary constants; for 
instance, on the initial values of the function y{x) and its first 
71 — 1 derivatives. 

We shall not discuss the case where the initial values of the 
unknown function and its first n — 1 derivatives do not deter- 
mine a unique solution. This occurs, for example, if the highest 
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derivative is not a single-valued finite function of x^y and of the 
lower derivatives. 

The method applied above to substitute a system of equations 
of the first order for one differential equation of higher order can 
be readily transferred to the case of simultaneous differential 
equations of higher order. The reader will verify that if we have 
m equations of the order , rim, the total number of 

the equations of first order will be + ^2 + • • * + /iw* 
Hence, the general solution will depend on the same number of 
arbitrary constants. The solution of a system of the form: 


dx^ 




= 


dx ax^ 
dy dz 


(7.3) 


is determined by four constants; for instance, by the values of 
y, Zj dy/dx, dzjdx corresponding to a certain abscissa xo. 

If the second derivative d^y/dx^ is given as function of dy/dx 
and y only, for example, 


dx^ 



(7.4) 


such an equation can be integrated in two steps. Introducing 
q = Hdy/dxY as the new unknown variable and y as the inde- 
pendent variable, we have 


dq _ ^ 
dx dx dx- 
or 

d^y _ dq dx _ dq 
dx^ dx dy dy 

Hence, Eq. (7.4) can be written in the form: 


(7.6) 


(7.6) 


The general solution of this equation of first order, 


(7.7) 

where C is a constant of integration, is called a first integral 
of the differential equation of second order (7.4). 
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For example, if we have the equation 


we obtain by the substitution q = iidy/dxY 

I = - 2 ^q - ky 

The general solution of (7.9) is, according to Eq. (4.12), 
q == — dy + 


or 


Q == 


Ce-^^y 4 - 


k 



Thus we have 


(7.9) 


which is a first integral of the differential equation (7.8). 
Another integration gives y as function of x. 

Initial Conditions and Boundary Conditions. — When all the 
constants of the general solution of a differential equation are 
determined by conditions at one point these conditions ar(i 
called initial conditions. For instance, in the case of a second- 
order equation the integral curve is entirely determined by tlie 
value of the function and the slope for a given abscissa. In 
many problems the constants are determined by other types of 
conditions. For instance, it may be imposed upon the integral 
curve of a second-order equation to pass through two given points. 
Such conditions are called boundary conditions. From the stand- 
point of numerical and approximate methods of integration theses 
two types of problems must be treated quite differently. TIh^ 
difference will appear more clearly from the study of Chapter 
IV, which is chiefly concerned with initial-value problems, and of 
Chapter VII, which deals with problems involving boundary 
conditions. 

8. Linear Differential Equations of the First and Second 
Order with Constant Coefficients. — In the following sections of 
this chapter we are concerned with linear differential equations. 
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The general form of a linear differential equation of the order 
n is 


+ ai(x) an{x)y = (8.1) 

where ai(x), • . . , €in(x) and v^(x) are given functions of the 
independent variable x. If ^(ic) = 0, the equation is called 
homogeneous. The functions a\{x), . , . , an(x) are called the 
coefficients of the linear differential equation. If they are con- 
stants, we say that Eq. (8.1) is a linear differential equation of 
the order n with constant coefficients. 

In section 11 we shall discuss some general properties of linear 
differential equations of any order, and in section 12 we shall 
give the methods for solving such equations with constant 
coefficients. As an introduction to the special methods involved 
in solving such equations, we treat in this section the case of 
linear equations of the first and second order with constant 
coefficients. Such equations occur very frequently in engineering 
problems, so that a discussion at some length is justified. 

The Homogeneous First-order Equation .'^ — This is a particular 
case of Eq. (4.1) for which ip{x) = const. andi/'(a:) = 0. Thus we 
write 

^ + aj/ = 0 (8.2) 

Obviously, by separation of the variables, 

— + a da; == 0 

y 

or 

y = const. 

In order to develop a method that can be applied to equations 
of higher order we shall deduce tlu‘ same result in another 
way. Remembering that the derivative of an exponential 
function is again an exponential function, we try a solution 
of the form: 

y = 

* The reader will notice that the expression homogeneous equation was 
used })efore in section 3 with a different meaning. In that case the expres- 
sion I'oferred to homogeneity with respect to both variables x and y, while 
h('r(' ii refcM's only to ?/. 
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where C and X are undetermined constants. Substituting this 
expression in Eq. (8.2), we obtain 

+ a) - 0 

It is seen that the equation is satisfied for an arbitrary value of 
the constant C, provided that 

X ~f- a = 0 (8.3) 

We call Eq. (8.3) the characteristic equation of the linear differen* 
tial equation (8.2). 

The expression 

y == Ce-^^ (8.4) 

represents the general solution of Eq. (8.2) since it contains an 
arbitrary constant C, it is a general expression for the one- 
parameter family of integrals of Eq. (8.2). 
dip'll 

The equation ^ + by 0. — A further step will be to consider 

the equation of the second order: 

g + 6s. - 0 (8.5) 

By trying a solution of the form const, as before, we find the 
characteristic equation 

X2 + h - 0 (8.6) 

Obviously, two cases must be considered. If 6 < 0, the roots 
\/— 6 and are real; if 5 > 0, imaginary. 

In the first case the solution corresponding to \/^h is 
y == where Ci is an arbitrary constant. We obtain 

a second distinct solution using the root — -s/—6; viz., 

y - C^e 

where C 2 is a second arbitrary constant. Substituting the sum 

y = (8.7) 

in Eq. (8.5), we see that (8.7) also satisfies the differential equa- 
tion. The expression (8.7) is the general solution of Eq. (8.5) in 
the sense explained in section 7, because the constants can be 
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adjusted so as to give the function y and its first derivative any 
initial values. If 6 > 0, X is imaginary, i,e., Eq. (8.5) cannot be 
solved by exponential functions. However, remembering the 
property of the trigonometric function, viz., that their derivatives 
are again trigonometric functions, we tentatively substitute 
y = Cl cos fix or y == C%sirxixx. Then we obtain from (8.5) 
— yL^ + h = 0orAt = a/S; Cx and 02 remain arbitrary. Hence, 
when h is positive, the general solution of Eq. (8.5) is 

2/ = Cl cos \/hx + 02 sin '\/hx (8.8) 

These two distinct cases where 5 < 0 and b > 0 can be for- 
mally merged into one, if we consider the complex expression 

fi<p) = cos ^ + 2 sin (8.9) 


where i — a/— 1. We readily verify that this function satisfies 
the following relations: 


(cos cpi + i sin <ji>i) (cos <^2 + i sin ^2) = cos (<^i + ^2) 

+ i sin {(pi + <^2) 

and 

(cos (p i sin <p) — iijcQS <p + i sin (p) 

dp 


or 


/(^i + 92) and 

Now the exponential function satisfies 


A 

dp 

the same relations 


Hence, if we use the notation for f{p) = cos p + i sin p, we 
can carry out all calculations iov f{p) == using the known rules 
for exponential functions with real exponents. 

A deeper reason for these properties appears by considering the 
power series expansions of the exponential and the trigonometric 
functions. We have 

p^ p^ 

sin<^ = <^-7r?H ■■■ 

p*- p 

cos ^ = 1 - ^ + - 
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Hence, 

(cos «!> + I siinp) = ~ fr + fr ~ 


or, after rearrangement of the terms, 


Qip = (cos ip + i sin ^) = 1 + {i^p) 

, {icpY (^»3 (i<pY (i<py 

2! 3! 4! 5! . 


( 8 . 10 ) 


It is seen that the infinite series on the right side can be formally 
obtained by expanding in a power series and substituting 

X = i<p. 

Let us now consider again Eq. (8.5) when b is positive. We 
find that the characteristic equation 

+ 6 = 0 

has two purely imaginary solutions, viz., 


Hence, and an^ solutions of the equation (8.5). 

The meaning of this statement is that if we substitute any one 
of theise functions into th(‘ diff(n‘ential equatic^n, we obtain 
identically z(n*o, i.e., tlie real i)art and the imaginary part- of any 
of the functions satisfy the difi(T(nitial equation. Siiujo and 
^-iVbx conjugate complex, we obtain the real and the imagin- 
ary parts of by the formulas 

cos 'VOX^ 

QX'Vbx ^—%Whx 

sin 


Hence, it is verified that cos \/bx and sin \/bx are solutions of 
(8.5), and we may write the general solution in th(‘ real form (8.8) 
given above. 
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9. Hyperbolic Functions. — By the definition 
= cos X + i sin x 

we established a relation between the trigonometric functions 
cos X and sin x and the exponential function with imaginary 
exponent The trigonometric functions can be expressed in 
the form; 


cos X 

(9.1) 

sin^r 

By analogy with (9.1) we shall derive two new functions from 
the exponential function with a real exponent e®, viz., 

cosh X = 


(9.2) 

sinh X — 


We shall show that there is a remarkable analogy between the 
properties of these functions and of the trigonometric functions. 



Fig. 9.1. — The circular functions cos x and sin x. 

If $ and 7} are rectangular coordinates in a plane and we put 


5 = cos X 
77 — sin X 


(9.3) 
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from 

it follows that 


cos^ X + sin^ X = I 
r + 17^ = 1 


(9.4) 

(9.5) 


Equation (9.5) is the equation of a circle of unit radius, and, 
therefore, Eqs. (9.3) are the parametric equations of this circle 
with the angle x as parameter (Fig. 9.1). For this reason the 
trigonometric functions are sometimes called circular functions. 
Now from Eqs. (9.2) we have 

cosh^ X — sinh^ x = 1 

Hence, if we put 

I = cosh X 
7j = sinh X 

we obtain 

§2 _ ^2 == 1 

This is the equation of a hyperbola whose semiaxis is equal to 1 
and whose asymptotes are straight lines at 45"^ with the axes 
J and 7j. Therefore, Eqs. (9.7) are the parametric equations of 
this hyperbola (Fig. 9.2). For this reason the functions defined 
by (9.2) are called hyperbolic functions; cosh x, the hyperbolic 
cosine; sinh x, the hyperbolic sine of the variable x. 

We can easily verify by means of the definitions (9.2) the 
following identities for the hyperbolic functions: 


(9.6) 

(9.7) 

(9.8) 


and 


cosh (a:] + ^ 2 ) = cosh Xx cosh x^. + sinh Xi sinh x^ 
sinh (xi + :r 2 ) = sinh Xi cosh x^ + cosh Xi sinh X 2 


(9.9) 


jd 

dx 

sinh X = cosh x 
dx 


(9.10) 


These rules become formally identical with the corresponding 
rules valid for trigonometric functions when we write the hyper- 
bolic functions as trigonometric functions with an imaginary 
variable. Substituting x = iy in Eqs. (9.1), we obtain 


cos {%y) = jz — = cosh y 


Q—y — qv 

sin (iy) ~ — = i sinh y 


22 


(9.11) 
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On the other hand, the circular functions can be expressed as 
hyperbolic functions with an imaginary argument. With x — vy 
we obtain from Eqs, (9.1) 


(*.osh {iy) 


2 


= cos y 


sinh (tt/) = 



i sin y 



Using these relations, for example, the first identity (9.9) can be 
written 


cos {ixi + 1 x 2 ) — cos {ix-^ cos {ix^ — sin (zxi) sin (^^ 2 ) 

which formally coincides with the well-known formula for 
trigonometric functions. The first differentiation rule (9.10) 
becomes 


Ll 

dx 


cos {ix) = — i sin (fa:) 
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which again is in accordance with the formal rules for differentia- 
tion of the cosine function. The hyperbolic cosine is an even 
function equal to unity at a; == 0. The hyperbolic sine is an odd 
function equal to zero at rr — 0 and starting with a slope equal to 
unity. These functions are plotted in Fig. 9.2.* 


/•fanx 



Fig. 9.3. — The h 3 rperbolic function tanh x. 


.Both cosh X and sinh x tend asymptotically toward for large 
values of x, so that 

sinh X . 

hm — == 1 

00 cosh X 


The hyperbolic tangent is defined in a way analogous to the 
circular tangent : 


tanh X ~ 


sinh X 
cosh X 


e® — e~^ 


( 9 . 13 ) 


It is plotted in Fig. 9.3. 

The hyperbolic functions may be used to express the gt‘neral 
solution of the differential equation (8.5). When 6 < 0, w(‘ 
write, with b = — 

S - = 0 (9.14) 


The general solution of (9.14) is a linear combination of and 
Q-kx which may also be written as 

y — Cl cosh kx + C 2 sinh - (9.15) 

* Accurate values of the hyperbolic functions may he found in Hayashi’s 
tables, ‘‘Kreis und Hyperbelfunktionen.” 

Also, ^‘Tables of Hyperbolic Functions,” are published by the Smith- 
sonian Institution, Washington. 
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This is now in formal analogy with the solution of Eq. (8.5) 
for the case 5 > 0. Writing h = h-, we have 

3 + ^^2/ = 0 (9.16) 

The general solution of this equation is 

y = Cl cos hx + C 2 sin kx 

10. Linear Differential Equations of the Second Order with 
Constant Coefficients — {Continued ). — Let us consider now the 
second-order equation 

3 + «^ + % = 0 ( 10 . 1 ) 


Trying again a solution of the form y = const, we find the 
characteristic equation of Eq. (10.1) 

+ aX + 5 = 0 (10.2) 

Three cases must be examined separately: 

a. The roots are real and distinct. 

b. The roots are real and equal. 

c. The roots are complex. 

a. First we shall assume that the roots are real and distinct, and 
write 


Xi = 
X2 = 



(10.3) 


In this case we find tw^o distinct solutions and 

Hence, the general solution is given by 

y = (10.4) 

h. If the two roots are equal, aV4 = h and Xi = Xo = —a/2. 
In this case we get only one solution of the form viz., 


_ 

y=Ce^ 


(10.5) 


However, we know that the general solution must contain two 
arbitrary constants, hence, there must be particular .solutions 



32 


ORDINARY DIFFERENTIAL EQUATIONS (Chap. I 


which are not included in Eq. (10.6). To obtain the general 
solution, we write tentatively 

ax 

y = ue ^ (10.6) 

where u is an undetermined function of x. Substituting expres- 
sion (10.6) in Eq. (10.1), which in this case has the form 


we obtain 


or 



dx^ 




dx 


4 


= 0 


(10.7) 


du 


du 





= 0 


d^u 

W 


== 0 


Hence, u = Ci + C 2 X where Ci and C 2 are arbitrary constants. 
The expression 

ax 

2/ = (Cl + C2x)e 2 (10.8) 


represents the general solution of Eq. (10.7), since it contains two 

arbitrary constants. We found the solution Cie before by 
means of the substitution y = [cf. Eq. (10.5)]. The function 

— -X 

y = xe ^ is a particular solution that is not contained in (10.5). 
c. If the roots are imaginary, we again try a solution of th(‘ 

— 2.x 

form y ^ ue ^ , and by putting this value into Eq. (10.1), we find 


d^u 

dx^ 



u = 0 


Since 5 — > 0, we obtain u ^ Ci cos px -jr C 2 sin where 

^ (cf. section 8). Hence, putting | == —a the 
general solution of (10.1) has the form: 


y = e"®(Ci cos j3x + C 2 sin /3x) (10.9) 

The cases a and c can be formally merged into one by using 
exponential functions with complex exponents. We define the 
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exponential function with the complex exponent by the relation 
_ ^ax^ipx _ eaa:(0os + i sill jSx) (10.10) 

In the case where the roots of the characteristic equations (10.2) 
are complex, we have 

Xi = — I 4- ^ ^ 



We have, therefore, tw^o solutions of Eq. (10.1): and 

Thcir linear combinations. 


which give the real and the imaginary parts of the two conjugate 
complex functions, are also solutions. Hence, the general solu- 
tion of Eq. (10.1) can be written in the form of Eq. (10.9). 

d^v dti 

The N onhomogeneous Equation A B Cy — — 

Let us consider now the case of the nonhomogeneous equation 

where is a given function of rc. We shall show that if 

we know a particular solution of this equation, in other words, a 
function rjix), such that 

+ bnix) = fix) ( 10 . 12 ) 

then the general solution of (10.11) is obtained by adding 'n(x) to 
the general solution of the homogeneous equation (10.1) which we 
call the homogeneous equation associated with Eq. (10.11). In other 
words, if C\yi{x) + C^y^^x) is the general solution of this homo- 
geneous equation, then 

y{x) = Ci 2 /i(a’) -|- C^y^iix) + r}{x) (10.13) 

is the general solution of the nonhomogeneous equation (10.11). 
That the expression (10.13) satisfies the differential equa- 
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tion (10.11) can be immediately verified by substituting 
it in (10.11). The left side of Eq. (10.11) then becomes 

^ + ^7/, and this expression according to (10.12) is 

equal to ^{x). Moreover, (10.13) is the general solution of the 
nonhomogeneous equation because the two arbitrary constants 
appearing in (10.13) can be determined in such a way that any 
arbitrary initial value at a given point can be chosen for the func- 
tion and its first derivative. 

Example. — a. Consider the equation 

dy 

(10.14) 


which we have integrated numerically by Adams’ method in section 6 . 
The associated homogeneous equation is 


% 

dx 


— ?/ = 0 


of which the general solution is Ce®. To find a particular solution of Eq. 
(10.14) we might apply Eq. (4.12), but it is easier to try a linear function 
of the form ax H- h. We find by substitution in Eq. (10.14) 

a = h = —1 

Therefore, 77 — —(a; + 1) is a particular solution of Eq. (10.14), and the 
general solution is 

y = Ce® — X — 1 
h. The nonhomogeneous equation 
d^y 

— - y = X (10.15 ) 


will have a particular solution of the form 

77 = ee + Px + yX^ 

By substitution of this expression in the equation, we find 
2y — q; — — yX^ ~ X ~\~ 

Therefore, 

2y — a = 0 

^ - -1 
y = —3 


Hence, 


77 = — (6 -1- a: -h 3x^) 
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is a particular solution, and the general solution is 

y = Cie^ 4- Cae-* - (6 + a; + (10.16) 

Now we can verify by substitution that, for example, 

Tj = — (0 _j_ a; _{_ -f cosh X 

is also a particular solution of the nonhomogeneous equation. Hence, the 
general solution can also be written in the form: 

y = Bie^ + Hse""® — (6 4- a? + 4 - cosh x (10.17) 

However, it is seen that the expressions (10.16) and (10.17) are identical, 
i.e.i they contain the same two-parameter family of particular solutions. 
For example, the solution obtained from (10.16) by choosing the values 
Cl = C 2 == i for the arbitrary constants results from (10.17) by substituting 
Bi = j 52 = 0 . 

11. General Remarks on Linear Differential Equations. — In 

this section we shall prove certain general properties of linear 
differential equations. As a matter of fact we discovered and 
used these properties in the case of the second-order equation 
with constant coefficients (sections 8 and 10). The reader will 
see easily that they are general properties of linear equations 
independent of the order of the equation, and they hold if the 
coefficients are constants or not. 

The general form of a linear differential equation of the order 
71 is the following (cf. Eq. 8.1): 


We remember that if xp^x) = 0, the equation is called a homo- 
geneous linear differential equation, and if xp{x) is a given function 
of X, the equation is called a nonhomogeneous linear differential 
equation. 

a. If a function y{x) is a solution of the homogeneous linear 
equation, we might multiply y{x) with an arbitrary constant (7, 
and the product Cy{x) also satisfies the same equation. The left 
side of Eq. (11.1) being a homogeneous linear expression in y 
and its derivatives, it is seen that substituting Cy{x) instead of 
?y(x), every term on the left side is multiplied by the same constant 
C. Therefore, if upon substituting a certain function y{x) in 
the equation, the left side of the equation becomes equal to zero, 
it will be zero also if we substitute Cy(x), 

h. If two functions yi(x) and yiix) are solutions of the homo- 
geneous equation, then any linear combination of yi(x) and 
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say Ciyi{x) + where Ci and C2 are arbitrary 

constants, also satisfies the same equation. Substituting 
Ci2/i + C22/2 in the equation and taking into account that 

^SM} -j- we obtain for the left side of (11.1) 

dx^ dx^ dx^' ' 

the expression 


CJ- 


\dx^ 






dx^ 


+ duV^ 


Now, since both yi and y^ vsatisfy the equation, both exprevssions 
in the parentheses vanish. Hence, the sum of all the terms on 
the left side is zero, f.e., Ci^/i + C^yn satisfies the equation. 

c. If ^{x) is a solution of the nonhomogeneous equation, and 
yh{x) is a solution of the associated homogeneous equation, i.e., 
of the homogeneous equation obtained from Eq. (11.1) by putting 
^(x) — 0, then 'n(x) + Cyhix)^ where C is an arbitrary constant, also 
satisfies the nonhomogeneous equation. Substituting 7?(x) + C yduo) 
for y(x) into the homogeneous equation, the left side of (11.1) 
becomes 


^ + + • • ■ +(^ny^ ( 11 . 2 ) 

Now 7 } being a solution of the nonhomogeneous equation, the sum 
of the terms containing 77 is equal to \pix), while the ex])ression 
in the parentheses vanishes since yk satisfies the homogeneous 
equation. Consequently, the whole expression (11.2) is equal to 
^(x), and 7 ] + Cyk is a solution of the nonhomogeneous equation. 

These fundamental properties of linear difforcnitial e(|ua.- 
tions help us to find the general solution if particular solutions 
are known. We have seen in section 3 that the general solution 
of a differential equation of the order n contains n arbitrary con- 
stants. To every set of these constants corresponds a partitnilar 
solution. On the other hand, if n initial conditions ar(‘ givc^n, 
for example, the function y and its n — 1 first derivatives, tlu^sc 
initial conditions must determine the particular values of tlu* n 
arbitrary constants. Let us first consider the homogeiu'ous 
equation. If yi{x), y2(x), . . . , yn(x) are solutions of th(‘ 
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homogeneous equation, the expression 

y == GiVi + + • • • 4“ CnVn (11.3) 

might satisfy the requirements for the general solution. First, 
it follows from the theorems proved under a and b that 2 / is a 
solution of the equation for arbitrary values of the constants. 
Second, if we put (y)o, {dy/dx)^, . . . , {d'^'^'^y /dx^-'^)o equal to n 
given values, we obtain n linear equations for the constants 
Cl, C 2 , . . . , Cn- If these linear equations are independent 
of each other, they give us definite values for Ci, C 2 , . . . , Cn 
and, therefore, in this case (11.3) is the general solution of our 
differential equation. 

It can be shown that if the linear equations obtained for the 
constants Ci, C 2 , . . . , C„ are not independent, at least one 
of the solutions yi, y^, ^ yn can be expressed as a linear 

combination of some of the others. We do not give the proof for 
this statement; however, it is evident that if some y can be 
expressed as a linear combination of others, expression (11.3) 
does not represent the complete general solution, because it can 
be reduced to a sum containing less than n arbitrary constants. 
In order to obtain the general solution, we need n independent 
solutions, none of which can be expressed as a linear function 
of the others. Such n particular solutions constitute a so-called 
fundamental system of solutions. 

In the following investigations of linear differential equations 
our first aim will be to find such a fundamental system of solu- 
tions, t.e., n independent particular solutions of the differential 
equations in question. 

Now, as far as the nonhomogeneous equation is concerned, its 
general solution is given by the sum of the general solution of the 
associated homogeneous equation and an arbitrary particular 
solution of the nonhomogeneous equation. According to c, this 
sum satisfies the nonhomogeneous differential equation. On the 
other hand, it contains n arbitrary constants, which can be deter- 
mined to meet n arbitrary initial conditions. 

In the following section we return to linear differential equa- 
tions with constant coefficients, i.e., to the special case that all 
coefficients ai(r), a 2 {x), . . . , a,,(:r) in Eq. (11.1) are constants. 

12. Linear Differential Equations of Higher Order with Con- 
stant Coefficients. System of Linear Equations. — The method 
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developed in the case of the equations of second order with 
constant coefficients will now be extended to the case of higher 
order equations. 

Let us consider a homogeneous equation of order n: 


dx^ 


d^-^y 


d^-^y 




dx^- 


+ a^y == 0 ( 12 . 1 ) 


where 

the equation by a solution of the type where X is either real 
or complex. By substituting this expression in the equation, we 
find an algebraic equation for X of degree n 

X”" -f- ciiX^~^ “h ci2X”~'^ • --I- <Xn *==<= 0 (12.2) 

This is our characteristic equation in this case. Let us first 
assume that Eq. (12.2) has n distinct real roots, Xi, Xa, . . . X„„ 
then the general solution of the differential equation above is 

y = 4- ... -I- (12.3) 

where Ci, C 2 , . . . Cn are n arbitrary constants. The functions 
^ ^ Q\nx constitute a fundamental system in the 
sense of the last section. If there are multiple roots, the above 
expression is not the general solution because it would contain less 
than n arbitrary constants. If, for instance, k roots Xi, X 2 , . . . , 
\jc are equal, the solution (12.3) is reduced to 

y = + 0*4-16^*+^® 4 ... 4 

We find that in this expression k ~ I arbitrary constants are 
missing because there are only n ~~ k + 1 independent solutions 
available. 

Therefore, we try the same method which has proved to ho 
successful in the case of the second-order equation. Introducing 
an undetermined function u, substituting y — in the differ- 
ential equation, and taking into account that Xi is a root of the 
characteristic equation repeated k times, the differential equa- 
tion (12.1) yields 


Therefore, 


u — Cl + Cnx -f- C^x^ 4 ... 4 CkX^ 
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The substitution may be conveniently carried through by noticing that 
we may write 

+ \iV, 

or symbolically replacing d/dx by the operator D 

~ {ue^iO = e\^{D + \i)u 
dx 

Similarly we write 
d^ 

+■ 2Xi D H- Xi^)^ == e^i®(Z> -\- 


dx 




/ du 


and - — (we^i®) = e^i®(i) + Xi)^u. The result of the substitution of 
dx^ 

y = in the differential equation (12.1) can, therefore, be written 

symbolically 

[{D + XiY + a,(Z) + + • • ■ + aj U = 0 (12.4) 

Now, because Xi is a multiple root of (12.2) repeated k times, the polynomial 
on the left side of (12.2) may be written in the form: 

X” -f- diX”''"^ -f~ U2X”'“^ _j_ . . . _j_ — ^(^\)(\ — Xi)^’ 

where /(X) is a polynomial of degree 7L — k. Hence, substituting D -r Xi fur 
Xin this identity, the differential equation (12,4) may be written symbolically 

/(/) + XO Dhi - 0 

'This equation is satisfied if = d^ufdx^ = 0, i,e., if 

= C I C2X -T CsX^ _j_ . . . 

Hence, in addition to the following functions, 

. . . , are also particular solutions of the differential 

equation (12.1), and the general solution is equal to 

y(x) = (Cl 4 - Cox 4 - Csx'^ 4 - * • * 4 - 

4- • • • -h (12.5) 

It contains n arbitrary constants, and, therefore, any arbitrary 
initial values at a given point can be chosen for the function and 
its first n — I derivatives. 

Let us now consider the case when there are complex roots 
among Xi, X 2 , . . . , X,i. The complex roots of an algebraic 
equation with real coefficients always appear as pairs of conjugate 
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complex quantities. Hence, the roots of the characteristics 
equation (12.2) are either real or conjugate complex. Let us 
assume, for example, that Xi and X2 are complex and conjugate. 
Then we can write Xi = o: + fjS, X2 == a — and according to Eq. 
(10.10), + isin^x), = e^^icos — ^sm/3x). 

Instead of the particular solutions ^ and we use 

1 gXaa-) = qqq 

f ( 12 . 6 ) 

(gXi® _ gXax) ^ax 

These functions are real and represent independent particular 
solutions of the differential equation (12.1), whose general solu- 
tion will be in this case 

y = Cie^^ cos sin fix + + • ■ • + (12.7) 

Obviously, the same procedure can be used if the characteristic 
equation has more than one pair of conjugate complex roots. 

The case of multiple complex roots can also be treated without 
difficulty. Assume, for example, that Xi = X3, X2 = X4 where 
Xi,X2 and X3,X4 are conjugate complex. Then the terms contrib- 
uted by these four roots to the general solution will be given by 

(Cl -h C 2 x)e°‘^ cos + (C3 + C4:r)e“'^sin fix 
where Xi == X3 = a + ifi. 

The general solution of a nonhomogeneous equation can be 
obtained using the general properties of linear differential equa- 
tions proved in the last section. The general solution of 


^ 4_ 

dx^ ^ dx^^^ 


+ * • • + ar,y = i/{x) 


is given by 

y = Y{x) + r](x) 

where Y (x) is the general solution of the homogeneous equation 
and r]{x) is an arbitrary particular solution of the nonhomo- 
geneous equation. For example, if the roots of the characteristic 
equation are all real and different, the general solution takes the 
form: 

y = d- • • • + y{x) 

The same procedure which was used for the single linear equa- 
tion with constant coefficients applies to a system of such equa- 
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tions. Consider, for instance, the system of two second-order 
homogeneous equations 


d^y 

dx^ 

dx^ 


+ as ^ + &2S + C2 ^ = 0 


( 12 . 8 ) 


Let us try a solution 


y — 
z == 


The system of differential equations is satisfied if 

A (X^ -f- o>i\ -f- Z>i) -f- Bci\ = 0 
B{\^ -f- CI 2 X -j- 62 ) “h AC 2 X = 0 

These equations are compatible if 


X^ “1“ (ZiX -j- hi CiX 

C 2 X X^ Ct2X -f- &2| 


= 0 


(12.9) 


(12.10) 


This 4th-degree equation is called the characteristic equation 
of the system (12.8). Let us assume that it has four distinct 
roots Xi, X 2 , X 3 , and X 4 . Then the general solution of the system is 


4 4 

y = z = ( 12 . 11 ) 

k=l &=i 


where A* and Bk are constants satisfying the system of Eqs. 
(12.9) in which the root X = X* is substituted for X. 

If the four roots are real, the constants At, Bk are real. It 
appears at first sight as though there were eight arbitrary con- 
stants. However, Eq. (12.9) must hold for all four values of 
Xfc. Hence, 


Bk c&iXfe -{- 6i\ C2Xfe 

Ak \ CiXjs^ ) \X| + a^kic. -f- 62, 


( 12 . 12 ) 


and eliminating the BkS, 

4 

y = ^ 

& = i 


4 




x| 4" O^iXa; + 6 


CiXa- 




This solution contains four arbitrary constants, which is the 
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required number for the general solution of our system. If the 
characteristic equation has multiple roots, the required number of 
independent solutions can be found by a procedure similar to 
that used for the single equation. 

Let us now assume that some roots of (12.10) are conjugate 
complex. In this case, we obtain in general complex values for 
the Aa,’s and BkS. Howevei*, the expressions (12.11) must 
be real, and, therefore, if, for example, the roots Xi and X 2 are 
<‘omplex conjugates, the corresponding factors Ai and A^, Bi 
and B 2 must also be conjugate complex quantities. 

Furthermore, Bi/Ai and B^j A^ have to satisfy two complex 
equations (12.12). Since Bxj A\ and B 2 /A% are conjugates, these 
equations are reduced to two equations with real coefficients. 
Hence, from the four real quantities which appear in the complex 
coefficients Ai, A 2 , Bi, and H 2 , two remain arbitrary. It is 
seen that also in this case the number of arbitrary real constants 
is equal to the number of roots X/,.. 

In general practice, to write the solution (12.11) in real form, 
one will carry out the entire calculation in complex form, 
and then choose either the real or the imaginary part of the 
expression (12.11) as the real general solution of the system (12.8). 
The coefficients of this solution can be determined so that the 
given initial conditions are met. 

In the case of the nonhomogeneous system. 


d‘^y . dy . , . dz . . 

dH , dz , , dy . 


(12.13) 


the general solution will be found by adding to the expressions 
(12.11), which represent the general solution of the homogeneous 
system (12.8), a particular solution of the system of Eqs. (12.13). 

The methods of this section, will be made clearer to the reader 
through applications in later chapters. 


Problems 


1 . Evaluate numerically the integral 


/. 


'7r/2 


loge (sin x) dx 


and compare the result with the exact value / = 


-2 log. 2. 



PROBLEMS 


43 


Hint: Since the integrand is infinite for a: = 0, write 


r-Jr/2 

== I loge2;da;+ 


_ sin X , 
loge dx 

X 


The first integral can be integrated by parts; the second integral can be 
evaluated numerically, e.g.j by Simpson’s rule, since the integrand is now 
finite everywhere. 

2. Evaluate numerically the integral 

'2 


dx 


= log« 2 


Use Simpson’s r\ile with an interval h = 0.1. 

3. Integrate numerically the differential equation 


with the initial condition y = 1 for a: = 0. Use Adams’ method with 
intervals = 0.1 in the range from re = 0 to a; = 1. Compare the result 
with a table of e® from a: = 0 to a: = 1 with intervals 0.1. 

4. Integrate numerically the differential equation 


in the interval between a; = 0 and a; = 1 with the initial conditions y = 1 


and dyjdx = 0‘for a; ~ 0. 

Introduce a new unknown variable u by the transformation 


u 


OT u = (loge y). Calculate and substitute — show that 
y dx dx dx- 


du 

the above differential equation becomes 

dx 


- a: = 0. 


Integrate this 


nonlinear first-order equation by Adams’ method with the initial condition 
u = 0 for a: — 0, using as intervals — 0. 1, After determining u{x), find 
y{x) by quadrature from u = d/da;(loge 2/)- 


6. Find the general solution of 


^ ^ (1 + x^)y^ 
dx (y* — l)a:® 


6. Find the general solution of 


dy 

dx 




7. Find the family of curves which cut at right angles the parabolas 
given by 


y 2 =. 2p{x — «) 


where p is a given constant and q: is a variable parameter. 
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8. Find the general solution of the differential equation 


2-2 ~ a ;2 ^2 

due 

9. Find the general solution of the differential equations: 


d^y 

dx'^ 


+ 2/ = 0 


d^y 

dx^ 


« 0 


10. Find the general solution of the following equations: 


dx 


-f- y cos X = sin x cos x 


dx 


- — ^ 4 - e^{x 4 1 ) 
X A- I 


11. From the Theory of Heat Transfer . — A constant voltage is applied to 
a resistance at the time t — 0. The heat capacity of the resistance is Q, 
its heat-transfer coefficient per unit time and unit surface is <x, and its surface 
area is S. The resistance as a function of the temperature is given by 

R == Roil 4 0d) 


where d is the temperature of the resistance above room temperature. Find 
a relation between the temperature 6 and the time. 

Hint: We find a differential equation for the temperature by expressing 
the fact that the heat produced per second by the current is partly stored in 
the resistance and partly lost by transfer through the surface. The equation 
E^ dd 

of heat balance is — aSd — Q— * The final temperature Qr 

Roil 4 ^0) dt 

must correspond to dd/dt = 0, hence it is given by E‘URo{l 4 ~ oeSd/. 

Introducing the dimensionless variable ij = 6/df, the differential equation 


may be written 


Q d'n 14 


— 'n- 


OtS 

Plot, r) as function of --ri for /30/ 


1 

lo’ 


€xS dt 1 4 

5. We have assumed that a and Q are express(Hl in units of ehKd ric 


energy. 



12. From the Theory of LxAhrication . — The prtis- 
sure distribution pix) in the oil film between the 
inclined surface Si which moves with the velocity I ’ 
and the fixed base S-i (Fig. P.12) is given by tlie 
equation 

^ A . _ 

dx h^ 2 ) 


where h = hi ^ x tan a is the thickness of the oil film at an arbitrary cross 
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section, Q is the volume of the oil flowing through between the surfaces per 
unit width and per unit time, and /j. is the coefficient of viscosity of the oil. 
Determine the value of Q and the solution of the above equation so that the 
pressure p ^ 0 for x 0 and x = 1. Find the location of the highest pres- 
sure, and plot the total load carried by a strip of unit width of the surface Si 
as function of hi. 


Hint: From da; = 0, it follows that = 27(^7 

J dx \hl hij \hi hi/ 

here 


where = hi 1 tan <x. Hence Q — 


U. The total load is 


p dx = cot a \ p dh — [ph]^^ cot <x — cot a 

Jhi ' 




—cot® oc 


Jhi dx^ 


dh 


13. From the Theory of Plasticity. — A steel slab — ^kept at the temperature 
of white heat — ^is pulled through the slightly inclined surfaces AB and CD 
shown in Fig. P.13 by a force F per unit width. According to the laws of 
plastic deformation the longitudinal stress c is equal to the yield-point 
stress of the material k minus the transverse pressure p. A friction of the 
amount fp (f == coefficient of friction) per unit area acts along the surfaces 
AB and CD in the opposite direction to F, Establish the equation of equi- 
librium for an element of the slab of unit width, thickness h — hi — %<xx and 
length dx. (a is the small angle of inclination 
between the fixed surfaces and the force F.) 

Determine the distribution of <r and p from the 
condition that <r = 0 for x = 0. Find the value 
of F. Discuss the influence of the magnitude of 
the coefficient of friction / and the inclination of 
the surfaces ABy CD. 

Solve the same problem under the assumption 
that the slab is pushed through by a force F; in this case 0 * = 0 for x = 1. 

Hint: The equilibrium condition for an element of the slab of length dx 
and thickness h is d{(xh) = 2(f -f- «)p dx. Since h ^ hi — 2ocXj we may use 
the variable h instead of x. The equation becomes 



' dh 


icrh) 


= (/ d- c.)p 


Using or — k — Py we find a differential equation for <t as function of h. 
The process is physically possible only if fc ^ a. Find the smallest ratio 
hi/hi as function oi f /cx that is compatible with this condition. Show that 
in the limiting case where / = 0 the smallest value is hi/hi — 1/e = 1/2.71. 
14. Find the general solution of the following differential equations : 


d^y dy 
dx- dx 


— 2 / = 0 
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dx^ dx 

16. Find the general solution of the differential equation 

dV , % , o 


Hint: Try a particular solution of the form: y = <x cos 2x (3 sin 2x for 
the nonhomogeneous equation. 

16. Separate the real and imaginary parts of the following expression 

y ” cos (2 H- 5i)x + sin (3 — 4i)x 

17. Expand the function y = cosh® a: in a series of hyperbolic cosines. 
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CHAPTER II 

SOME INFORMATION ON BESSEL FUNCTIONS 


Friedrich Wilhelm Bessel (1784-1846) was a native of Minden 
in Westphalia. Fondness for figures and a distaste for Latin gram- 
mar led him to the choice of a mercantile career. Hoping some day 
to become a supercargo on trading expeditions, he became inter- 
ested in observations at sea. . . . His success in this inspired him 
to astronomical study. . . . Encouraged by Olbers, Bessel turned 
his back to the prospect of ajffluence, chose poverty and the stars. 

— Cajori, 

“A History of Mathematics,^’ p. 448. 

Introduction. — The solutions of linear equations of second or 
liigher order can be expressed by elementary functions only 
in exceptional cases. As a matter of fact, certain types of differ- 
(uitial equations define certain classes of new functions, and to 
solve such differential equations means to disclose the behavior 
and properties of the corresponding special functions. Many 
such special functions play an important role in physical and in 
engineering problems. The so-called Bessel f unctions or solutions 
of BesseVs differential equation are perhaps most frequently 
encountered. Besides that, they show many analogies to the 
elementary exponential and trigonometric functions which 
(‘onstitute the solutions of the linear differential equations with 
constant coefficients discussed in the previous chapter. There- 
fore', a somewhat detailed discussion of BesseFs differential 
ecpuition and Bessel functions appears desirable. 

1. Bessel’s Differential Equation and Bessel Functions of 
Zero Order. — The se'cond-order linear differential equation 



is known as BesseVs differential equation. Every value of the 
parameter v is associated with a pair of fundamental solutions 
called Bessel f unctions of order v. One of them, which is finite 
at X = Offs called the Bessel function of the first kind, and the other, 
the Bessel function of the second kind. 

47 
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We shall first consider the particular case p = 0 (Bessehs 
equation of zero order) : 


d'^y I 1 dy 
dx^ X dx 


+ 2/ = 0 


The general solution of this equation is of the form : 
y = Ci2/i + C2y2 

where yx and are particular solutions of Eq. (1.2) and Ci and C2 
are arbitrary constants. We try to find approximations for such 
particular solutions which are valid for very small or very large 
values of the independent variable x. 

Let us try to determine a particular solution for the initial 
values y ^ ao and {dy/dx)o = ai. If we substitute these 
initial values in Eq. (1.2), we see that the second term becomes 
infinite for a; = 0. Hence, the first derivative of a particular 
solution of Eq. (1.2) that goes through the point x = 0, y = ao, 
must be equal to zero for x == 0. We try, therefore, a series of 
the form: 


y — ao + a 2 X^ + azx^ + a^x"^ 4. . - . (I.3) 

We obtain by differentiation 


dx 

d^y 

dx^ 


2a2X + 3asx^ + 


= 2(2-2 " 


(1.4) 


Substituting Eqs. (1.3) and (1.4) in Eq. (1,2), we have 

(2^ct2 <Xo) -{- -f" (4^(Z4 -j- 4. . . . = 0 

Hence, the differential equation is satisfied if we have 


'and 





dz — ds — 


We obtain for y the series 


(X2 

” “42' 

• • = 0 


22 


+ 


22 . 42 


42 . 02 


+ • • 


) 


2/ = cto( 1 
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or 


y = 

& = 0 




We remember that A;! = 1 • 2 • 3 • • * ^ and 0! = 1. The 
above series converges for all values of x, and not only in the 
vicinity of a; = 0.* It defines a solution of the differential 
equation (1.2). The function obtained from Eq. (1.5) by putting 
ao = 1 , 

Jo{x) = 1 - ^2 + 2^-p — grrfrrgz + . - . (i.e) 

is known as the Bessel function of the first kind of zero order. 

The process of series development leads to a solution CJq(x) 
of the differential equation with only one arbitrary constant C. 
In order to find the general solution, we must obtain another 
solution independent of Jo (a:). 

There exists a method by which the general solution of a linear 
second-order differential equation can be found when a particular 
solution is known. In fact, we used this very method for differ- 
ential equations with constant coefficients (Chapter I, section 
10) when the characteristic equation had multiple roots. We 
introduce an undetermined function u{z) and put 

y = uJo(x) (1.7) 


Introducing this expre.ssion for y into the differential equation 
(1.2), we find 


d^u 

dx^ 


+ 


where 


= 0 

V Jo{x) X/ dx 




This is a first-order differential equation for q — dujdx. We 
obtain by separation of the variables 

^ = r_l_2^dd:r 

q L ^ Jo(^)_ 

* For a treatment of the properties of convergence of series, see for exam- 
ple, W. A. Granville, “Elements of the Differential and Integral Calculus,” 
p. 214. 
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= ^ 

^ dx x[Jo{x)] 

where B is a constant. A second integration yields 

M = A -f B J 

where A and B are constants of integration. The lower limit a 
of the integral is arbitrary; however, it cannot be equal to zero. 
Varying the limit a amounts to varying the arbitrary constant 
A. The general solution of Bessehs equation (1.2) is, therefore, 

, . J' (1.8) 

It is seen that the second term of this expression yields the second 
solution which we did not obtain by expansion in power series. 
It is not easy to evaluate (1-8) by direct integration. However, 
it is not difficult to determine the nature of the singularity of the 
solution at X = 0. When x approaches zero, Jo(x) approaches 
unity, and therefore, 



Knowing the character of the singularity, we find directly the 
second solution of Bessehs equation by putting 

y = Joix) log X + hQ + hix + 52^5^ + . • • (l.g) 

The coefficients of the series are determined by substitution into 
the differential equation (1.2). All but the coefficient ho can be 
determined in this way. However, as we standardized the first 
solution by putting ao = 1, it is also convenient to standardize^ 
the second independent solution. On Weber’s suggestion th(i 
function 

r,(x) - 1 [ j.(x)(jog I + t) + (|)‘ - + 0 

(* ■'■5 ■'■0 ~ 

is chosen as the standard form. Yq{x) is known as the Bessel 
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Junction of zero order of the second kind. The constant 7 (denoted 
in the German literature sometimes by C) is called EuleFs con- 
stant. The numerical value of 7 is 0.577216. . . . The choice 
of the constant 7 and of the factor 2 /ir in the expression of Fo 
is made with the purpose of obtaining certain simple expressions 
of Jo(x) and Yq[x) for large values of x. These expressions will 
be given later in this section. In German textbooks the notation 
N^{x) is generally used instead of Yo{x). 

1.0 
0.8 
0.6 
0.4 
0.2 


0.2 
0.4 
0.6 
0.8 
1.0 

We thus write the general solution of Eq. ( 1 . 2 ) in the form: 

ij = CiJoix) + C^Yoix) ( 1 . 11 ) 



Values of Jo{x) and Fo(x) are plotted in Fig. (1.1). Tables 
for these functions will be found in many textbooks on Bessel 
functions (see References at end of chapter). The tables in 
Watson's ‘^Theory of Bessel Functions" or in Jahnke-Emde's 
Tables of Functions" will be found especially useful. The 
function Fo(r) — > — w^hen r — > 0. Its approximate value 
for small x is 



log 2 + 7 


( 1 . 12 ) 


The infinite series (1.6) and ( 1 . 10 ) converge very slowiy for 
large values of x; therefore, we try to obtain approximate 
expressions for the particular solutions of Bessel's equation of 
zero order which make it possible to calculate their approxi- 
mate values for large x by using a few^ terms only. We say that 
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(p{x) is an asi^mptotic approximation of yix), if the ratio y{x)/ip{x) 
converges to unity when a; — > co . 

We found in Chapter I that the paTticular solutions of an 
equation of the second order with constant coefficients have the 
form const, For Bessehs equation with variable coef- 

ficients we tentatively try the asymptotic approximation 

<p{x) = const, x^e^^ (1.13) 

Substitute y == <p{x) in Eq. (1.2) and determine a and X so that 
the terms of the highest order for rc — > oo vanish identically. 
We obtain by differentiation 


^ = const. 

\ fT! 


+ 


X 


-h I 


(1.14) 


Substituting the expressions (1.14) in Eq. (1.2), we obtain 


It is seen that for x the term ih becomes small 

X 

compared with the term (X^ + 1), and a^/x^ becomes small com- 
pared with Hence, if we put 


+ 1 and 2a -h 1 = a (1.15) 

Eq. (1.2) is satisfied, if terms of the order of 1/x^ are neglected. 

The conditions (1.15) yield X = and a = — Hence, we 
obtain for large values of x the following asymptotic approxima- 
tions for the particular solutions of Eq. (1.2): 

£ix 

y{x) ^ const. — 

V X 

and (1.16) 

0-~ix 

y{x) ^ const. — 

-y/x 


Instead of the complex expressions (1.16), we can use their real 
linear combinations 
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/ \ ^ , cos X 

y{x) ^ const. — ■y= 

V X 

and (1.17) 

/ \ ^ . sin X 

y{x) ^ const. — j=^ 

V X 

It follows that for large values of x both Jq{x) and Fo(ir) have the 
form: 

/ ^ ^ cos X , ^ sin X /w ..rtN 

y{x) (1.18) 

\/x V X 

The determination of the constants Ci and for the asymp- 
totic approximations of the standard forms of J and Y q{x) 
involves analytical methods that are beyond the scope of this 
book. They can be found in advanced textbooks on Bessel 
functions. Here we give only the results: 



The asymptotic approximations (1.16) can be improved by 
using a series of the form: 

y = const. ^ ' ’ ’) (1-20) 

By substituting this expression into the differential equation 
(1.2), we can determine the coefficient hi so that not only the 
terms with e^^/xy/x^ but also those with 

e^/x^\/ X, , , . vanish, and continuing this procedure, we deter- 
mine 62, hs, . . . . However, the series (1.20) is not convergent 
in the sense of the convergence of a power series, for we shall find 
that after a certain number of terms the quantities h^/x'^ begin 
to increase, even in the case of an arbitrarily large x. Poincare 
has shown that for a wide class of such expansions, if we cut off 
the series at a certain term, the error is not larger than the last 
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term retained. Series with this property are called semiconvergent 
series. 

The semiconvergent series for Jq(x) and Y o(x) have the form: 


cos 


Jo{x\ = 




-y/i'jTX 

sin 


1 


1 ( 3 - 6 - 7)2 1 


+ ' 


4! 

1 


Yo{x) 


■ ( A 

sin ( a; — V 


2 (8a:) 2 

G ~ i) n (3-5) 

[8^ 3! (8a:)» 

I) 


(8a:) ^ 


( 1 . 21 ) 


32 


s/h^- 


1 _j_(3-5-7)2 


■X 


cos 


2 (8a;)" ' 4! (8a:)^ 

('““4)ri (3-5)" 1 

[8a: 3! (8a;) 


•\/ ^x 

Sometimes it is convenient to use linear combinations of Jo (a:) 
and Fo(:t*) whose asymptotic expansions are of the complex 
form (1.20). The functions 

= J^(x) + iY^(x) . 

= Jo(x) - iYo(x) 

are known as Bessel functions of zero order of the third kind, or 
as Hankel functions of zero order. Their asymptotic approxima- 
tions for large values of x are 

X^-i) 






a/ ^X 


(1.23) 


•\/^TX 

In practical problems we often encounter Bessel's equation 


in the form: 


dx‘^^ xdx^ ^ 


0 


(1.24) 


where ^ is a constant parameter. To reduce this equa tion to the 
standard form (1.2), we put kx = ^ and obtain 

d^y ,ldy 
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Then the general solution of Eq. (1.24) becomes 

y = CiJoikx) + C^Yoihx) (1.25) 

2. Bessel Functions of Higher Order. — To find particular 
integrals of BessePs equation of higher order 


^ I 1 % , 

dx^ X dx 



== 0 


we must use a somewhat different method from that used for the 
equation of zero order. If v 0, no solution can be found 
for the initial values a: = 0, = a©. Hence, we write 


y = a:”"(ao + aix + -f . . . ) (2.2) 


where ao shall be different from zero. Then vre have 


y = x'^iao + axx + a^x^ + • • * ) 
i ^ = x'*^[a^mx'~''^ + ai(m + l)^;*"^ + + 2) 

-}“ Oizipi, “f” 3 )cc T" 0,4,(771 d" 4 )x“ -j- • • * ] 
= x^[aQ(77i — l)mx~~^ + ai7n(m + l)x~^ + 02(771 +• l)(m + 2) 
+ az(m + 2)(m + Z)x + ai(m 3)(m + 4:)x^ + • * • ] 
Substituting these expressions in Eq. (2.1), we obtain 


x'^^ao(m^ — i + ai[(m 4- 1)^ — v^] ^ 

4- cJo ~h 0 ^( 77 % 4” 2)^ — 4” * ‘ ^ ~ 0 (2.3) 

This equation must be satisfied identically, hence the coeffi- 
cients of l/x"^, 1/x, 1, X, . . , must vanish. The condition 
that the coefficient of Uo/a:^ is equal to zero gives == 0, 

i.e.j m = or m = —v. 

Let us assume first tti = v, i.e., m is equal to the positive 
root of the coefficient v‘^ in Eq. (2.1). In this case we find that 
in (2.2) the coefficients with odd subscripts must vanish, and we 
obtain a solution of the form: 

2/1 = x’'(ao 4" 4~ ^4^^ 4“ * ‘ * ) (2.4) 

where ao is arbitrary and the coefficients ao, a 4 , . . . are deter- 
mined by the condition that (2.3) is identically satisfied. 
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If we put m ~ we have to distinguish between the cases 
that p is an integer or v is an arbitrary nonintegral positive 
number. 

a. If V is an integer, say v ^ n, we find that the procedure 
of calculating a 2 , a 4 j . . . breaks down at a certain term. For 
example, take p = 1, m — — 1. Then we have to satisfy the 
condition ao + ^^ 2(1 — 1) = 0. Obviously, this would require 
a 2 — * Hence, the method that we are using does not give 

us a second independent solution of the differential equation 
(2.1). However, employing a method similar to that used in the 
last section for the equation of zero order, a second independent 
particular solution of the following form is found: 

2/2 = yi log X + -I- . . . ) (2.5) 

where 2/1 is the particular solution (2.4). 

h. If V is not an integer, we find without difficulty a second 
independent solution, which has the form: 

2/2 = x-^{aQ + 'b2X^ + + * * • ) ( 2 . 6 ) 

Hence, if v is an integer, the two solutions are of the form (2.4) 
and (2.5) ; if p is not an integer, they are of the form (2.4) and 
( 2 . 6 ). 

3. Standard Forms of Bessel Functions. — For practical calcu- 
lations and for the use of tables, standard forms for Bessel func- 
tions have been introduced. Unfortunately, different forms 
and notations have been used by various authors. In this section 
we shall make the reader familiar with some of the most frequently 
used standard forms and notations. On page 64 a tabki of 
equivalence of symbols for Bessel functions is given for convenient 
use of the most importaiit textbooks and tables. 

We found in the last section that Bessers differential equation 
has for arbitrary values of a solution of the form: 

2/1 = a;''(ao*"+ a^x^ H- ' * * ) (3.1) 

where v is the positive root of We standardize this particular 

* If we admit that Oo can be equal to zero we could have ao = a\ =0 and 
start the series with an arbitrary constant the series would then liave the 
form x{a 2 + +•••)• However, the reader will easily verify that 

the series which we obtain in this way is identical with t/i. The same is 
true in the general case in which v is an arbitrary integer. 
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solution by a certain choice of the arbitrary constant ao^ which 
tiepends on v. 

If V is an integer, say v — n, we choose ao = 1/2 "72 !. If v 
is not an integer, n ! is to be replaced by the so-called generalized 
factorial function r(^ + 1), whose numerical values can be 
found in the references given at the end of the chapter. The 
function T(v + 1) obeys the recurrence law of the factorial, viz., 

r(p + 1) =: (y + i)r(^). 

If p is equal to an integer n, r(n + 1) = nl. Substituting (3.1) 
into the differential equation, we obtain the values of a^, a 4 , etc. 
The function defined by this infinite series is denoted by J^(x) 
and is called the Bessel function of the order v of the first kind: 

Jv(x) = crq 1 — -1 \o2 


The function Jv{x) may be considered as a function of two 
variables x and v and, therefore, can be represented by a surface. 



Fig. 3.1. — The Beasel function of the first kind J p(x) as function of the variables 

X and f'. 

as shown in Fig. 3.1. In this figure the ordinates of the surface 
are the values Jp(x) where x runs from 0 to 20 and p varies from 
0 to 10. The wavelike curves shown are intersections of the 
surface with the vertical planes v = 0,1, * * * 10 ; they represent, 
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therefore, the Bessel functions whose orders are positive integers. 
Intersections made by intermediary planes give Bessel functions 
of nonintegral orders. For a; = 0, Joix) = 1; all others start 
with zero. At a; = 0, they have a vertical tangent if 0 < < 1, 

and a horizontal tangent if v > 1, whereas Ji{x) has a finite 
slope. The transverse curves are the intersections of the surface 
with the horizontal plane Jp{x) = 0; hence, they show the values 
of the zeros of the Bessel functions. 

The function obtained from Jp{x) by change of ^ to —v in the 
exponent of x and in the expressions for ao, . is denoted 

by J^vix) and is sometimes called a Bessel function of negative 
order. If v is not an integer, J^p{x) has the form given by Eq. 
(2,6); if V is an integer, say p = ti, 

(3.2) 

The Bessel function of the order v of the second kind is a particular 
solution of BesseFs differential equation (2.1) independent of 
Jy{x) and is defined by the formula 

Y,{x) = [cos w J.(x) - /-.(re)] (3.8) 

If V is not an integer, the function Yp{x) is a linear combination 
of the solutions yi{x) [Eq. (2.4)] and y^i'x) [Eq. (2.6)]. If 
is an integer, the expression (3.3) becomes 0/0. Howcwer, if 
we take the limit of (3.3) when v approaches an inttigm- n, we can 
show that Yy{x) takes tlie form y^i'x) given by Eq. (2.5). For 
^ 0 the limiting value of the right side of Eq. (3.3) coiinhdes 

with the definition of Y (i{x) given by Eq. (1.10). 

The standard form for the general .solution of (2.1) is 

y - AJ^ix) -f BY Ax) (3.4) 

For large values of x the asymptotic approximation for J^x) is 


cos 

JAx) ^ — 


\/lwx 


We have seen that for small values of x, JAY) is of the ord(n- 
x\ The function YAY) is plotted in Fig, 3.2, for various integral 
values of v. The asymptotic value of YAY) for large values of 
X is 
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Y.{X) : 


(3.6) 


The value of Yp{x) is always infinite at x = 0. For small 
values of x this function is of the order l/x%\i v 9 ^ 0, and of the 
order of log if = 0. 

1.0 1 — — — — — 

0.8 — — — — — : — 



Fig. 3.2. — Bessel functions of the second kind. 


The Bessel functions of order v of the third kind or Hankel 
f unctions of order v are defined as 


^ J,{x) -\-iYXx) 

^ T /^\ 


(3.7) 


These functions are complex quantities. 

In practice we must generally deal with an equation containing 
another parameter k [cf. Eq. (1.24)], viz.^ 


1 ^ 
X dx 


(3.8) 


This equation is again readily reduced to the standard form (2.1) 
by taking f = /err as the independent variable. Then we have 


and the general solution of (3.8) becomes 

y = AJ.ikx) + BY,{kx) 


(3.9) 
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4. Special Properties of Some Bessel Functions. — By taking 
the derivative of the left side of Eq. (1.2), we find 


. 1 dy^ 
dx‘^ X dx 




y' = 0 


where y' = dy/dx. This equation is identical with BessePs equa- 
tion of the first order for the function y' . Its general solution is, 
therefore, 

y' = ^ = AJ.ix) + BY,(x) 

Since y itself is a solution of BesseFs differential equation of 
zero order [Eq. (1.2)], it appears that the derivatives of the Bessel 
functions of zero order can be expressed by the functions of first 
order. In fact, frona the series expansions for Ji(x) and Yi{x), 
it is found that 

-4 = Jl(x) 


Bessel Functions for which v is Half an Odd Integer . — This is an 
mportant case, since these particular Bessel functions can be 
expressed in finite form by elementary functions. Consider, for 
nstance, Eq. (2.1) with v ~ 


The substitution 


y = 2 : 2 :"^''" 


yields the differential equation for z 


+ z = 0 


Hence, z = A cos x A' B sin x, and the general solution of 
Eq. (4.3) becomes 

y = cos X A- B sin x) (4.5) 


Consequently, the functions Jy^ix) and J-uix) must have the 
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JyXx) = 


sin X 


and 


J~h(x) = 


cos X 
■\/^x 


(4.6) 


The standard form for the function of the order -g- of the second 
kind is, according to Eq. (3.3), 




-1 
sin ^TT 


J — y (^) J — y (^) 


In the same way when v = n ^ where n is any integer, the 
Bessel functions are reduced to sums of simple polynomials in 
1/x multiplied by sin x and cos x, respectively. For example. 


and 


J^(x) = 
J-3 a(x) = 

Jb/Xx) = 
J—nix) — 


1 ( 

^sin X 

-v/gXX' 


1 ( 

—sin 

1 


N^irx 


1 

'3 . 

- sm 

'x/i'irx 

X 


cos X 
cos 


3S x\ 

~r) 


(4.7) 


sin X 


(i-') 


A more complete list of these functions will be found in Gray, 
Mathews and MacRobert, “ k Treatise on Bessel Functions and 
Their Application to Physics,^’ page 17. 

The standard form for the corresponding function of the second 
kind is [cf. Eq. (3.3)] 


Yn+vAx) - sin („ (4-8) 

Hence J(^n+yi){x) and J^(n-^y.){x) are two independent solutions 
of Bessehs equation of the order n- + 

6. Modified Bessel Functions. — If we put into Eq. (3.8) 
k — i, we are led to the equation 

<“) 

A solution of this equation is found by replacing x in the power 
series representing Jj.{x) by ix. Hence, J^{ix) is a solution 
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of Eq. (5.1). The function Iv{x) = %~~^Jv{ix) is taken as the 
standard form for one of the fundamental solutions of Eq. (5.1). 
It is known as the modified Bessel function of the first hind of order 
V. It is a real function. Another fundamental solution of Eq. 
(5.1) is known as the modified Bessel function of the second kind 
and is generally defined by 

[7_.(x) - 7.(x)l (5.2) 

The general solution of Eq. (5.1) is 

y = + BK,(x) (5.3) 

It can also be shown that we have 

|i-+i77/»(*x) = K,(.x) (5.4) 

These functions are not of the oscillating type; their behavior is 
similar to that of the exponential functions. This is shown 
by their asymptotic approximations; for a: oo we have 


Io(x) ^ 

(5.5) 


For a; — »• 0, we have 

/o(0) 

and 


(5.6) 


Values of l^{x) and K^{x) are plotted in Fig. 5.1. 

We also have a simple relation between /o(a:) and I\{x) similar 
to the relation between /o(3:) and J \{x) [cf. Eq. (4.2)]: 

^ 

6. Tables and Notations. — As we said, there is no unanimity 
in the literature either in the choice of the standard forms of 
the Bessel functions or in the choice of the symbols representing 
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them. For the reader convenience we compiled in a compara- 
tive table the definitions and notations of the books listed at 
the end of this chapter. A few remarks for the use of this table 
appear necessary: 

a. The Bessel function of the first kind is defined and denoted 
in the same way by nearly all authors. 

h. For the Bessel function of the second kind, i.e., for a second 
independent solution of BesseFs differential equation, Weber 
suggested the function that we defined by Eq. (3.3) and denoted 
by Yy{x). Neumann introduced as the second independent 
solution a function that is a linear combination of our Jp(.r) and 

LO 50 


0,8 

,(W| 

0.6 


|30 




Io(x) / 


G2 ilO 


0 1 — 

0 I 2 3 4 5 6 

Fia. 5.1. — Modified Bessel functions of zero order. 


Y,(x), viz., |F.(a:) + (log 2 - y)J.{x). However, some German 

authors use the term Neumann’s Junction for any form of the 
second independent solution. 

c. The German authors do not use the term modified Bessel 
Junctions; they consider them as Bessel or Hankel functions 
of an imaginary argument. 

References 1 to 4 listed at the end of this chapter contain 
tables and charts for Bessel functions of different kinds; the tables 
contained in references 1 and 2 are especially comprehensive. 
The lack of standardized notation is an impediment in the use of 
such tables. We hope that the table of equivalence of symbols 
given below will be helpful for the reader. 
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Table oe Equivalence op Symbols por Bessel Functions 



This book 

Jahnke-Emde 

Mc- 

Lach- 

lan 

Function of first kind 

J p(a?) 

JAx) 

J y(x) 

Function of second kind 
(Weber) 

Y.ix) 

N,(x) 

VAx) 

Function of second kind 

(Neumann) 

+ Gog 2 - 


YAx) 

Modified function of first 
kind 


"h ^ J It (tiCC') 

' I Ax) 

Modified function of second 
kind 

K„{x) 


KAx) 


Function of first kind 

Function of second kind (Weber) . . . 

Function of second kind (Neumann) 
Modified function of first kind 

Modified function of second kind. . 



Whit- 


Wat- 

taker 

Gray, Mathews, 

son 

Wat- 

MacRobert 


son 



J }/(x) 

J V (^X ) 


YAx) 

-(n-(log 2-y)J 

TT 


(x: 

YAx) 


JAx) 

lAx) 


KAx) 

cos VTT 

KAx) 


7. Some Equivalent Forms of BessePs Differential Equation 
The differential equation 

dx^ ^ xdx^ ^ 


0 


(7.1) 


where a and b are constants, is equivalent to BessePs differential 
equation (1.1), If we substitute 


y = x^z 

we have, by differentiation of (7.2), 


dx 


vx 




dz 

dx 


(7.2) 


dx 


(7.3) 
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Substituting (7.2) and (7.3) in Eq. (7.1), we obtain 

dx^ 

(7.4) 

It is seen that if we put 

Q “f* HSip = 1 
or 

1 — a 
2 

and divide Eq. (7.4) by x% we obtain 


According to Eq. (3.9) the general solution of Eq. (7.5) is 

z = Z.ix's/h 

provided the symbol denotes the general solution of Bessel’s 
differential equation of f'th order. Hence, the solution of Eq. 
(7.1) is given by 

y = x^Z^{x\/h) (7.6) 

where v = i— -5. For example, when a — 0 then p = h and 
^ A 

the solution of the equation 


is given by 


dx^ 


y = xy^Z^i{x\/V) 


We remember that [cf. Eq. (4.5)] 


Zi.«(x) = (A cos X B sin x) 
V a; 


and, therefore, 

y =z A' cos X's/h H- B' sin x\/h 

where A' and B' are constants. 

BesseFs equation of zero order can be written in the form: 




(7.7) 
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We generalize this expression and write 

2) +“■“-« p-*) 

We shall show that Eq. (7.8) is equivalent to a BesseFs equation 
whose order depends on the exponents m and n. Let us introduce 
a new independent variable t by putting x = Then 


and we obtain 


dx = at“~^ di 

^ 1 dy 

dx dt 


(7.9) 


Introducing x = and (7.9) into Eq. (7.8), this equation 
becomes 


od“~'^ dt\a dt J 




d^y , aim — 1 ) + 1 dy 


dt^ 


H- 


t 


dt 


(,^^a(n-^+2)-2y = Q (7.10) 


It is evident that if we put a{n 


- m 
2 


■ 2 ) 


0 or 


n ~ m 2 

Equation (7.10) is reduced to the form (7.1), and we obtain 


(7.11) 


d‘^y 

dt^ 


+ 


x{m — 1) + I dy 
t dt 


-f- cahj = 0 


(7-12) 


According to Eq. (7.6), the solution of this equation is 


where 


y = t^Z vita's/ c) 




m) = 


1 


n — m + 2 


Hence, returning to the independent variable a:, by substituting 
i 

t — 0 *“, the solution of Eq. (7.8) is 


where 


y = oc^Z p{x^a\/ c) 
_ I ~ m 
^ n ~ m T 2^ 

- + 1, and - 


(7.13) 


* This solution breaks down^if 7n = n -h 2, but in this case Iki. (.7.8J 
becomes a differential equation with constant coeflScients if we substitute 
u = log X instead of a: as independent variable. 
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Consider, for example, the equation 

g + = 0 (7.14) 

In this case m = 0, n = 1, and c = 1; therefore, a = f , 
and the solution becomes 


y = (7.15) 

or 

y - + Bx^YhHx^^) (7.16) 

This solution may also be found as follows: According to Eqs. 
(2.4) and (2.6), if v is not an integer, BesseUs equation of the 
order v has two independent solutions beginning with .r*' and 
x~^. Taking into account that the independent variable is x"^-, 
the solutions will have the form: 

7?i = + cl2X^ . . . ) 

and 

ri2 — x~^(bo + hix^ + . . . ) 

Substituting these expressions in Eq. (7.15), w^e obtain the solu- 
tions of (7.14) in the form: 

yi = x{aQ 4- aix^ -j- a^x^ + ' * • ) (7.17) 

and 

2/2 = 2)0 + hix^ -f- b2X^ -j_ . . . (7.18) 


The coefficients ai, ^2, . . . and 6i, 62, . . . can be determined 
directly from Eq. (7.14). Substituting (7.18), for example, in 
Eq. .(7.14), we have 


2 * 36i “f- 5o = 0, 5 • 662 5i = 0, ... 

or 

2/2 = - 273 +2-3-5-6 ~ 2-3 •5-6-8-9“'' ' ' ') 

In a similar way we obtain for the solution which starts with 
the first power of x 


Vi 


= a„*(l - 3^^ 


3-4-6*7 


3-4-6-7-9-10 


+ 


•) 


(7.20) 


In some cases it will be convenient to determine the con- 
stants G-o and 5o directly from the boundary conditions, and 
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use the series (7.19) and (7.20). However, if x is large, the 
convergence of the series becomes poor, and it will be more 
practical to identify the solutions as Bessel functions and use 
the tabulated values. 


Problems 

1. Find the general solution of 

= 0 

ax\ ax/ 

2. Plot the functions 

y = 

y == Yo(x^) 

3. Solve graphically the equation 

Jo(x) - lx 

4. Find the general solution of the equation 


d^y ^ I dy 
dx^ X dx 


— s= a 


where k and a are constants. 

6. Find the general solution of 


d^y 

dx^ 


+ 


5 % 

X dx 


16x^2/ = 9 


Hint: Multiply the equation by a power of x so that it takes the form 



-f cX^y 


« 0 


6. Find the general solutions of 


and 


d^y ^ 3 dy 
dx^ X dx 


+ 4z/ 


= 0 


d^y dy 1 _ ^ 

dx^ dx 4^ 


7. Find the general solution of 
d^y . 1 dy 


dx‘^ 




Hint: Try a particular solution of the form; 


8. Expand the exponential functions and ( 


1 X 

'2 I 


in a series of ascending 
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1 1 iC 

powersof-a;i5,--, respectively, and show that the coefficients of . . . 

in the product of the two infinite series are equal to J o(a;), Ji (x), 

9 . Verify that the differential equation 


a_,.)g_2.| + 6^ = 0 

has a solution of the form y = x® — a. Determine the value of a. 

10 . Find the particular solutions of the differential equation 


(1 


^ dx^ 


dv 

-hn(n + l)y = 0 


which have the values 2 / = 1 for x = 1, dy/dx = 0 for x = 0, when 7 i = 0, 
n = 2, and n ~ 4. Find the particular solutions of the same equations 
which have the values t/ = 0 for x = 0 and y = 1 for x = 1, when ri = 1, 
w — 3, and n = 5. 

Hint: Try a solution in the form of a power series expansion 


y = ao + ctix fi- a2X^ 4- * * • , 


and determine the coefficients by substitution in the differential equation. 
The series will be found to contain a finite number of terms, z.e., the solutions 
asked for are polynomials. They are known as Legendre^ s polynomials. 

11 . For one of the natural oscillations of a circular membrane of radius a 
the deflection w is given by the formula 


w 



sin 20 


where r and 6 are polar coordinates in the plane of the membrane and 0:2 
is the second root of the equation J^ix) = 0. Show that the nodal lines 
{w = 0) of the membrane are a circle and two perpendicular diameters. 
Plot the lines of constant height for le == 0.1, 0.2, 0.3, 0.4, —0.1, —0.2, —0.3, 
and —0.4, using the tables for Bessel functions of the first kind and second 
order. 
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CHAPTER III 


FUNDAMENTAL CONCEPTS OF DYNAMICS 

In this sense rational mechanics will be the science of motions 
resulting from any forces whatsoever, and of the forces required to 
produce any motions, accurately proposed and demonstrated. 

Cambridge, College of the Holy Trinity, 1686. 

Is. Newton. 

Introduction. — In this chapter the fundamental notions and 
principles of the mechanica rationalis are reviewed first from the 
viewpoint of Newton’s laws of motion. The equations of motion 
are applied to a single mass point, to a system of mass points, 
and to rigid bodies. As an example of the dynamics of rigid 
bodies the fundamentals of the theory of the gyroscope are 
treated. In the second part of the chapter the equilibrium and 
the motion of arbitrary systems are considered from the view- 
points of the principle of virtual displacement and the principle 
of d’Alembert. In the last section Lagrange’s equations of 
motion are deduced. A section on the elements of vector algebra 
is also included in this chapter. 

1. Newton’s Laws of Motion. — Newton’s first law of motion is 
often called the law of inertia. It was stated by Newton in the 
following form: 

Every body persists in its state of rest or of uniform motion 
in a straight line except insofar as it may be compelled by force 
to change that state.” 

The fundamental principle that is announced by this law 
and underlies our whole conception of dynamics was first dis- 
covered by Galileo Galilei (1564-1642). Before him, the 
opinion prevailed that motion could be maintained only by a 
permanent application of force. Most previous thinkers con- 
nected the force with the speed or the velocity of the moving 
body; Galilei first connected it with the change of the velocity, 
i.e., with the acceleration. Newton (1643-1727) specified 
the relation between the force and the rate of change of velocity 
in the following way. He defines the quantity of motion, or, 
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using modem terminology j, the momentum, of a body as the 
product of its mass and its velocity. Then he aimounces that 
the rate of change of momentum is proportional to the force 
applied to the body, and it takes place in the direction of the 
straight line in which the force acts. This is known as Newton^ s 
second law. 

The third law of motion is called the law of action cvnd reaction. 
It refers to the forces acting between bodies which belong to 
the same mechanical system and states that the force exerted 
by a body A on a body B is equal and opposite in direction to 
the force exerted by j5 on A, and both forces act along the same 
line. 

2. Addition and Multiplication of Vectors. — In modern 
terminology the velocity and the force are vectors; the mass is a 
scalar. A scalar is a quantity that is completely determined by its 
magnitude. A quantity that is determined by magnitude and 
direction is called a vector. A vector quantity is represented 
geometrically by a line segment whose length is equal, in some 
convenient scale, to the magnitude and whose direction — 
indicated by an arrow — is given by the direction of the vector 
quantity. Multiplication of a vector by a scalar changes 
the magnitude of the vector but does not change its direction. 
The momentum is the product of mass and velocity; hence, the 
velocity and the momentum are vectors having the same direc- 
tion. Newton’s second law states that the rate of change of 
the momentum vector per unit time is equal to the force. Or, 
written in vectorial form, 

I (ms) = F (2.1) 


where m is the mass, v is the velocity, and F is the force vector. 

The rate of change of the momentum is the limit of the ratio 
of the change of the vector mv during the time between t and 
^ to the time interval M: 



— lim 

Ai-^O 




( 2 . 2 ) 


Hence, we must first define the change of the vector mv] it is 
the vectorial difference between the vector mv observed at the 
time ^ + A^ and the same vector observed at the time t. We 
call the vector whose components are equal to ax — bx, (Xy by. 
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— hz, where ay, az and bx, by, bz are the components of d 
and h, respectively, the difference a — 5. It is seen from Fig. 
(2.1) that if the vector d is represented by OA and the vector 
5 by OS, the difference c = a — 5 is represented by the line “BA, 
We call the vector whose components are equal to the sum of 
the components of two vectors the sum of the two vectors. For 
example, a = 5 + c. We obtain the line representing the 
vector d by drawing the line OB, representing the vector 5, and 
then drawing the line BA, representing c, from the end point 
of the vector OB. The line connecting the origin of 5 with the 
end point of c gives the vector d = h + o. The addition of 
vectors is a commutative operation: a = 5 + c = cH-5. 


A 



Fig. 2.1.— Sub- 
traction. of vectors: 
c = a —b . 



Fig. 2.2. — The 
scalar product of 
two vectors: a ■ b 
= OA’OB’Cos 6. 


If OB is the momentum vector at the time t and OA the 
momentum vector at the time t + Ai, the difference BA is the 
change of the momentum vector in the time interval At, and, 

therefore, lim = ^ (mv). This quantity is equal to the 
At~^o At at 

force F. The vector BA is approximately equal to F At if At is 
small. 

It is seen that if the magnitude of the momentum vc'ctor 
remains constant and only its direction changes, tlu^ forcc^ is 
normal to the momentum. If the direction of the mom(‘ntum 
remains constant and its magnitude changes, force and momen- 
tum have the same direction. 

In further developments of this chapter we shall eneount(‘r 
products of vectors. We distinguish between the scalar product 
and the vector product. The scalar product a • 5 is a scalar equal 
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to the magnitude of a multiplied by the projection OB' of 5 upon 
d, or to_the magnitude of h multiplied by the projection OA' of 
d upon h. If we denote the angle between d and 5 by d (Fig. 2.2), 
both defijiitions give the value |a||fe| cos 0 for a • 6. It is seen 
that d ‘ b = b • d, i.e., the scalar multiplication is also a com- 
mutative operation; for d • d we write (a)-. 

The vector product a X 5 is a vector which is normal to the 
plane passing through OA and OB, where d = 074 and b = OB 
(Fig. 2.3). Its direction is determined such 
that for an observer looking in the direction 
of the vector a X & a clockwise turn through 
an angle less than 180° brings the vector 
d into the direction 6. Its magnitude is equal 
to twice the area of the triangle OAB or 
equal to OA multiplied by the normal dis- 
tance BB' between the point B and the line Fig. 2.3. — The_vec- 

OA, or to OB multiplied by the normal dis- product a x bis a 

tance AA' between the point A and the line b; its magnitude 

OB. It is seen that according to this defini- is twice the area 
tion d X b = —5 X d, i.e., d X b and b X d 

have the same magnitudes but opposite directions. 

The scalar product of two parallel vectors is equal to the 
product of the magnitudes of the vectors. The scalar product of 
two vectors that are perpendicular to each other is zero. The 
vector product of two parallel vectors is zero, and the magnitude 
of the vector product of two perpendicular vectors is equal to the 
product of the magnitudes of the vectors. 

The three components of a X S are ayhz ~ a.by, azh^ ~ aj)z, 
and aj^y — aybx^ The following method is useful for the com- 
putation of these components: We denote the ^^unit vector’' 
in the a:-direction by in the ^/-direction by j, in the ^-direction 
by k. Since I, 3 and k are normal to each other, 

i-j^j‘k = k- l = 0, and (z)‘^ = (j)- = {k)- = 1; 

furthermore, i X 3 = k, 3 Xk ^ h arid k X i = T Taking 
these relations into account, we can carry out formally all 
arithmetical operations involving additions and multiplications 
of vectors. For example, 

d ‘ b = {a^l + ciy'3 + azk) *. {bxl + by3 + hzk) 

= ClJ^x “b (^yby "h CLzbz 



( 2 . 3 ) 
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The vector product 

d X 5 = (jxFl + ct j + X (fix^ + 

== (^dybz — dzbj/)^ Hh (cE-ahs dxhz')j "{~ {cixhy d^bx)h (2.4) 
We can prove in this way without difficulty the following rule 
for triple vector products: 

d X (h X c) == h(a • c) — c(d - b) (2.5) 

Using the concept of the vector product we obtain an impor- 
tant result concerning the rate of change of an arbitrary vector d. 
An infinitesimal change of the vector d consists of two compo- 
nents: one in the direction of the vector and one normal to it. 

The first component is equal to 
the change of the magnitude |d| 
of the vector, the second can be 
derived by an infinitesimal rota- 
tion around an axis which is 
perpendicular to d. If the 
angle of rotation is Aa, we 
call lim Aa/At = co the angular 

At — >-0 

velocity. We consider the angu- 
lar velocity co as a vector whose 
direction coincides with the axis 
of rotation such that to an 
observer looking in the direction of the vector the rotation appears 
clockwise. The rate of change of d due to the rotation is equal 
to CO X d. This result will often be used later in this chapter, 

3. Motion of a Single Mass Point. — ^Let us apply Newton’s 
second law first to a single mass point, then to a system of n 
mass points. 

If we denote the mass of a mass point by m, its coordinates by 
.r, y, and 5:, its velocity components by Vy, and (Fig. 3.1), 
the components of the momentum of the mass point, according 
to the above definition, are mvy, and mvz^ and Newton’s 

second law states that 

I (rm;.) = X 
d 



Fig. 3.1.- 


“The three components of the 
velocity vector. 


dt 


(mvy) — Y 


dt ^ 


(3.1) 
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where X, Y, and Z are the components of the force applied to m. 

The velocity components y®, Vy^ and Vz are equal to the deriva- 
tives of X, y, and z with respect to the time; hence, Eq. '(3.1) 
can also be written in the form: 


d 1 

( dx\ 


1 

1 ^-31 ) 

= X 

dV 

(” 1 ) 

= Y 

d , 

f dz\ 




= Z 


If the mass is invariable with time, the Eqs. (3.1) and (3.2) 
become 

dvx d^x 

dvy d^y 


m 


dvz 

dt 


dH „ 


The vector with the components dv^/dt, dvy/dt, dvz/dt is 
called the acceleration vector. Equation (3.3) states that in the 
case of constant mass the force is equal to the product of mass 
and acceleration. 

To write the Eqs. (3.1), (3.2), and (3.3) in vector form we 
introduce the radius vector f, whose components are x, z; 
then the velocity vector v = df/dt. According to Eq. (3.1) 
we have 



If m is constant, we obtain 



^ dt^ 


= F 


(3.5) 


The vector dvjdt = d-fJdV^ is the acceleration vector, whose 
components are d‘^x/dt-, d-y/dF, d'^zjdP, If the magnitude of 
V is constant, the acceleration vector is normal to the velocity 
vector. 

We now define the moment of a force F with respect to an 
arbitrary point P (Fig. 3.2) by the vector product PA X F 
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where A is any point on the line of action of the force F, Accord- 
ing to this definition the moment of the force F with respect to 
P is a vector normal to the plane that goes through the line of 
action of F and the point P. Its magnitude is equal to the force 
multiplied by the normal distance n between P and the line of 
action of P. It is seen that the moment thus defined is independ- 
ent of the choice of A. 

For example, the moment of the force F with respect to the 
origin of the coordinate system is equal to the vector product 



Tig. 3.2. — The moment of the force F with respect to a point P. 


f X F, where f is the radius vector of an arbitrary point on 
the line of action of the force. The components of this vector 
product, Ma: = yZ — zY, = zX — xZ, and Ms ^ xY — yX, 
are called the components of the moment M or the moments of 
the force with respect to the coordinate axes indicated by the 
subscripts. 

By analogy with the moment of a force, we call the vector prod- 
uct of the radius vector and the momentum vector the moment 
of momentum of the mass point with respect to the origin. 
Denoting the moment of momentum by H, we have H — f X mv. 

Let us now calculate the rate of change of the moment of 
momentum. We obtain: 


dt 


J X mi) + f X |(m!)) 


H • dx (hr d 

Since = v, we have ^ other hand, ^ 

[Eq. (3.4)], and thus we obtain 


dH 


dt 


= f X F 


(3.6) 
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or, in other words, the rate of change of the moment of momen- 
tum of a mass point with respect to the origin O is equal to the 
moment of the force with respect to the same point. 

Let us assume that M = 0, i.e,, the moment of the force F 
with respect to the origin O vanishes. This is the case if F is a 
so-called central force whose line of action passes through the 
origin. According to Eq. (3.6), under the action of central 
forces the moment of momentum of a mass point with respect 
to the force center is invariable. It follows that the path 
described by a mass point under action of a central force is always 
a plane curve; it lies in the plane perpendicular to the moment 
of momentum vector. The theorem of the conservation of the 
moment of momentum is sometimes called the Law of Areas 
because the magnitude of the moment of momentum is equal 
to the product of the mass and twice the area swept over in unit 
time by the radius vector OP. The law of areas — vdth reference 
to the motion of the planets around the sun — was first discovered 
by Kepler (1571—1630) (Kepler’s first law), based on the analysis 
of observations made by Tycho Brahe (1546-1601). 

4. Application of Newton^s Laws to a System of Mass Points. — 
Denote the masses of n mass points by mi, m 2 , . . - , m„, the 
mass of the ith. mass point by rrii, its radius vector by f,, and its 
velocity 'by L-. Furthermore, denote the force applied to fUi 
from outside the mechanical system by Pi, and the force exerted 
by the mass point mk on the mass point m,; by Fh- Then, 
according to Newton's second law, the equation of motion of 
the fth mass point is 

k 

We call Fi an external force, and the F^-'s, the internal forces. 

The application of Newton's third law leads us to important 
conclusions which hold for an arbitrary system of mass points. 

a. First, we add the Eqs. (4.1). Since, according to Newton's 
third law, Fa = —Fki, the internal forces drop out, and we 
obtain 




(4.2) 
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We call the vector sum of all momentum vectors the total 
or resultant momentum of the system. Equation (4.2) announces 
the following theorem: The rate of change of the total momentum, 
of the system is equal to the resultant of the external forces and is 
independent of the internal forces. 

The vector sum of all external forces applied to the system 
is called the resultant of the external forces. 

b. Second, we calculate the rate of change of the moment of 
momentum of an arbitrary mass point m,;. This, according to 
Eq. (3.6), is equal to the moment of the external and internal 
forces applied to m^. The moments, being defined as vectors, 
follow the addition law of vectors, and we call the vector sum of 
two or more moments the resultant moment. Thus the rate of 
change of the resultant moment of momentum of the whole system 
of n mass points is equal to the resultant moment of all the 
external and internal forces. In accordance with Newton^s third 
law the internal forces appear twice but with opposite signs. 
Hence, we obtain the theorem that the rate of change of the resultant 
moment of momentum of a system of mass points with respect to an 
arbitrary point is equal to the resultant moment of the external forces 
and is independent of the internal forces. 

In mathematical form: 

mijfi X Vi) = X (4.3) 

In summarizing the results of this section, it appears that 
both the resultant momentum and the resultant moment of 
momentum of an arbitrary system are independent of the internal 
forces. 

If we apply Eqs. (4.2) and (4.3) to the equilibrium of arbitrary 
mass systems, it follows that the resultant and the resultant 
moment of the external forces must vanish if the system is 
in equilibrium. If, for example, three forces are acting on an 
arbitrary system, they have to pass through one point if the 
system is to be in equilibrium. 

5. Mass Center (Center of Gravity). — The point C, defined by 
its coordinates, 


^miXi 

Smi ' 


'EmiPi 
'Emi ' 




Xc = 


yc = 


Zc = 


(5.1) 
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or by its radius vector 

Smifi 

SmT 

is called the mass center, or center of grairity, of the system of 
n mass points. Evidently Xc, yc, Zc represent certain mean 
values of the coordinates Xi, yi, Zi where every point enters into 
the averaging process with a weight proportional to its mass. 
The expression center of gravity refers to the fact that in a homo- 
geneous gravity field the resultant of the gravity forces acting on 
the masses mi, m%, . . . , mn passes through the mass center. 

We shall assume that the masses mi, . . . , are constant 
and denote the total mass Xmi by m. Introducing the coordi- 
nates of the mass center into Eq. (4.2), we obtain the following 
equation : 



The motion of the mass center follows the law of motion of a 
single mass point having a mass equal to the total mass of the system 
under the action of the resultant of all external forces applied to 
the system. 

We now introduce the coordinates of the mass center into the 
expression for the moment of momentum of a mass system. 

The resultant moment of momentum of the system is equal to 

H = 2(fi X niiVi) (5.4) 

We substitute into this expression h = fc H- where /v is 
the radius vector of the mass center and f[ is the radius vector 
drawn from the mass center to the mass point Then we 

t)btaiii 

H = fc X '^miVi -j- X niiVi) (5.5) 

AV(‘ call the second term the moment of momentum of the system 
with respect to the mass center and denote it by Hv Thus 
h(|. (5.5) becomes 

H = He + fc X 2mA- (5.6) 


By differentiation 
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According to the definition of the center of gravity 

and, therefore, the vector product 
dfe 


dt 


X == 0 


We are left with 


or since 




m dlt. d 

dt di ' ’°^''dt' 

d 
di 

dH dH, 


dt dt 


+ To X 




(5.8) 


(5.9) 


On the other hand, the resultant moment of the external forces 
is equal to 

M = S(n X Fi) = 2[(f, + fO X Fi] (5.10) 

We denote the sum 2(f^ X Fi) by Me] it represents the moment 
of the forces with respect to the mass center. By comparison 
of (5.9) and (5.10) we obtain 

Hence, the rate of change of the resultant moment of momcni- 
tum with respect to the mass center is equal to the resultant 
moment of the external forces with respect to the sarnc^ point. 
The importance of this theorem consists in the fact that using the 
center of gravity we can refer the moments to a point moving 
with the system instead of a point fixed in space. This simplifies 
the calculation in cases in which the motion consists of both 
translation and rotation of the system. 

Let us now refer the motion of the system to a coordinate 
system 17 , f, which performs a pure translation. Its origin 
is denoted by Q. For instance, we can identify Q with oini of th(^ 
mass points of the system, but not necessarily with thc^ mavss 
center C. We denote the velocity vector of Q by Vq, the radius 
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vector of an arbitrary mass point m in the moving system by f , 
its velocity relative to the moving system by ^ = df/dt. Then 
the velocity of m relative to a fixed system is equal to vq + v. 
Hence, according to Newton^s first law of motion. 


or 


dv 

dt 


■■ F — m 


(5.12) 


Therefore, N ewton’s law holds for a motion relative to the moving 
coordinate system, if we introduce an additional force equal to the 
negative product of the mass and the acceleration of the origin Q 
of the moving coordinate system. Consequently, if we refer 
coordinates, velocities, accelerations, and moments to the mov- 
ing system, all the conclusions of this and the previous sections 
concerning mass systems remain valid provided we assume that 
an additional force equal to the negative product of the mass and 
the acceleration of the system of reference acts on each mass point. 

Since these additional forces are all parallel and their magni- 
tudes are proportional to the masses on which they act, their 
resultant is equal to the negative product of the total mass and the 
acceleration of the origin Q. Hence, the motion of the mass 
center is determined by the equation 

dv 

where fc and Vc = —n denote the radius vector and velocity of 
at 

the mass center relative to the moving coordinate system. 

The rate of change of the moment of momentum H of the mass 
system with respect to Q is given by the equation 

f = 

where M is the moment of the forces with respect to the origin Q. 

It is seen from (5.14) that the rate of change of the moment of 
momentum with respect to the moving origin is equal to the 
moment of the external forces either if the mass center is chosen 
as origin (fc == 0), or if the coordinate system is translated with a 
velocity of constant magnitude and direction (dvq/dt = 0). 
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These results are of fundamental importance in problems of 
relative motion. If a rotating coordinate system is used as a 
system of reference, further additional forces must be introduced. 
They are equal to the negative products of the masses and the 
accelerations caused by the rotation of the coordinate system. 

Let us aswsume that the coordinate system rotates with a con- 
stant angular velocity S around a fixed axis. We denote the 
radius vector of a mass point m drawn from the origin in the 
rotating coordinate system by the relative velocity of the mass 
point by dfidt. Then the absolute velocity of the mass point 
dY - 

is equal to X f*’ The absolute acceleration d is 

obtained in the simplest way by drawing the vector Va from the 
origin and computing the absolute velocity of its end point: 

dva . ow- 

a = -^ + X 

We have, therefore, 

''-a(a + *x') + “x(l + »xO 

-aJ + ®x|+8x| + Sx(Sx,) 


The first term is the acceleration relative to the rotating coordi- 
nate system; the rest of the expression is the acceleration due to 
the rotation of the system of reference. Hence, to comply with 
Newton^s law we have to assume that a force equal to 


— m 


2(fl X X (O X f) 


acts on every mass point m. 


The term —2m 



is known 


as the Coriolis force; it is perpendicular to the angular velocity 
of the coordinate system and the relative velocity of the point. 
The term — X X f)] is known as the centrifugal force; it is 
perpendicular to the axis of rotation, directed outward, and equal 
to the product of the distance of the point from the axis of 
rotation and the square of the angular velocity Q. 

6. Motion of a Rigid Body. — The Eqs. (4.2) and (4.3) are in 
general not sufficient to determine the motion of the system of 
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mass points. To determine the path of each mass we must 
take into account the forces acting between the masses. How- 
ever, in the case of a rigid system they determine the motion 
completely. We call a system of n points rigid if the mutual 
distances between the points are invariable. The motion of such 
a system can be described by a translation of the center of gravity 
and a rotation around the same point. The motion of the center 
of gravity is determined by Eq. (5.3); the rotation, by Eq. 
(5.11). 

Let us first consider the so-called plane motion of a rigid 
system or a rigid body. In this j 
case all points of the body 
move in parallel planes, e.gr., in 
planes parallel to the xy plane 
of a fixed coordinate system / 

(Fig. 6.1). To describe the X C } — ~ 

motion of the body we intro- ( 

duce a coordinate system J, t], ^ 

which remains parallel to a;, 

2 /, z, but whose origin is fixed to _ Xc ! 
the center of gravity of the ^ 

body. Then the motion is ^ 6.1.— Plane motion of a rigid 

1 .« body referred to a coordinate system 

completely determined if we whose origin is fixed at the center of 

know the velocity components 

Va:c = dxc/dt and Vyc = dyc/dt and the angular velocity co == dcp/dt, 
with which the body rotates around the f-axis. 

To obtain the equations of motion we calculate the components 
of the momentum and of the moment of momentum. The x~ and 
//-components of the momentum are mvxc and mvyc, respectively, 
where rn is the mass of the body; the ^-component is equal to 
zero. The only component of the moment of momentum which 
is different from zero is the 5:-component. We choose the mass 
center as point of reference. Then the ^-component of the 
moment of momentum is equal to = Xrimi7\oo = coS/zi/r?, 
where is the distance of an arbitrary point from the ^-axis. 
We call the quantity /f = 2?riirf the moment of inertia of the 
body with respect to the ^-axis. 

The equations of motion are 

dVxc xr 


Fig. 6.1. — Plane motion of a rigid 
body referred to a coordinate system 
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= F (6.1) 

T dcf3 -.jr 

H- ~ 

In these equations X and Y denote the components of the result- 
ant force, Me the moment of the forces with respect to the f-axis. 

The rotation around a fixed axis is a special case of plane 
motion. In this case it is more convenient to choose the fixed 
axis as axis of reference for the moment of momentum and for 
the moment of the forces. The equation of motion is given by 

I.f-M. (6.2, 

i.e., the angular acceleration is equal to the moment of the forces 
with respect to the axis of rotation divided by the inertia moment 
with respect to the same axis. 

Another important example, which belongs to this section, is 
the motion of a rigid body around a fixed point. In this case we 
choose the fixed point as the origin of the coordinate system. The 
moment of momentum H, with respect to this point, is equal to 

H = X v^) (6.3) 

The motion of a rigid body around a fixed point may be con- 
sidered at any instant as a mere rotation around an instantaneous 
axis passing through the fixed point. To be sure, the position of 
this axis is, in general, variable both in space and in relation to the 
body. However, if we denote the angular velocity of the rotation 
around the instantaneous axis by then the velocity of an 
arbitrary point P is given by 

Vi = w X fi (6.4) 

In other words, the velocity vector is equal to the vector product of 
the oi vector and the radius vector. 

Introducing the expression (6.4) into Eq. (6.3), and applying 
the rule given by Eq. (2.5), we obtain 

H — X (co X fi)] — oo'Bmirl — 'Zmifi{fi * d?) 

or, in components. 

Pi X ' d x^J^x d xy^y dxz^z 

Hy d yxO^X Hh" d yCCy d yzCOz 

di Z d zx^X d zyOiy “h d z(j)z 


(6.5) 
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J. = 2mi(2/? + zn = ly. = 

ly x^') lyz, “ -^sy “ YiiTiiyiZi (6.6) 


Ix, ly, Isf are called the moments of inertia with respect to 
the axes indicated by the subscripts. They are equal to the 
sum of the masses multiplied by the squares of their distances 
from the respective axes of reference. 1^^^ ly., Isx are called 
the products of inertia. 

The motion of the body is determined by the vector equation 
dH/dt = M or, written in components, 


dHx 

dt 




dHy -m r- 

-dT = 



(6.7) 


where M is the moment of the forces with respect to the fixed 
point. 

However, the practical use of the Eqs. (6.7) is limited, because 
the inertia moments are referred to axes fixed in space and are, 
therefore, variable. Euler transformed the Eqs. (6.7) in such a 
way that both the components of the angular velocity w and the 
inertia moments are referred to axes moving with the body. 
The reader interested in EulePs equation may consult any book 
on analytical mechanics. 

7. The Gyroscope. — Let us investigate an example of special 
interest for engineering, viz., the case of a body with axial sym- 
metry. Denoting the so-called hody axes, i.e., the coordinate 
axes rigidly connected with the body, by the subscripts 1, 2, 3, 
the inertia moments with reference to such axes, h, 1 2 , I 3 , and 
the products of inertia, 1 12, 1 23, Ibu constants of the body 
depending on the location of the fixed point, on the orientation 
of the system of axes, and on the mass distribution in the body. 
It can be proved that for an arbitrary distribution of the mass it 
is always possible to find throe axes perpendicular to each other 
such that the products of inertia vanish. We call such axes 
principal inertia axes and tlie corresponding inertia moments 
A, B, and (7 the principal moments of inertia. 

Let us assume that two of the principal inertia moments are 
equal, for example, A — B. We call a rigid body of such mass 
distribution rotating around a fixed point a symmetrical top, or 
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syfUTYietTicoil gyroscope. In this case the third principal axis is 
called the axis of symmetry of the top. 

The most important type of motion of a symmetrical top is 

called precession. Such a motion 
can be produced by making the 
body rotate around its axis of 
symmetry with the angular veloc- 
ity O, and by making the axis of 
symmetry rotate at the same 
time with the angular velocity [i 
around an axis fixed in space, e.g.^ 
around the 2 :-axis. The axis of 
symmetry describes in this case a 
conical surface whose half apex 
angle is denoted by 6. The vector 
w is the resultant of 12 and ix, and, 
as seen from Fig. 7.1, it rotates 
around the ^-axis. 

Our first problem is to consider the possibility of such motion 
without the action of external forces, for example, if the center 
of gravity of the top coincides with the fixed point, and no other 



1 





r" 

// ''•J/ 


'-vr 

y|[ 



O 


X 


Fia. 7.1. — Precession of a sym- 
metrical top. Diagram of angular 
velocities. 



Fig. 7.2. — Precession of a symmetrical top. Diagram of moment of momentum. 


forces are applied to the top. According to Eqs. (6.7), if tlu^ 
moment of the external forces around the fixed point is zero, 
the moment of momentum of the body remains constant. W(‘ 
first calculate the components of the moment of momentum 
referred to the body axes. 

The moment of momentum due to the rotation 12 around the 
axis of symmetry is equal to CO,, where C is the inertia moment 
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with respect to the axis of symmetry. W e introduce a coordinate 
system 77 , f (Fig. 7.2) such that the origin is at the fixed point, 
the i'-axis is the axis of symmetry of the top, and the ^-axis is 
normal to f and lies in the plane. Then the angular velocity 
M, whose axis is the 2 :-axis, gives us one component in the ^'-diret*- 
tion, equal to g cos 6^ and one component in the {-direction 
equal to ^ sin d. The corresponding contributions to the angular 
momentum are cos 6 and A^i sin d. Hence, the two compo- 
nents of the resultant angular momentum are -f- /x cos B) 
and A/x sin 6. 

The axis of symmetry and, therefore, the plane rotate in 
the space around the 2 ;-axis. As was mentioned above, the condi- 
tion that the motion be possible for 
the case wdien the moment of the 
forces vanishes is that the resultant 
moment of momentum is constant 
as far as both its magnitude and its 
direction are concerned. This can 
occur only if the H vector coincides 
with the s-axis, z.e., the sum of the 
components normal to z vanishes. 

Otherwise, the R vector would also 
rotate around the 0 -axis. This con- 
dition yields the relation 

cos 6) sin 6 

— Ajj> sin 0 cos 0 = 0 (7.1) 



dC - A 


7.2) 


Fig. 7.3. — Precession of a 
symmetrical top. Rate of 
change of the moment of 
momentum. 


Equation (7.1) is called the condition of free precession. We 
notice that, for 6 < 90°, if A > Cj jm and O have the same sign; 
whereas, if A < C, their signs are opposite. For 6 — > 90°, 

fj. — > 00 . 

The second problem is to calculate the moment M which is 
necessary to maintain a precession with a certain angular velocity 
fly which does not satisfy the condition (7.1). This moment is 
equal to the rate of change of the vector H. If the top performs 
a pure precession, the vector H rotates with the angular A^elocity 
fi around the 0 -axis, its magnitude being constant. Hence, 
dS/dty i.e.y the rate of change of is equal to g X 5 (Fig. 7.3). 



FUNDAMENTAL CONCEPTS OF DYNAMICS [Chap. Ill 


To calculate the magnitude of this vector product wo take into 
account that the vector H is composed of the component 
Iff = C(0 + yu cos 0) in the ^-direction and the component 
= Api sin d in the ^-direction. We form the vector products 
of jl and these two components and obtain by addition 

M = + fjL cos 6)fj, sin $ — Afj, sin 6 • ji cos d (7.3) 

The moment M acts around the Tj-axis, which is normal to the 
plane. 

For 6 = 90°, we obtain 

M = CO/x (7.4) 

i.e., if the symmetry axis of the top is normal to the axis of 
precession, the moment necessary to maintain the precession is 

equal to the product of the inertia 
moment of the top, the angular velocity 
of the rotation of the top around its sym- 
metry axis, and the angular velocity of 
the precession. The moment —M is 
called the moment of precession or the 
gyroscopic moment. 

For example, if a shaft carrying a rotating 
disk is constrained to turn in a given plane, a 
moment itf, according to Eq. (7.4), must be 
exerted to keep the shaft in that plane. In 
other words, the disk will exert a moment — M 
on the bearings of the shaft unless the axis of 
rotation is allowed to take the inclination 
corresponding to the free precession. This effect is used in many engineering 
applications, such as the gyroscopic compass, the turn and bank indicator, 
the automatic pilot for airplanes, and the gyroscopic stabilizer for ships, 
torpedoes, etc. 

If the center of gravity of the top is at a distance I (Fig. 7.4) 
from the fixed point and its weight is IF, the moment due to 
the weight is equal to M = Wl sin 6. 

Introducing M in Eq. (7.3), we obtain 

H- [1 cos d) — A/a- cos d = Wl (7.5) 

Equation (7.5) determines the speed of precession y, under action 
of gravity, as function of Q. and 6. If Eq. (7.5) yields two real 
roots for /a, there are two diferent precessions possible, both 
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corresponding to the same inclination 6. They are called the 
fast and the slow precessions. 

If 0 = 90°, i.e.^ the axis of precession and the axis of symmetry 
are normal to each other, 

CfxQ = Wl (7.6) 

In this case (Fig. 7.5), the moment of the weight of the top is 
balanced by the gyroscopic moment which is equal to the 
product of the inertia moment of the top around the ^-axis, the 
angular velocity of the top Q around the same axis, and the angu- 
lar velocity ix of the precession. 

If 0 = 0, Q and p. cannot be 
separated. The motion in the 
neighborhood of 0 = 0 is, however, 
of great importance for many appli- 
cations and will be investigated in 

8. Work and Energy. — Consider 

the motion of a mass point under 

.. . p , , Fig. 7.5. — Balance between the 

action of a force E whose components gyroscopic moment of a heavy 

are X, F, and Z, If the mass point top precessing in a horizontal 
. .1 , . T , . , , . , plane and the moment of its 

moves in the time at irom the point weight. 

Xj 2 /, z to the point x 4- dx, y + dy, 
z -h dZj the work done by the force is defined by 

dW X dx Y dy Z dz ^ F • ds (8.1) 

where d~s is the vector whose components are dx, dy, dz. Hence, 
the work is the scalar product of the force and the displacement; 
in other words, it is equal to the product of the force and the 
component of the displacement in the direction of the force 
(or the product of the displacement and the component of the 
forces in the direction of the displacement). 

Substituting X, F, and Z from Eq. (3.3), it is seen that the 
work done is equal to 

<(PF-»(5rf,+g* + g*) (S.2) 

or 



dW — m 


/ d-x dx d~y dy 

~dt‘^ ~dP~dt 


cPz(^ 
dt- dt) 


dt 
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We call the product mass times one-half the square of the 
velocity the kinetic energy T of the mass point: 

^-5“[(i)’ + (Sy + (aT] 

Then comparing (8.3) and (8.4) it is seen that 

dW - dT (8.5) 

This equation states that the change in the kinetic energy 
of the mass point is equal to the work done by the force applied 
to it. The kinetic energy increases if the work is positive, 
decreases if the work is negative. Let us assume the mass 
point moves from the point A, whose coordinates are xa, Va, and 
Za, to the point B, whose coordinates are Xb^ Vb, and Zb] the work 
done by the force F is given by the integral 

W = j‘^F - ds 

or (8.6) 

W = dx+Ydy + Z dz) 

If the work depends on the coordinates of the (uid points 
only, we (^all the force acting on the mass point a com^ervative 
Jorce. For example, the force due to gravity is (^ons(u*vative, 
since the work done is equal to the weight of the mass point 
multiplied by the difference in height between A and B, inde- 
pendently of th(^ path followed. Obviously, we can assuiiK^ 
that when located at A the mass point possesses a c(n-tain 
(japacity for doing work called its potential energy; if it d(\scends 
from A to. ii, its capacity for doing further work is diminished 
by tli(‘ amount of work done between A and B. Hmiee, if 
th(‘ potential <m(‘rgy of the mass point at A is (^qual to (7 a, and 
at B to Ub, th(i work is equal to the difference Ua — U h- 

In general for the case of conservative forc(\s we defiiu? th(‘ 
p(jtential energy (/ by 

dU = -dW = -iXdx + Y dy + Zdz) (8.7) 

It follows that X ~ —dU/dx, V = ~dll/dy, Z = —dU/dz. 
i.e., the components of the force F are equal to the derivatives 
of the potential energy, taken with the negative sign. It is seen 
that if X, Y, and Z are given functions of x, y, and 2 ", an arbitrary 
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constant can be added to U. That is, the zero level of the poten- 
tial energy can be arbitrarily chosen. For example, if Ua is 
chosen arbitrarily, 

Vb = Uj. - ffiX dx+ Ydy + Z dz) (8.8) 

From (8.5) and (8.7) it follows that 

d{T + t/) = 0, or T + U = const. (8.9) 

The quantity T U is called the total energy of the mass 
point. If the mass point is subjected to conservative forces 
only, the sum of its potential arid kinetic energies is constant. This 
theorem is called the law of conservation of energy. 

If the force F is nonconservative ^ i.e., if the work done between 
two points A and B depends on the path follo'wed, we are unable 
to assign a definite value of the potential energy U to the position 
of the mass point, since, for example, from Eq. (8.8) we would 
obtain different values for U b, depending on the path of integra- 
tion. We say that in this case the differential dW is not a 
perfect differential, i.e., X, Y, and Z cannot be expressed as 
derivatives of a function of x, y, and z. 

Our next aim is to calculate the wmrk and the energy balance 
for a system of n mass points subjected to the action of external 
and internal forces. 

We define the total work of the external forces done in the 
time dt by 

dWe = - dfi 

where Pi is the external force acting on the mass point nii, and 
fi is the radius vector drawn from the origin to the position of m,-. 

Substituting the value of F,- from Eq. (4.1), we obtain for 
constant masses m-i 

n n n 

dw. = 2 S ■ - 2 


The first sum on the right side is equal to 


2 


d^fi du 
dt- dt 


dt 


- \ A 


dfi 

dt 


dt 
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or, if we call 



the kinetic energy of the mass system, 

n 

= ( 8 . 11 ) 

i — l 

To evaluate the double summation, we remember that 

F ik “ F kij 

as a result of Newton’s third law. Hence, we have terms of tlie 
form Fik‘ (dfi — dfu). If we denote the vector connecting m,; 
and rrik by fik, dfk — dfi = dfik, and, therefore, 

n n n n 

- X 2^ = i 2) X 

i~l k=l i=l k=l 

Substituting (8.11) and (8.12) in Eq. (8.10), we obtain 

n n 

dW, = dT +i Fi^-df,t (8.13) 

i = 1 = 1 

The differential dfik of the vector is equal to the change of 
the distance between and m*. Hence, (8.12) is equal to the 
sum of the products of the internal forces and the changes of 
the distances between the mass points. If the forces depend 
only on the distances between the mass points, we can introduce 
a function Ui of the distances, such that 

n n 

i X X ^ 

i = 1 it = 1 

and call Ui the internal potential energy of the system, l^lien 
Eq. (8.13) can be written in the form: 

dWe = dT + dUi (8.15) 

Now, if we suppose that the external forces are conservative, 
and that, therefore, their work is equal to the decrease of a 



Sec. 8] 


WORK AND ENERGY 


93 


suitably defined external potential energy Uej it follows from 
(8.15) that 

d{Ue + T +Ui) = Q (8.16) 

Equation (8.16) announces the theorem of conservation of 
energy under assumption of conservative external and internal 
forces. 

The engineer is especially concerned with the internal energy 
of compressible fluids and of elastic solid bodies. In such prob- 
lems the internal forces will be replaced by continuously dis- 
tributed stresses. The change in the distances between discrete 
points will be replaced by certain quantities that measure the 
deformation of a continuous medium, e.g., the change of density of 
a fluid, the strain in an elastic body, etc. However, the gen- 
eral theorems presented in this and in the following sections 
do apply also — with certain changes in the terminology — -to 
such continuous systems. It is evident that in the case of a 
rigid system dUi = 0, because all distances fik are constant. 
The work of the stresses occurring in a rigid body is equal to zero. 

Kinetic Energy of a Rigid Body. — The kinetic energy of a rigid 
body can be expressed, as we have done for the momentum 
and the moment of momentum, by introducing a coordinate 
system whose origin moves with the center of gravity. Let 
us take, for example, a so-called plane motion (cf. section 6) ; in 
this case the kinetic energy is given by 

T - -h (8-17) 

where the symbols x and y mean time derivatives. On the other 
hand, the velocity components of an arbitrary point are (cf. 
Fig. 6.1) 


X — Xc — 
y = if c + ^00 


(8.18) 


where Xc and yc are the velocity components of the center of 
gravity C, and ^ and rj are the coordinates of the point in a 
coordinate system whose origin is at C. Introducing (8.18) 
in (8.17) and taking into account that = 0, we 

obtain, with 2m({- -|- rj^) = 7, 




(8.19) 
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In the case of a body rotating around a fixed axis, the kinetic 
energy for arbitrary mass distribution is equal to where I 

is the moment of inertia with respect to the fixed axis. The 
reader will also verify, using Eqs. (6.4) and (6.6), that the 
kinetic energy of a rigid body rotating around a fixed point is 
equal to 

— ( 8 . 20 ) 

or (cf. Eq. (6.5)) 

T — H~ HyCjOy “b ^jTaCOa) — * oj 

where the components of the angular velocity and the inertia 
moments are referred to fixed axes x, z. If they are referred 
to the principal axes moving with the body, 

T = + Bc^l + CcoS) (8.21) 

For instance, the kinetic energy of a symmetrical top in the case 
of regular precession is equal to 

T = i [C(0 + iJL cos (9)2 + sin2 d] (8.22) 

9. The Theorem of Virtual Displacements. — Equations (4.1) 
represent 3n simultaneous differential equations for the 3n 
coordinates of the n mass points. If the external forces are 
numerically known or are given functions of the positions of 
the points and the internal forces are given functions of their 
relative positions, Eqs. (4.1) determine the motion of the system, 
provided the initial positions and velocities of the points ar(^ 
known. A system of mass points which are not subjected to any 
geometrical restrictions in their motion is called a/rce system, if 
the mass points must comply with certain geometrical conditions, 
we must introduce certain forces which enforce these conditions. 
Such geometrical conditions are known as geometrical constrarnts ; 
the corresponding forces are called reactions. As a matten* of 
fact, we have already dealt with a class of systems subj( 3 ct('d to 
geometrical constraints; viz., with rigid bodies. A rigid })ody 
is a system of mass points subjected to the constraint that the 
distance between two arbitrary points is constant. IIow(wt*r, 
in this case it is not necessary to introduce internal rc‘a(dIons, 
since the six equations for the total momentum and the total 
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moment of momentum are sufficient to determine the motion of 
the system. 

In the following discussions we consider systems consisting 
of mass points and rigid bodies subjected to a number of geo- 
metrical constraints. If the number of such constraints is 
■w, we introduce into the equations of motion unknown reactions. 
Thus, we increase the number of the unknown variables by the 
number of the geometrical relations representing the constraints. 
With these relations the number of equations is again equal to 
the number of unknown quantities, and we can solve first the 
equations of motion and then eliminate the unknown reactions 
by means of the geometrical conditions. 

The method of virtual displacements enables us to set up the 
equations of equilibrium and motion in such a wa^^ that the 
reactions do not appear at all. This is possible in the case of 
so-called frictionless reactions. We call a reaction frictionless if 
*it does not do work when the system moves in a way compatible 
with the geometrical constraints. 

Let us assume, for example, that a reaction R is introduced 
to constrain a point to a given surface. Since the work of a 
force is equal to its scalar product by the displacement of its 
point of action, the work of R vanishes if R is normal to the sur- 
face. In this case i? is a frictionless reaction. If the reaction 
has a component parallel to the surface, we generally assume that 
this component is directed opposite to the motion of the point 
and its magnitude depends on the magnitude of the normal com- 
ponent of the reaction. The tangential component of the 
reaction represents the frictional resistance of the mechanism. 
The ratio between the tangential and the normal components 
of a reaction is called the coefficient of friction. 

We shall assume for the following discussion that all reactions 
are frictionless. 

Let us apply the method of virtual displacements first to the 
problem of equilibrium. 

We consider a system of n mass points subjected to the action 
of certain given external forces and certain geometrical con- 
straints, which are defined by ni relations of the form: 

friSTj Zj ' ’ ‘ ^ Xny y U’, ^ti) — 0 (9.1) 

w'liere ?’ == 1, 2, • * • , m. The given forces are denoted by 
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Xi, Yi, Zi (i = 1, 2y • * • , 7i), and the components of the reac- 
tions due to the constraints by Xr, Then the n points 

of the system are in equilibrium when the resultant of the forces 
acting on any of the n points vanishes, i.e., 

Xi + -^Xir = 0, Yi+ = 0, Zi + = 0 (9.2) 

r r r 

It is obvious that if bXi, byi, dZi are arbitrary displacements of 
the ith mass point, we have 

(^Xi +■ ^Xir^ dXi + 

r r 

H- (^Zi -f ^^Zjr^ dZi = 0 (9.3) 

r 

In fact, if Bxiy dyi, and 8Zi are arbitrary, (9.3) is merely a way of 
writing the three equations (9.2) in the form of one equation. 
Consequently, the sum of n such expressions, the summation 
being extended over all the n points of the system, is also equal 
to zero. Hence, 

n 

[(X, + ;^X.v) 5a:,- + (f< + ^Y,r) Syi 

i = l r r 

-1- ^Zi -f- ~ ^ (9.4) 

r 

Now the work done by each of the reactions and, therefore, also 
the total work done by all the reactions is equal to zero, provided 
the displacements are compatible with the geometrical con- 
straints. We call such displacements virtual displacements. 
The term virtual means that the displacements are arbitrary 
with the only restriction that they comply with the geometrical 
constraints. 

The work done by the reactions is given by the expression 

n 

5TFr = ^ (dXj^Xjr "h Syi^Yir + dZj^Zjr^ (9.5) 

i — 1 r r r 

Introducing bWr == 0 into Eq. (9.4), this equation becomes 

n 

^ (^Xi bXi + Fi bpi + Zi bZi^ 

1 


= 0 


(9.6) 



Sec. 9] VIRTUAL DISPLACEMENTS 97 

The expression (9.6) is called the mrtual work It represents 

the work done by the external forces if the displacements given 
to the system satisfy the geometrical constraints but are other- 
wise arbitrary. 

The exact meaning of Eq. (9.6) is the following: the sum in 
(9.6) is a linear expression in the variations hiji^ and Ss,-, where 
the coefficients are constants or given fuiLCtions of Xi, yi, and Zi, 
However, due to the geometrical constraints (9.1), the variations 
dXiy dyi, and dZi are not independent but must satisfy the 77i 
relations : 

(r — 1, • • • , m)j which we obtain by differentiation of the 
conditions (9.1). If we express m of the variations 8xi, 8yi^ and 
8Zi in terms of the remaining Sn ~ m variations and substitute 
them into Eq. (9.6), this equation will contain 3^ — m perfectly 
arbitrary variations only. Then — 0 means that the coeffi- 
cients of these variations vanish. Hence, Eq. (9.6) is equivalent 
to Sn — m equations and, together with the m equations (9.1) 
(^.e., the geometrical constraints), determines the unknown 
coordinates of the equilibrium position. 

If the external forces are conservative, the wnrk is 

equal to —8U, where 8U is the variation of the potential energy 
corresponding to the virtual displacements. Hence, the vari- 
ation of the potential energy of a conservative system must 
vanish in the equilibrium position for arbitrary virtual dis- 
placements, ^.e., for variations of the coordinates which comply 
with the geometrical constraints. If the variation of U is equal 
to zero for a certain position of a system, we say that the value of 
U is stationary in this position. If U in addition has a minimum, 
the equilibrium is stable. The stable equilibrium can be exactly 
defined in the following way: the position x,-, yi, and Zi, of a 
mechanical system is a stable equilibnuni 'position if the system 
put in motion with sufficiently small initial velocities remains 
for all times in an arbitrarily close neighborhood of the equilibrium 
position. If we now assume that the potential energy in the 
position in question has a smaller value than anywhere else 
in the neighborhood and the initial value of the kinetic energy 
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of the system is sufficiently snaall, it follows from the theorem of 
the conservation of energy that the system must remain within 
the prescribed neighborhood of the equilibrium position. The 
equilibrium is thus stable and the system will oscillate around 
the equilibrium position. 

Equation (9.6) and all following conclusions can be extended 
to the case of internal forces. If the internal forces are conserva- 
tive, the theorem of virtual work states that the work of the 
external forces is equal to the increase of the internal energy 
provided the variations of the coordinates represent virtual 
displacements, i.e., 

m, = hUi (9.8) 

This theorem is often announced in the following form: The 
difference between the variation of the internal energy and the 
virtual work is equal to zero. If both internal and external 
forces are conservative, the theorem of virtual work requires 
that the variation of the sum of the external and internal poten- 
tial energies vanish for virtual displacements, ix., for variations 
of the coordinates which satisfy the geometrical constraints. 

10. d’Alembert’s Principle. — The principle of virtual dis- 
placement can be extended to problems of dynamics, i.e,, to 
the determination of the actual motion. The extension is based 
on d’Alemberfs 'principle^ which states that every state of motion 
may be considered at any instant as a state of equilibrium if 
appropriate inertia forces are introduced. Newton’s first law 
states that the force acting on a mass is equal to the mass times 

the acceleration. Instead of this we can say that the force 

impressed is in eciuilibriiim with the inertia force which is defined 
as the product of the mass and the negative acceleration. In fact, 
starting with the simplest example, the equation 

= A (10.1) 

can be written in the form 

0 = -m g + X (10.2) 


Then we call .r-component of the inertia force 
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and in analogous way —m 




d^z 

— m ^ its y~ and ^-components. 

When this concept of the inertia force is used, the equations 
of motion are equivalent to the statement that for every instant 
of the motion the resultant of the forces proper and the inertia 
forces vanishes. 

If we include in this way the inertia forces in our force system 
and the motion is subjected to certain constraints, we can use 
the method of virtual displacements to eliminate the reactions. 
Then we can set up a system of equations for the motion in the 
same "way as we did for the equilibrium. Introducing the nota- 
tions dx/dt — X and d^x/dt^ = x for derivatives with respect to t, 
we have 

n 

^ [{miXi — Xi) Sxi + (mtyi — Yi) Syi 

+ {miZi — Zi) SZi] = 0 (10.3) 

This equation is analogous to Eq. (9.6), except that Eq. (10.3) 
leads to a system of differential equations with the time as 
independent variable, while (9.6) gives 
a system of finite equations for the 
coordinates. 

In order to make clear the meaning 
of (10.3), we apply this equation to a 
very elementary case. Assume that a 
mass point P is rigidly connected to a 
fixed point 0 by a rod of length 1. 

The motion of the rod is restricted to Fig. lo.i. — Mass point con- 
the xy plane (Fig. 10.1). Its mass is 

neglected. If we denote the mass of the mass point by m and 
its coordinates by x and y, d’Alembert’s principle announces that 



(mx — X) 6x + {niy 1") dy ~ 0 


(10.4) 


provided that dx and by constitute a system of virtual displace- 
ments. The geometrical constraint is expressed by the relation 

+ y^ = (10.5) 

The displacements dx- and by are comp atible with (10.5) when 


X bx 
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Eliminating Sy by means of (10.6), t.e., putting 

Sy = -5 Sx (10.7) 

and introducing (10.7) in (10.4), we obtain 

mx ■— X — ^ + Y Sx = 0 (10.8) 

Hence, the equation of motion is 

m(x^ — ^x) — — Yx) = 0 (10.9) 

We recognize the physical meaning of Eq. (10.9) by rewriting 
it in the form: 

== ( 10 . 10 ) 


Then the left side of the equation represents the rate of change of 
the moment of momentum; the right side, the moment of the 
external forces. 

Equation (10.10), together with the geometrical condition 
(10.5), leads to the solution of the problem. However, it is seen 
that the application of d^Alembert^s equation in this manner is 
rather cumbersome. The reason is that we used two coordinates 
to describe a mechanical system with one degree of freedom, 
i.e., a system whose configuration is completely determined by 
one parameter, for instance, by the angle between the connecting 
rod I and the x-axis. Denoting this angle by ip, we express 
X and y by the angle <p: 


x = I cos ip, y ~ I sin p (10.11) 

and the displacements hx and hy by the variation of the angle ip'. 


hx — —I sin ip • b<p 
8y = I cos p • dp 


( 10 . 12 ) 


The variation, or angular displacement, dp is now arbitrary. 
Introducing (10.12) into d’Alembert's equation (10.4), we 
obtain 


[(mx — X)l sin p — {my — Y)l cos p] dp ^ 0 (10.13) 
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By differentiating (10.11) we express x and y by ^ and obtain 


X = —I cos (f • <p- — I sin ip - <p /in 

•• 7 * -O I 7 ** IJ-U. 

y — —t sm <p • <p^ + I cos ^ ^ 

Hence, Eq. (10.13) becomes 

[mU^ + {XI sin <p — Yl cos <p)] 5^ = 0 (10.15) 

The variation §</> being arbitrary, the expression in the bracket 
must vanish, and we obtain 

ml-^ = —XI sin tp + Yl cos <p (10.16) 

or, denoting the moment of the external forces by ikf, 

= M (10.17) 

It is seen that we obtained a considerable simplification by 
using the parameter cp instead of the Cartesian coordinates. 
However, we still carried out some superfluous calculations. We 
notice that the terms containing drop out of d’Alembert's 
equation because ml<p^ represents the centrifugal force, which is 
normal to the virtual displacement and, therefore, does not 
contribute to the work. In the above simple problem we could 
have avoided the labor of this calculation by applying the theorem 
of the moment of momentum. However, it is desirable to have 
a general method of applying d’Alembert’s principle to arbitrary 
systems with a minimum of labor. Such a method was given by 
Lagrange using the notions of generalized coordinates and 
generalized forces. 

11. Generalized Coordinates. Lagrange’s Equations. — Let us 

consider a system of r degrees of freedom; for example, let us 
assume that the configuration of n mass points is given by r 
independent parameters. We call them the r generalized coordi- 
nates qu Qh 1 Q.r and assume that we are able to express 

the Cartesian coordinates of the n points in terms of the r quanti- 
ties gi, , qr by 3n relations of the form: 

Xi == XAQu ^ 2 , ‘ ' y Qr) 

Vi = 92 , • • • , <]r) 

Zi = Ziiqx, 92 , • • • , 9r) 

where f = 1, 2, • • * , n. Then we are also able to express the 
displacements bxi, S^/i, 5zi; 8 x 2 , 8 y 2 y 8 Z 2 ; . . . in terms of the 
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variations 5gi, 5^2, 5gr of the generalized coordinates by 

differentiation of the Eqs. (11.1). For instance, we have 


BXi 


>: 


^qk 


( 11 . 2 ) 


and obtain analogous formulas for byi and 8Zi. Similarly, wo 
express the derivatives with respect to time x,:, i,- in terms of 

the derivatives gi, g 2 , . . . , gr of gi, g 2 , . . . , gr, writing 


dxi . 


(11.3) 


and so on. It is seen that the original velocity components 
Xi, yi, and Zi are linear functions of the new generalized velocities 
Qk' Consequently, 


dQk dqk 


(11.4) 


We shall now substitute the new variables in d’Alembert’s equa- 
tion (10.3): 


Xi^ {ryiiyi Fd 8yi 

i = l 

-h {miZi — Zi) bzi\ = 0 (11.5) 

We collect the terms containing the forces. Their sum is equal 
to —6W, where 8W is the expression for the work doiu^ by tli(' 
forces, i.e., 

n 

bW — ^ {Xi dXi -h Yi dyi + Zi 5Zi) 

z== 1 

Using the Eq. (11.2), we obtain 


SPF= 2 


n 



L i = i 


( 11 . 6 ) 


We call the expression 


n 
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the generalized force corresponding to the generalized coordinate 
qk. Then (11.6) takes the form: 

r 

SW. = 55* (11.7) 

k = l 

The generalized force Qk has the dimension of a force when 
qk is a length, and the dimension of a moment when g/.. is an 
angular quantity. In general, the dimension of Q/, is determined 
by the rule that the product Qk • qk has the dimension of work, 
Let us now calculate the remaining terms on the left side of 
(11.5), viz., 

n 

Sxi + 8yi + z,- 8Zi) (11.8) 

We transform this expression by introducing the components of 
the momentum miXi, niiyi, and miZi. These quantities can be 
deduced from the kinetic energy by differentiation with respect 
to the velocity components. The expression of the kinetic 
energy is 


T = (rriiX^ + + md^) (11,9) 


Then it is seen that 


‘MiX 


dT 

Sx/ 


rnii/i 


dyi 



( 11 . 10 ) 


Hence, the expression (11.8) can be written in the form: 


n 



? = 1 


and substituting the values of 8xi, dyi, and 8Zi from (11.2), it 
becomes 


n r 



i = l k=l 



iMi 4_ 

dQk dt\d.ii J 


dcjk 


dQk 


( 11.11 


Let us now consider the expression which multiplies 8qk in (11.11). 
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It is seen that according to elementary rules of differentiation 


dt\dXi/ dqic dt\dXi dq^/ dXi dq^ 


and, therefore, the expression which multiplies dqk in (ll.H) 
can be written in the following form; 

d/dT dXi , dyi ^ diA 

di\dXi dqk dt/i dqk dzi dqk) 


n 

2 ( dT ^ ^ ^ ^ aiA 

Vai;< dqk df/i dqk dZi dqk) 

1=1 


(n.i3) 


Using Eq. (11.4), the first part of the expression (11.13) is 
written in the form: 


d(dT d-Xj , ^ 

dKdXi dqk dyi dqk dZi dqt) 


We can easily show that if we consider T as a function of the g/s 
and the ^r^s, the expression, between brackets in (11.14) is equal to 
dT/dqjc. Namely, T in Cartesian coordinates is a function of the 
Xi, i/i, Zi only and independent of Xi, yi, Zi. Therefore, 

dT _ ^(dT^ . £1'^^ . ni 15) 

dqk \dXi dqic dyi dqk dZi dryj 

i = 1 

Vv'liich is identical with the expression between brackets in (11. 14). 
We call the quantity dT/dqk the generalized moni'mturn corn- 
sponding to the generalized coordinate qk> The sc^cond sum in 
(11.13) is evidently equal to dTfdqk. 

Hence, the whole expression which multiplies dqk in (11.11) 
will simply be equal to d/dt (dT/dqk) — dT/dqk, and d’ Alembert’s 
equation (11.5) can be written in the form: 




dqjc = 0 


(11.16) 


The variations dqk are arbitrary, because tln^ qi, q 2 , - - - , qr 
are free coordinates without geometrical constraint. Hence, 



Sec. 11] LAGRANGE’S EQUATIONS 105 

Eq. (11.16) is equivalent to ?' equations of the form: 



These equations are called Lagrange’s equations of motion. 
The quantity dT/dqk was introduced as generalized momentum. 
Therefore, in generalized coordinates the rate of change of the 
generalized momentum is in general not equal to the generalized 
force, but equal to the force plus the derivative of the kinetic 
hnergy with respect to the corresponding coordinate. 

That such a term necessarily must Ibe included in the equation 
of motion if the kinetic energy is a function not only of the veloci- 
ties, but also of the coordinates, can be shown by an elementary 
example. Consider the motion of a mass point in a plane, 
using polar coordinates r and (p as generalized coordinates. Then 
the kinetic energy is equal to 

T = f (r^ + rV) (11.18) 

and, as it is seen, is a function of f,<p and of the coordinate r. 

The components of the generalized momentum are dT/ dr = mr, 
and dT/d<p = mr^<p. Let us assume that the generalized forces 
are R and M, where R is the radial component of the external 
force and M is the moment of the external forces with respect to 
the origin. Then using Lagrange^s equations (11.17), putting 
qi = r, q^ ^ cp, Qi = E, Qa = M, 

i(mr) — mr<p^ = R 

(11.19) 

= M 

The physical significance of these equations is evident: mf 
is the radial component of the momentum of the mass point, 
mr^<p is the moment of its momentum. The left side of the first 
equation is equal to the rate of change of the momentum in the 
direction of the radius vector f of the moving mass point. This 
rate of change consists of two portions: the rate of change of the 
magnitude of mr, which is given by d/dt(dT/dr), and the portion 
7nr<p^, which is a contribution originating from the change in the 
direction of the component jnrp. The term mr<p- is known as 
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the centrifugal force. In Lagrange’s equations it is brought in by 


the term — — • 
or 

If the external forces are conservative, f.c., the work done 
by the forces is equal to the change of the potential (energy 
U(qi, ^ 2 ; . • - , Qn) of the system bWv = and, thcu'efore, 


Qj, = — - — Then Lagrange’s equations can be written in the 
following form: 


(dT\ d{T - U) 


( 11 . 20 ) 


Taking into account that U cloo.s not depend on the q^, i.e., 

B ZJ 

= 0, we can write (11.20) in the form: 

^Qk 


d 



BL 


= 0 


( 11 . 21 ) 


where L — T ^ U, ^^e., the difference between kinetic and 
potential energies. L is called the Lagrangian function of the 
system. 

In Chapters V and YI we shall apply Lagrange’s equations to 
the problem, of small oscillations. In this case the kinetic energy 
will be approximated by a quadratic function of the generalized 
velocities with constant coefficients, so that dT/dqu vanishes and 
Lagrange’s equations are reduced to 



Problems 


1 . A rope passes over a frictionless and weightless pulley. Two monkeys 
Ml and M 2 are grasping the freely hanging ends of the rope. Detenninc^ 
the motion of Mi and M 2 : 

а. If they have the same weight, Mi climbs at the rate of 1 ft. /sec., 
relative to the rope, and M^ merely hangs on the rope. 

б. If the weight of Mi is twice the weight of Alt and both climb at the 
rate of 1 ft. /sec., relative to the rope. 

c. If the weight of Mi is twice the weight of Alt and AI 2 climbs at the rate 
of 1 ft. /sec., relative to the rope, and Mi merely hangs on. 

The motion starts for all case.s with zero initial velocity at t = 0. 

2 . A single-cylinder engine is mounteHl so that it (‘.an move* friady in tin; 
horizontal direction. The piston moves horizontally, its weight is 2.3 lb., 
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and the stroke is 6.5 in. ; the ratio between the length r of the crank and the 
length I of the connecting rod is r/l == J. We assume that the mass of the 
connecting rod can be replaced by a mass of 0.7 lb. at the piston and O.S lb. 
at the crankpin, and that the latter mass and that of the crank are balanced 
by a counterweight. This leaves as the only unbalance the mass of 2.3 +0.7 
lb. moving with the piston. 

Find the amplitude of the horizontal motion of the machine frame if the 
total weight of the system is equal to 110 lb. 

Determine the additional counterweight to be mounted at a distance of 
4 in. from the axis of the crankshaft so that the amplitude of the horizontal 
motion of the machine would be zero if 2 = oc . What is 
the actual remaining amplitude due to the fact that 
r/l = i? 

3. The two ends A and B of a beam of length I can 
slide without friction on a horizontal circle of radius r 
(Fig. P.3). A dog starts from rest at A and runs 
with a constant velocity toward B to reach a dish of 
food. Determine the location on the circle of the end B 
at the instant the dog reaches the food. 

Hint: The total moment of momentum of the beam and the dog with 
respect to the center of the circle is zero initially and remains equal to zero 
at all instants. In the limiting case where the mass of the beam is negligible, 
it will be found that the dog returns to his initial absolute position. 

4. A rigid mathematical pendulum of length I and mass m can swing 
around a horizontal axis (Fig. P.4) which is mounted on a disk driven with a 
constant angular velocity Q about a vertical axis. The vertical axis passes 

through the point of suspension of the pendulum. For 
what values of O is a motion possible such that 6 is constant 
\ / and different from zero? WTiat is the relation between 6 

6. Assume that the disk described in Prob. 4 is not 
driven but can rotate freely around the vertical axis. At 
the instant i = 0, the pendulum is in the vertical position 
and is given an initial velocity Vq; at the same time the disk 
is given an initial angular velocity Qq. Set up and discuss 
the equations of motion for the system. Determine the 
interaction between the motion of the pendulum and the rotation of the disk. 

Hint: Use the theorems of conservation of moment of momentum and 
of energy. 



Fig. P,4. 


6. The propeller of an airplane rotates at 1,500 r.p.m. clockwise when seen 
from the cockpit. The airplane turns to the right in a horizontal plane 
with a constant angular velocity corresponding to a 360*^ turn in 15 see. 
Find the gyroscopic moment of the propeller. The diameter of the two- 
bladed propeller is 10 ft., its weight is 100 lb., and the weight can be a.ssiimed 
approximately linearly distributed between a maximum at the axis and 
ztu'o at the tips. Show that the gyroscopic pitching moment of a two-bladed 
propeller varies during a revolution, whereas that of a three- or four-bladed 
propeller is constant. 
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Hint: Use a coordinate system turning with the airplane and apply the 
rules of relative motion (section 5). 

7 . A top consists of a circular disk mounted on a spindle that has one 
fixed point and is free to assume all directions around that point (Fig. P.7). 

, The disk revolves about the spindle at 800 r.p.m., it 



weighs 2 lb., its diameter is 10 in., and its distance from 
the fixed point is 8 in. If the spindle is assumed to 
make an angle of 30'’ with the vertical, what are the two 
speeds of precession? What are these speeds if the 
spindle is horizontal? 

8 . Two beads can slide without friction on two rods 
lying in a vertical plane forming an X, whose legs are 
inclined at 45° with the vertical. One of the beads 
weighs 2 lb., the other one 3 lb. They are connected 
by a weightless rigid rod and can slide through the point 


of intersection of the X. Find the equilibrium positions of the beads : 


a. Using the principle of virtual displacements. 

h. By determining the path described by the center of gravity of the 
two beads. 


9. A uniform steel beam is suspended from a hoisting hook by a cable 
fastened at the points A and B (Fig. P.9). The cable is free 

to slip without friction on the hook. The distance between A 
and B is equal to I, the length of the cable is L, and the center 
of gravity of the beam lies at the mid-point between A and B. 

Show that without friction the horizontal position of the beam / \ 

is unstable. a/ \b 

10 . A uniform beam of length I and weight W is supported 

at its two ends. At the instant i = 0, one of the supports is Fiq^ P 9 ', 
suddenly removed. Determine, using d’Alembert’s principle, 
the load that acts at the same instant on the remaining support. 

11 . Investigate the stability of the vertical equilibrium position of the 
pendulum described in Prob. 4 when the mass of the pendulum is below the 
point of suspension. 

Hint: Consider the motion of the pendulum relative to the rotating disk. 
Then the impressed forces are (a) gravity and ( 6 ) centrifugal force. Hence, 
the potential energy of the mass of the pendulum in an arbitrary position 
is equal to the potential energy of gravity minus the work done by the 
centrifugal force. If r is the distance from the axis of rotation, the work 

of the centrifugal force is given by ril^ dr = mr^i2^/2, i.e., is equal to 
the kinetic energy of the mass. Hence, the pendulum is stable in th(‘ vcu'tical 


position, if mgl cos 6 


= mgl cos d 


mP sin=^ dip 


a iiimiinum 


for ^ = 0 . 

12 . Investigate the stability of the same penduluiri in its deflected 
equilibrium positions. 
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13 . A cylindrical drum of gasoline falls with its flat bottom toward the 
ground. The total weight of the drum is 800 lb., the weight of the gasoline 
700 lb., the area of the bottom 3.5 sq. ft., and the coefficient of air resistance 

•yV^ 

C referred to this area 0.9 (the total air resistance is equal to where y 

is the specific weight of air, 8 the area, and v the velocity of fall). Calculate 
the pressure difference in the liquid between the bottom and the top during 
the fall up to the terminal velocity. Calculate the same pressure difference 
neglecting air resistance. 

14 . Set up Lagrange’s equation for the mechanism shown in the accom- 
panying figure. The necessary data are the following: 

mi is the mass of the piston. 

m 2 is the mass of the connecting rod AB. 

J 2 is the moment of inertia of the connecting rod about the point A. 

J 3 is the moment of inertia of the crank OB, the shaft, and the flywheel. 
8 is the area of the piston. 
p is the pressure acting on the piston. 

I is the length of the connecting rod. 

s is the distance between A and the C.G. of the connecting rod. 
r is the length of the crank OB, 

Q is the torque acting on the shaft. 

Assume for simplicity that if ^ is the angle of the crank with the horizontal, 
the displacement of the piston is a: = r cos 6. Use 6 as generalized 
coordinate. Friction is neglected. 




\ 

\ 


1 \Ol 

-y 

Fig. P.14. 




Fig. P.15. 


16 . The point of suspension of a mathematical pendulum of length I 
and mass m in the accompanying figure is restrained to a fixed base by 
springs, which develop a restoring force equal to —kx if the displacement 
of the point of suspension is x. Set up the equations of motion using 
Lagrange’s equations. Show that for small displacements the system is 

7ng 

equivalent to a mathematical pendulum of length I -i — — • 

k 

16 . A and B are fixed particles located on the same horizontal level. 
Each exerts an attraction on a mass point C according to the law K /*, z.e., the 
force is inversely proportional to the distance. The weight of C is mg. 
Determine the possible equilibrium positions of C, and investigate their 
stability. 
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CHAPTEH lA 


ELEMENTARY PROBLEMS IN DYNAMICS 

An intelligent being who knew for a given instant all forces by 
which nature is animated and possessed complete information on 
the state of matter of which nature consists — provided his mind 
were powerful enough to analyze these data — could express in the 
same equation the motion of the largest bodies of the universe and 
the motion of the smallest atoms. Nothing would be uncertain for 
him, and he would see the future as well as the past at one glance. 

Le Marquis de Laplace, 
‘‘Thdorie Analytique des Probabilites^^ (18201 

Introduction. — In this chapter we shall deal witii problems of 
iiiotioii that require the integration of differential equations 
with given initial conditions. Most of the problems refer to 
the motion of a single particle under the action of forces originat- 
ing from gravity, elastic resilience, resistance of the medium, 
etc. There are two excursions into the field of mathematics 
proper included in this chapter: section 4 gives some information 
on ■ elliptic integrals and elliptic functions from the practical 
viewpoint of the engineer and physicist. The treatment is 
carried only far enough to enable the reader to recognize the typo 
(jf the elliptic integral which he might encounter in his work, 
mid to reduce it to a form suitable for numerical evaluation by 
i abl(\s or by series. The second mathematical topic (section 11) is 
concerned witli the singularities of differential equations of the 
first order. The various types of singularities are geometrically 
illustrat(?d. 

1. Linear Motion of a Particle in a Resisting Medium. — Let us 

first consider the motion of a particle along a straight line. 
The distance of the particle from its initial position at the time 
^ = 0 is denoted by x. The particle is subjected to a force 
that is assumed to be a function of the velocity v = dx/dt. 

Denoting the mass of the particle by the force by — /(y), 
the equation of motion is given by 

in'^ 
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= -/(y) (1.1) 

The negative sign is chosen for the reason that in most of the 
practical cases such a force depending on the velocity has the 
character of a resistance which is opposed to the motion. Sepa- 
rating the variables, Eq. (1.1) becomes 


and denoting the initial value of the velocity by we obtain 


rmdv n dv 

L /W ” fM 


( 1 . 2 ) 


Then the distance x reached by the particle at the time t is 
given by 


X = 



r® mv dv 

Jt.,. /(y) 


^ /(«) 


(1.3) 


Three cases can be easily calculated: 

a. Constant friction: /(y) = F. 

b. Resistance proportional to the velocity : /(t;) = I3v. 

c. Resistance proportional to the square of the velocity: 
f{v) = cv^. 

Evaluating the integrals occurring in Eqs. (1.2) and (1.3), the 
following results are obtained: 



t 

X 

a 

m{v(i — v) 

m(vl ■— vD 

F 

2F 

b 

m ^ Vn 

log — 

^ V 

in ^ 

■ — — v) 

c 

m/l l\ 

c\v Vu/ 

m ^ Vo 

~ log — 

C V 


Substituting z; = 0 into the exprc‘ssion given in the table, wci 
obtain the time required for the particle to come to rest and the 
total distance traversed by th(^ particki. It is seen that the time 
is finite in the case a only, whereas the total distance is finite 
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in the two cases a and 5, viz,, I = mvl/2F and I = respec- 

tively. In the case of the quadratic resistance law, both the 
time and distance are infinite. 

2. Linear Motion of a Particle under Action of a Force Depend- 
ing on the Position of the Particle. — It is assumed that the force 
acting on a particle is a function g{x) of the distance x measured 
from an arbitrary origin 0. Then the equation of the motion 
will be 

( 2 . 1 ) 

By multiplication of both sides of Eq. (2.1) by dx/dt, we obtain 

dx d^x . . dx 
m-^-^ = gix) 


and by integration we find upon substituting the initial values 
X = xq, dx/dt = vq, 

This relation is a so-called first integral of the differential equation 
of the second order (2.1) (cf. Chapter I, section 7). It represents 
the mathematical expression for the theorem of the conservation 
of energy; the left side represents the change in the kinetic 
energy, the right side the work done by the force g{x), or the 
decrease of the potential energy. In fact, if we define the poten- 
tial energy by Gix) = ~ dx, Eq. (2.2) can be written in 

the form: 



Separating the variables, we obtain 
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Equation (2.3) is the general solution of the equation of motion 

( 2 . 1 ). 

As an example let us assume g(x) = —kx, G{x) = kx-/2. 
The force —kx is called the elastic restoring Jorce. It represents 
for example the action of a spring or any other force which has the 
tendency to pull the mass point back toward the equilibrium, 
position X ~ 0 (Fig. 2.1). In most cases such a force can be 



Fig. 2.1. — Harmonic oscillations of a mass with elastic restraint . 

approximated for small values of x by a linear expression of 
the form g{x) ~ —kx. 

Introducing G{x) = kx^/2 in Eq. (2.3), and assuming xq = 0, 
it follows that 



Carrying out the integration, we obtain 



— kx 


(2.6) 
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X A cos \—t + B sin 

\m V 


m 


The constants of integration are determined by the initial values 
a; = 0, dx/dt — =0. This gives A = 0 and B — vq\/ m/k 

in accordance with Eq. (2.5). The motion is represented in 
Fig. 2.1. 

The motion characterized by Eq. (2.5) is called a simple 
harmonic motion; VQ-\/m/k is the amplitude, T — 2'K-\/m[k the 
1 I lie 

period, p = the frequency of the motion. We call 


the quantity 's/kim — oj the angular frequency. Then the 
relations between frequency, period, and angular frequency are 
given by the formula: w == 27rv = 27 r/T. 

3. Motion of a Pendulum. — ^Let us consider a pendulum of 
mass m and moment of inertia I about its point of suspension O 
(Fig. 3.1). We denote the distance from 
the point of suspension to the center of 
gravity C by r, the angular displacement 
of the line OC from the vertical by 9 and 
the acceleration of gravity by g. Then 
the equation of motion becomes (cf. 

Chapter III, section 6) 


dr^ 


~ mgr sm 


(3.1) 



This equation states that the rate of 
change of the angular momentum about 
the axis of suspension is equal to the Fig. 3.i.— T he compound 
moment of the weight about the same ^ 

axis. A first integral of Eq. (3.1) can again be obtained immedi- 
ately after multiplying both sides by dd/dt. Then we have 


and by integration 


■ d'^d 


dt 


- mgr sin 0 


dt 


dt) 


/;z^/'(c*os Oq — cos 9) 


(3.2) 



116 


ELEMENTARY PROBLEMS IN DYNAMICS [Chap. IV 


or 

dd 


2mgr 


(cos d — cos Bq) 


Finally, we obtain 
t = 


I i7^?V 

\ \dt Jo 


+ 


dS 

2mgr. 


(3.3) 


Assuming the following initial conditions for t = 0; Bq = 0^ 
and (dd/dt)Q = coo, we obtain 


t = 


or 


1 

- rv 


dd 

2mgT 


(1 — cos 


4m^r . 2 9 
- - ^ sin^ - 


(3.4) 


The behavior of the integral (3.4) is different depending upon 
whether 4cmgr/Io)l | 1 (Fig. 3.2). 



Fig. 3.2. — Various types of motion of a pendulum: (a) rotation with periodically 
varying speed; (6) asymptotic approach to ^? = 180*^; (c) periodic oscillation. 


a. Assume 4:7ngr/Io)l <1. In this case the angle increases 
indefinitely, because the expression under the square root sign 
is always positive. In other words, if the initial angular velocity 
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wo > •\/4:mgr/I, the pendulum continues its rotational motion 
in one direction indefinitely without return (curve a in Fig. 3.2). 
To be sure, the body rotates with variable velocity. The condi- 
tion 4:mgrfIoil < 1 is self-explanatory in the form 10 ^ 1/2 > 2mgr; 
it means that the amount of kinetic energy available is larger 
than the work necessary to raise the center of gra\dty from its 
lowest to its highest position. 

h. Assume 4mgr//wg = 1. In this case the value of the 
integral in Eq. (3.4) for 0 = x as upper limit becomes diver- 
gent ; this means that the pendulum approaches the top position 
without reaching it in finite time (5, Fig. 3.2). 

c. Assume 4mgrfl<j4 >1. In this case the expression under 
the radical in Eq. (3.4) is real only if the value of 9 is restricted 
between ±a, where sin^ a/2 = lool/Amgr. Hence, 6 will increase 
to a and decrease again (c in Fig. 3.2). We obtain an oscillatory 
motion with the amplitude a. Introducing sin‘^ a/2 into Eq. 
(3.2), we obtain 



The integral (3.5) extended from 0 to a gives one-quarter of 
the period of a complete oscillation. How^ever, for the practical 
calculation of the period, it is more convenient to have an integral 
with the limits 0 and 7r/2, than with the limits 0 and a. We 
apply the transformation 


. e 

sm 2 

— sin <p 

. a 

sm^ 


Then we have by differentiation 


1 

2 


cos 2 dd 


sin 


a 

2 


= cos <p d(p 
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and Eq. (3.5) becomes 


t = 



dip 

. o a . 9 

sin^ - sm^ ip 


(3.6) 


The limit 6 ~ a corresponds now to ^ = 7r/2, and one-quarter 
of the total period is equal to 


T 

4 





— sin^ ^ sin^ p 


(3.7) 


The integrals on the right side of Eqs. (3.6) and (3.7) cannot 
be resolved in terms of elementary functions. They are called 
elliptic integrals of the first kind. Some information concerning 
their practical computation and their application to our problem 
is given in the next section. 

For small values of a, however, we obtain by use of the binomial 
theorem, 

— sin^ “ sin^ = 1 + ^ sin^ - sin^ ^ -j- ■ • • 

the following expansion: 

T = 4^ - — I I dip + sm2 - sm2 
\nhgr\jQ 2 2 Jo 

After carr3dng out the integrations 

T = p-( 1 + \ sin2 ^ + • • • ) (3.8) 

yimgr\ 4 2 / ^ ^ 


It is seen that in the first approximation (for infinitely small 
oscillations) the period is independent of the amplitude a and is 
equal to 



(3.9) 


The second approximation is 
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111 Fig. 3.3 are plotted the exact value of T/Ta given by Ec|. 
(3.7) and the second approximation given by (3.10). 

The first approximation can be obtained in a more direct 
way from the equation of motion 


a“t7 

= — mgr sin 


(3.11) 


For small values of 6^ we have approximately sin 6 — 6, and the 
solution of (3.11) is 


6 = A sin 


+ BCOS 



Hence, To'\/mgrlI = 27r, in ac- 
cordance with Eq. (3.9). 

4. Some Information Con- 
cerning Elliptic Integrals and 
Elliptic Functions. — The solu- 
tion of dynamical problems 
often requires the calculation 
of inte grals of the form J dx/ 

^/Q(x) where Q{x) is a poly- Fig. 3.3. — The ratio r/’ To as a function 
nomial in a;. If Q(x) is of the amplitude 

second degree, it is known that the integral can be reduced to 
one of the following f undame ntal integrals: / dz/\/l — z\ 
j dz/\/l -f" and f dzj^z- — 1. In fact, if Q(x) is a quadratic 
function of x, it can be reduced by multiplication by a positive 
constant either to the form 

QAx) == a + 2bx + x^ 

or Q 2 (x) == (2 + 2bx — x^j where a and b are real numbers. The 
function Q(x) is assumed to be positive between the limits of 
integration. Using the linear substitution x — p + the 
integral becomes 

dz 


or 


h - 


Li 


I 


•\/(a + 2bp + + 2(b + p)z + z'-^ 

dz 

-s/ (a + 2bp — p2) + 2(b — 


(4.1) 


(4.2) 
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respectively. By choosing p ~ —h ov p = h, respectively, wc 
eliminate the linear term. Then we easily obtain the funda- 
mental integrals mentioned on page 119. 

In the case of /i, we see that a + 2hp 'p'^ = a — 
a. Assume that a — 5^ > 0, then with 

f = g 7 = f 

— V ^ j Vl + 

h. Assume that a — 6^ < 0, then with 

f = - 7- -fi = f 

■s/b^ — a J - 1 

c. With a — = 0, the integral degenerates into 


= J = log z -f const. 


In the case of I 2 , a + 2hp — p^ — a + h^; this expression 
must be positive if Q(x) > 0, as it was assumed. Therefore, 
we put f = zj^/a + and obtain 


I 2 = 


/ 


Vl - 


The three fundamental integrals obtained above are the 
so-called circular and hyperbolic integrals. They define the 
inverse circular and hyperbolic functions'^ thus: 


X' 




Vl +f= 


= sinh~’- 


/: 


d^ 


i: 


dt 


Vt^ 


Vl - r 


= sin-' f, 


i: 


cosh-' 

di 


Vl - 


= cos~^ ^ 


As dt/Vl — f ^ = 7r/2, we havecos”^f = t /2 — sin”^ f. The 

definite integral £ dt/Vi - = 7r/2 can be called the complete 

circular integral. 

Elliptic Integrals of the First Kind . — We have detailed these 
elementary calculations in order to point out the analogy between 
the class of the circular and hyperbolic integrals and the class 
of the elliptic integrals. 

* The notation sinh"^ f means that if w = sinh"^ f , then T = sinh u. 
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Let us now assume that Q{x) is a polynomial of the 3rd or 4th 
degree. In this case, we call the integral 

7 = f (4.3) 

J VQ{x) 

an elliptic integral. It was shown by Legendre that the integral 
(4.3) can be reduced by simple substitutions to the form: 

1 = const. ^ 

V±(1 ± f^)(i ± 

and by further substitutions to 

I = const, r — (4.4) 

The definite integral dcp/'s/l ~ A;- sin^ <p is called Legendre^ s 

standard form of the elliptic integral of the first kind. Tables exist 
for the value of this integral as a function of the amplitude ip and 
of the modulus k. In order to use these tables, it is necessary 
to know how an integral of the form (4.3) can be reduced to the 
form (4.4). 

Let us assume that Q(x) is of the 4:th degree; then it can be 
written in the form Q{x) — ±{x -- a){x ~ — 'y)(x — 5), 

where a, /5, 7 , S are the roots of the algebraic equation Q(x) = 0. 
The roots a, /S, 7 , S can be all real, or a, jS can be real, and 7 , 5, 
complex conjugates; finally, a, /3 and 7 , 5 can each be a pair of 
complex conjugate quantities. Instead of the substitution 

X = p 4- z, we now use the substitution x = Then we 

obtain 

7 = 1 - 7 ^= r(ijz^ ( 4 . 5 ) 

j \/Q{x) J V±G{Z) 

where 

G{s) = [(p — a) + (^7 — a)z][ij) — ^) + {q — /3)z][(p — 7 ) 

+ (9 — y)z][{v — 5) + (9 — 5 ) 2 ] (4.6) 

We choose p and q in such a way that the terms with odd 
powers in G{z) vanish. If (4.6) is expanded and the terms with ^ 
and collected, the reader will verify that the coefficients of 
both z and vanish if 
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iv 

(P 


- y3) H- (9 — “)(p — ^) = 0 
■ t)(9 — 3) 4- (g — y){v - 5) = 0 


or 




+ a/5 = 0 


vq - iv + q)\ 

/^ . I 

pg - (p + g) ^' ^ " j + = 

From these two equations we obtain 

a+^-T-5 

_ aiS(7 4- g) — 7g(a + /?) 

of+iS-7-5 

The Eqs. (4.7) are satisfied if 'p and q are the roots of the equation 
Lv^ + Mv + N = 0 (4.8) 


w4iere L = a + /? — 7 — -5 
M = 2(75 — ocp) 

JSf = 0^/3 (7 + 5 ) — 76(0' + 0 ) 

The coefficients of (4.8) are real in all three cases mentioned 
on page 121 . The roots of (4.8) will be real if 

(yh — — (a + /3 7 — 5 ) [oi^iy + b) 

- ybia -+- (d)] > U (4.9) 

Idle expression (4.9) can he reduced to 

(a — 7 )(a — 6)(/3 — 7)(/3 — 5) > 0 

and it can be verified that it is sat-isficHl wh<qh(‘r th(‘ roots of 
Q(x) = 0 are real or coniph^x. 

Hence, the coefficients p and q of th(‘ transformation always 
turn out to bo real. An (‘XC<‘ptional case is a + /3 = 7 -f g. 
In this case we have to use the substitution x = p + 2, where 


If p and q are determined in su(*h a way that th(‘y satisfy 
(4.8), the integral I will appear in the form: 


const, 


I 


dz 

A/ifl ± g-z" 


± h-z^) 


(4.10) 


* See E. Goursat, ‘'A Course in Mathematical Analysis,” p. 22() tsoe IP^f. 8h 
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Now, if denotes the larger of the two quantities g- and h'K 
we put z = ^ jh and g^lhP' = c‘% where is less than one. Then 
the integral becomes 


1 — const 






V±(i ± n(i ± c-n 


(4.11) 


It is seen that up to this point the steps in the substitutions 
are quite analogous to those occurring in the reduction of thc' 
circular or the hyperbolic class of integrals. However, although 
for these classes the value of p is easily found, for the class of elliptic 
integrals in general it is difficult to find the values of p and q 
in a direct way, because the roots a, jd, -y, 8 must be known. 
Fortunately, in most of the practical cases Q(x) already appears 
in a factorized form so that it is easy to find the proper substitu- 
tion which leads to (4.10) or (4.11). 

The case of Q(x), being of the third degree, maybe considered 
as a limiting case assuming that one of the roots, say oc — ^ . 

The substitution x = transfers the root x = to 

1 + ^ 

2 : = —1, and we obtain a polynomial of the fourth degree for 
G{z). 

In order to reduce (4.11) to the standard form, we have to 
consider eight possible cases: 

a. Assume the first factor is 1 -- f ^ and < 1, then 

/ = r ^ ■■■ — with f = sill <p b 6000168 

J V(1 - r)(l - 


I = 


d<p 

-\/l — sin^ (p 


(2) I = 


J 




V(1 - 0(1 + 


with 


f = cos (p becomes 


I = 




dip 

sm- <p 


The case (1 — f-)(c“^“ 1) must be excluded becuiiise if < K 
then — 1 < 0, and the product under the square root sign 
would be negative. 
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h. Assume now that the first factor is 1 + then 

(3)1-/: * 


V(i + f)(i + «’n 


with f = tan cp becomes 


A 


dip 


\/l — (1 — c^) sin^ ip 


(4) / 


J 


dr 


V(i + n(i - c=“r=) 
/ = - 


with r = ^ becomes 


vr 


1 f* dy 

U \ 1 + 0 ^ 


^ sin.^ <p 


(5) I 


J 


dr 


V(i + r)(c^r - 1) 

I = 


Vi 




with r = 

dp 


c cos ^ 


becomes 


1 + c' 


^ sin^ P 


c. Finally, assume that the first factor is — 1 , and that > 1 
then, 

. 1 


( 6 ) I = 


(7)7 


/ 

/ 


V(r" - i)(c^r^ 

dj 

\/(r^ - i)(i + 


= with f = — :t — becomes 

1 ) c sm ^ 

dp 


■\/l — sin^ 9 ? 


with ^ 


cos p 


becomes 


J ^ 1 

■ ^'j f - 


( 8 ) 7 


J 




, 2 sm^ p 

+• c 2 

This case requires special 


- 1)(1 - cV) 

consideration. We put ~ 1 = cos y, \/'l — = n sin y, 

where m and n are constant factors to be determined. Evi- 

1 Tl^ 1 

dently, ~ 1 cos^ ^ sin^ hence, 1 + = --> 


= andr = 1 + -^ 


■ cos^ ^ = “2 


1 1 


- sin^ p. Intro- 
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ducing this substitution for f into the integral, we obtain 

dip 




\/l — (1 ~ C“) sin- ip 

The above analysis shows that the integrals (4.10) and (4.11) 
can always be reduced to the form: 

dip 


where < 1. 

The definite integral 



■\/l — sin^ ip 


or its equivalent obtained by the substition f = sin 


u = 


^ 

/ / ^ / -t 


( 4 . 12 ) 


( 4 . 13 ) 


is called the elliptic integral of the first kind. F{k,(p) is a function 
of the modulus k and of the upper limit 

The integral (4.13) is analogous to the circular integral 



which defines a periodic function f of u, viz,, 

f = sin u 

whose quarter period is given by the complete circular integral 

n 

- 

In the same way, the elliptic integral (4.13) defines a function 
f of We first consider the upper linii> (p of the integral (4.12) 
as a function of u and use the notation 

(p = am u (amplitude of u) 

Then we have 

f = sin (am u) 

* Tables of elliptic functions are available, for example, in B. O. Peirce, 
“A Short Table of Integrals’^; E. Jahnke and F. Kinde, ‘'Tables of Func- 
tions.” In these tables the parameter a defined by sin o: = A' is used instead 
of A. A simple introduction to elliptic functions for practical use with 
many graphs and tables will be found in H. Hancock, “Elliptic Integrals, 
Mathematical Monographs. 
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This is generally written in the form: 

^ = sn w (4.14) 

The function sn u is one of J acobi^s elliptic functions. It is a 
periodic function of u. Its amplitude is equal to unity. Its 
period is not a fixed constant as in the case of the circular func- 
tions, but depends on the value of the modulus h. 



Fig. 4.1. — The elliptic function sn u plotted as function of u/4:K for different 
values of the modulus k. 


The quarter period denoted by K is expressed by the following 
integral : 


K - 


X 

X 


' df 

V(i - na - m 

TT '2 

V JL — sm'^ <p 


/ 2 ) 


(4.15) 


This integral is called the complete elliptic integral of the first kind. 

The function ^ = sn w is plotted in Fig. 4.1 for/c ~ 0, k = 0.99 
and k — 1. The abscissa is the value of u divided by the period 
4:Ky so that the functions are reduced to the same period, and only 
the shape varies with k. 

TT 

We note that for k = 0 we have sn w = sin u and jST = g- 

If k I, the period tends to infinity, because for A; == 1 the 
integral (4.15) becomes divergent. The function asymptotically 
approaches unity as -u oo . 

The Pendulum. — As an example of the application of tlie elliptic 
integrals of the first kind, let us return to the problem of th(‘ 
pendulum- We found for ^mgr/Tool ^ 1 the following expres- 
sion for the time t as function of the angular displacement [ef. 


t = 



dtp 

— sin^ ^ sin^ 


(4.16) 
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where sin (p is defined by sin (p = ^ and cx is the maxi- 

sin a/2 

mum angular displacement. The integral in Eq. (4.16) is an 
elliptic integral of the first kind with the modulus k = sin a/2 
and the amplitude <p. Hence, 

t sin (pj 

^mgr \ 2 V 

Considering as function of the time, we w^rite 


Hence, the angular displacement 6 is given by 



The period of a full oscillation is 


T = 4.K. 


mgr 


Therefore, we may write (4.17) in the form: 


(4.17) 

(4.18) 



Fig. 4.2. — Ajigiilar displacement of a pendulum as function of time for various 

amplitudes cl. 

The value of B is plotted in Fig. 4.2 for three values of the ampli- 
tude q;, viz., a = 7r/6, a — and a = tt. In the last case the 
pendulum approaches the inverted vertical position; the period 
in that case is infinite. 
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For small oscillations we may write approximately 


. e 9 

sin 2 = 2 ’ 


. a a 
sin 2 = 2 ^ 


sn u 


sin u, 


K = 


We have, therefore, 


where 


= ^ sin 


2Trt 

T 


T = 27r. 


4 


mgr 


Elliptic Integral of the Second Kind — Length of an Arc of an 
Ellipse . — The term elliptic integral originates from the problem 
of the rectification of an ellipse, i.e., from the problem of deter- 
mining the length of an elliptic arc. 

An ellipse may be represented by the para- 
metric equations 

X — a cos ip 
2 / = 5 sin 



The constants a and b are the two semiaxes 
of the ellipse (Fig. 4.3). 

The length of the elliptic arc AB is given by 


I = 

Fig. 4.3. — Deriva- 
tion of an ellipse 
from a circle. 

Assuming > a^, 

Z = h 

52 


+ dy‘^ 

= sin^ <p + b"^ cos^ ip dip 




62 


■ sin 2 <p dip 


Putting = 


52 


} we write 


E(k,p) = ~~ P dp 


(4.20) 


This integral is called the elliptic integral of the second kind. 
The complete elliptic integral of the second kind is defined by 


E 


— sin^ p dp 


(4.21) 
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Tables for the values of E(k,(p) as functions of k and ip and 
of E as function of k will be found in Jahnke-Emde and in 
Peirce. The parameter a is sometimes used instead of the mod- 
ulus k, where sin a = k. 

By the substitution f = sin <p, we have 



Vi - 
V 1 - f- 


dt 


The integral (4.22) can be written in the form: 


(4.22) 


Eik,<p) 


£ 


kT- 


V(l - f^)(l ” m 


dr 


In general, any integral of the form f — . I ,: ^ dz, where 

J R{zWQ{z) 

P{z)j R(z) are polynomials in z and Q{z) is a polynomial of the 
third or fourth degree, is called an elliptic integral. It can be 
shown that such an integral always can be reduced to a sum of 
integrals of the following forms: 

a. Elliptic integrals of the first and second kind, as defined 
in this section. 


h. Integrals of the form 

c. Integrals which can be expressed by elementary functions. 
It might be the case that computing an integral of the class 
considered, we encounter representatives of all groups a, h, and c, 
or that one or two of the groups appear. The elliptic integrals 
under a are tabulated. The integral 


£ 


dz 


(c 4- 2-)V(l — k-z-){l - Z-) 


P rfz 

Jo (c + 2-)V (I — k-z-)(l — z-j 

is called an elliptic integral of the third kind. It is seen that it con- 
tains, besides the modulus k and the upper limit z, an additional 
parameter c. General tables for such integrals are not available, 
])ut the complete elliptic integral (upper limit equal to unity) 
of the third kind can be expressed by incomplete integrals of the 
first and second kind and by elementary functions.* 

* Louis V. King, “On the Direct Nuniorical Calculation of Elliptic 
Functions (Ref. 10)." 



130 


ELEMENTARY PROBLEMS IN DYNAMICS [Chap. IV 


However, when elliptic integrals of the third kind are involved 
in an engineering problem, the reduction to standard forms is 
sometimes so cumbersome that graphical or numerical integration 


is preferred. 

5. Linear Motion of a Particle with Elastic Restraint and 
Damping. — This case is usually referred to as the problem of 
damped free oscillations. The problem is formulated 
here for the motion of a particle restricted to move in 
one dimension. The simplest example of such a 
system is a mass connected to a spring and a dashpot 
(Fig. 5.1). We have seen that the spring force can 
be written as — kx, and the simplest way to represent 
a damping force depending on the velocity is to 



write it as —^v 


dx 

This corresponds to vis- 

damping and is generally a good approxima- 
spring and a tion, at least for small velocities. The scheme and 
dashpot. results of the following calculations are applicable 
to the small oscillations of any damped system with one degree 
of freedom. 

The equation of motion has the form: 


m 


d^x 

dP 




(5.1) 


and its general solution is 

X = Ae^^^ + (5.2) 

where Xi and X 2 are the roots of the characteristic equation 
(cf. Chapter I, section 10): 


Its roots are 


and 


mX^ -f + A: = 0 



(5.3) 

(5.4) 


We assume (3^0 and consider two different cases: 

a. > 4/cm. In this case Xi and X 2 are both real and nega- 
tive, hence, the right side of (5.2) consists of two exponential 
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terms. It is easily shown that if the mass starts, for instance, 
from the position a; = 0 at ^ = 0, it cannot pass through the 
position a; = 0 again (cf. the example in Fig. 5.2). If the mass 



Fig. 5.2.“ -Example of the motion of a mass connected to a spring and a dashpot, 
put in motion from the equilibrium position. 

starts from an arbitrary position, it cannot pass through a: = 0 
more than once (Fig. 5.3). In each case, x tends to 0 as the 
time t becomes infinite. This type of motion is called a 
subsidence. 



Fig. 5.3. — Examples of subsidence for a mass mo\nng under action of a spring 

and a dashpot. 


6. < 4:km. In this range Xi and X 2 are complex and con- 

jugate. The solution can be written in the following form 
containing real quantities only: 

cos sin - £,i) (6.6) 

The expression (5.5) corresponds to damped oscillations with 
an infinite number of passages through x = 0 (Fig. 5.4). The 
period, defined by the time between two passages in the same 
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direction, 
quency v 


1 

is equal to T = The fre- 

= l/T is plotted in dimensionless form as a function 



Fig. 5.4. — Oscillatory type of damped motion. 


1 Ik 

of the damping factor 13 in Fig. 5.5. The frequency = 

corresponds to zero damping, whereas the damping factor 2 '\/ mkj 
called critical damping factory corresponds to the damping for 

which the motion changes from an 
oscillatory type to a pure subsid- 
ence. It is easily shown by differ- 
entiation of (5.5) that the maxima 
of X occur at equidistant values of t 
with the same interval as the 
period T; hence, the ratio between 

two consecutive maxima is equal to 
0 Q-5, I.O __ 

B A = e ^ Je = 



Fig. 5.5. — Variation of the fre> quantity log A = T is Called the 
quency u as function of the damp- 

ing factor /3. logarithmic decrement. 

In the case of critical damping, f.e., for /3 = 2v/ mk, Xi = X 2 , 
and it is necessary to find a second linearly independent solution. 
Using the method given in Chapter I, section 10, we obtain 


X = + Bte^ 

where Xi = X 2 = —\/k/m. The second term also represents a 
subsident motion. An example of such a motion is represented 
in Fig. 5.6. 

6. Motion of a Mass with Elastic Restraint under Action of a 
Periodic External Force. Resonance. — We now take up the 
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problem of forced vibrations without damping. The equation 
of motion is 


m + kx Fo sin ost (h-1) 

where Fo sin is a periodic impressed force and w its angular 
frequency. This equation applies, for instance, to the case in 



which a body is elastically connected to an oscillating base 
(Fig. 6.1). In this case, let I represent the length of the spring 
when the body is in static equilibrium; x, the extension of the 



Fig. 6.1. — Forced vibration of a mass suspended by a spring due to the motion 
of the point of support. 


spring; and ao sin the periodic displacement of the base. 
Then the coordinate of the mass with respect to a fixed origin is 
ao sin ^ + x. According to Newton^s second law, the equa- 
tion of motion is 
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dH , j 

m^ + kx 


maoco^ sin cot 


( 6 . 2 ) 


Thus we see that the influence of the motion of the base with the 
amplitude ao and the frequency w is equivalent to the action 
of a periodic force Fq sin cot, where Fo = maoco^/^ The solution 
of ( 6 . 1 ) is composed of the general solution of the homogeneous 
equation and one arbitrary particular solution of the nonhomo- 
geneous equation. We find a particular solution by substituting 
= C sin cot, and obtain: 


or 


-mCco^ + kC Fo 

Fo 


(6.3) 


C = 


h — mcoP 


Denoting by coo the angular frequency of the free oscillation, 
where coq = k/m, we obtain 


X = 


Fo sin cot 
m ojq — co‘ 


Fo 

h 


sin cot 


col 


(6.4) 


The oscillation represented by the expression (6.4) is of 
special interest. If co/coo is small compared with unity, we have 
approximately 

Fo sin cot 

k 

i.e., the deflection x at any instant is equal to the static deflection 
corresponding to the instantaneous value of the force. If co/coo 
is not negligible, the deflection is increased by the factor 


1 


1 

col 


(6.5) 


This factor is known as the resonance factor. It is infinite if 
6 ) = 6 ) 0 , i.e., if the frequency of the impressed force and the 
frequency of the free oscillation coincide. 

* Equation (6.2) can also be obtained from, the rule that if the motion is 
referred to a moving coordinate system, we have to introduce an additional 
force equal to the product of the mass and the negative acceleration of the 
moving: coordinate system (Chapter III, section 5). 
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Since the factor (6.5) is positive when a; < wo and is negative 
when CO > coo, the force and the deflection have the same sign 
below the resonance frequency and opposite signs above the 
resonance frequency. Let us denote the period of a complete 
oscillation by T, where T = 27r/co. Then the work done in the 


time interval T is given by W = ^hi coi dx, or, substituting 


FI 

dx from (6.4), W = ~ 


CO , 

I SI 

1-^1 

^0 Jo 


sin oit cos dt. 


Putting oot = ip, we obtain 


W = 



sir (f cos <p d(p 


( 6 . 6 ) 


The integral in (6.6) is equal to zero. Thus w^e obtain the result 
that the work done by the impressed force during a complete 
period of a forced oscillation of an undamped system is equal to 
zero. The complete solution of Eq. (6.1) is given by 


X = A cos caot + B sin coo^ + 


Fq sin oot 
m{oi% — co“) 


(6.7) 


The constants of integration in Eq. (6.7) are determined by the 
initial values of x and dx/dt for ^ = 0. Putting .r == 0 and 
dx/dt = Vq for t = 0, the following expression is easily obtained: 

^ _| — — — (qjq sin cof — oj sin coot) (6.8) 

coo m(aJo ~ co-jcoo 

We shall investigate the case for which the values of cu and coo are 
only slightly different. To discuss this case, we transform the 
expression (6.8) into 

. V / CO — Wo, \ / CO + COo, \ 

(coo — co) cos I ^ — t j sinl — ^ — t j 


con 


m(a 


o‘0a 


+ (co + coo)sin(^^--^^/)cos 


or 

sin coot 

X == V(\ 

coo 


Fo 

ni{coQ -j- cojcoo 


COS 


Fo 

— co)coo 


Sin 



(6.9) 
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In Eig. 6.2 the displacement x is plotted for the ratio w/wo = f. 
For small values of co — coo the factor of the third term on the 
right side of (6.9) is large compared to the first two terms. The 
third term represents heats j i.e,^ it can be interpreted as a harmonic 



Fig. 6.2. — Beats. The frequency of the imposed periodic force differs slightly 
from the natural frequency of the oscillating mass. 


motion with the angular frequency ^ coo and with a period- 

ically varying amplitude. The number of the beats in unit time 
is equal to { it is equal to the difference between the 

frequency of the natural vibration and the frequency of the 
impressed force. 



Fig. 6.3. — Oscillation with increasing amplitude in case of resonance. 

The solution (6.7) fails for co = coo (resonance). In this case 
the particular solution (6.4) cannot be used and has to be replaced 
by a solution of the form x = Ct cos coot. Introducing this 
expression for x into (6.1), we have 
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2(7mcoo sin ojoi — Cmtu>% cos cooi + kCt cos cooi = sin ojoi 
Taking into account that maj§ = k, we obtain 

C = 

2?ncoo 

and the complete solution of (6.1) becomes 


Tp 

X = A cos + B sin cooi — cos oj4 (6.10) 

2wajo ^ 

The last term represents oscillations with indefinitely increasing 
amplitude (Fig. 6.3). Thus we obtain the result that if the fre- 
quency of the impressed force coincides with the natural fre- 
quency of an undamped system, the amplitude increases ad 
infinitum. 

7. Forced Oscillation of a Mass with Damping. — The equation 
of the motion is, in this case, 

m ^ -f /cx = Fo sin cojf (7.1) 

A particular solution can be found by putting 

X = a sin cot + b cos cot (7.2) 

Introducing this expression into (7.1), the following relations for 
a and h are obtained: 

(k — mco^)a — pooh — Fo 
(k — mco^)h + Pooa = 0 


Solving these equations for a and b and introducing their values 
into (7.2), we have 


X 


Fo 


(k — mco^) sin oot — Poo cos oot 
(k - ma;2)2 + p^oo^ 


(7.3) 


The complete solution is composed of Eq. (7.3) and the general 
solution (5.2) representing free damped oscillations or subsident 
motion. As (7.3) corresponds to a simple harmonic motion with 
constant amplitude while the motion represented by the terms 
of Eq. (5.2) dies out with time, it is clear that for sufficiently 
large values of the time the solution will be practically inde- 
pendent of the initial conditions and wall be represented by Eq. 
(7.3) alone. We write (7.3) in the form: 
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— sin (coi? — \p) 


The angle is called the phase lag. 


where tan xL = — ~~ — 5 * The angle if/ is called the phase lag. 

The lag is smaller than tc/2 when oj < it is equal to 

ir/2 for to = v^fc/m; and it is larger than 7r/2 when co > 's/klm. 
For to — > 00 , TT. The amplitude of the harmonic oscillation 

represented by (7.4) is equal to 


Let us determine the maximum 
value of c when /3 is kept constant 
and to varies. We find the value 
of to for which c reaches its maxi- 
mum by differentiating the expres- 
sion under the radical with respect 
to CO. We have 

[ — 2m{k — =0 

(7.6) 


1 

/3_ / 

L^c « 



II . 





In 



)k ^ 




■i/^ The expression (7.6) vanishes 

^ , either for to = 0 or for co^ = 

Fig. 7.1. — Amplitudes of forced ^ 

oscillations as function of the fre- 2km— rpi rnaYiTmiTvi of /» 

quenoy for various values of the 2 m‘^ maxiinum 01 C 

damping factor jS (resonance curve). _ ^ ^7 

occurs for to = 0 if (3^ > 2km, 
since in this case the second condition does not give real values 

2 k'fTh *"" 

for CO. If < 2km, the maximum of c occurs for co^ = — 

and is equal to 

^ „ 2m ^ Fo 2km/^^ 

^l3\/ 4:km — ^ (4/cm/ 13-) — 1 


for CO. If < 2km, the maximum of c occurs for co^ 


/3\/ 4/cm — 


The amplitude ratio c/iF^/k) is plotted in Fig. 7.1 as function 
of the ratio co/\/^/m for different values of the ratio where 

/Sfl = 2'\/km is the critical damping, i.e., the value of the damping 
factor which separates the oscillatory and sulisident types of 
motion in the case of free oscillations (cf. section 5). 
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For small values of 


Im Fq 


( 7 . 8 ) 


In this case the phase lag is very small when co < coo, increases 
rapidly if we pass through co = ojo, and it is slightly less than tt 

if CO > COq. 

8. Motion of a Particle under Action of Gravity and Air 
Resistance (the Ballistic Problem). — ^Let us consider now the 
motion of a particle of mass m in a vertical plane under the action 



Fig. 8.1. — a. The trajectory of a bomb. b. The diagram of the forces acting on 
the bomb. c. Diagram of accelerations. 

of gravity and air resistance. The action o^f gravity is repre- 
sented by a force of magnitude mg acting in a vertical direction 
downward. The air resistance is represented by a force acting 
in opx>osite direction to the resultant velocity v of the mass point ; 
its magnitude is kv~. We first consider k as constant. This 
assumption is a fair approximation to the drag of a body of 
revolution if its Ileynolds number* is not too small and the speed 

* The Ileynolds number is a diinensioiiless quantity defined as R = rdp V 
where v is t he velocity of the body, d one of its ch:iraot eristic linear dimen- 
sions, e.g., its diameter, ju and p the viscosity and specific mass of the fluid, 
respectively. 
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V is smaller than about oi the velocity of sound. The calcula- 
tion with constant h gives, for example, a good approximation 
for the motion of bombs dropped from aircraft. 

The equations of motion are given by Newton’s laws (Chapter 
III, sections 1 and 3). It is convenient to consider the compo- 
nents of the forces and the accelerations in the direction of the 
tangent and of the normal to the path curve. Figure 8.1c shows 
that the component of the acceleration in the tangential direction 
is equal to dv/dt, and the acceleration in the normal direction is 
dd 

equal to v where 9 is the angle between, the tangent to the 

path curve and an arbitrary fixed direction. We choose as angle 
6 the inclination between the velocity vector v and the positive 
rc-axis and count 9 positive when v is directed downward. We 
dd 

notice that v -j- can be vrritten in the form v^/R^ where R is the 

radius of curvature of the path curve (Fig. 8. Id). In fact 
1/i^ = dO/ds, hence, 


.da , ds dt 
R'^ ds'^ ^ dt ds 


ds 

^mce • 


We obtain the equations of motion by putting the product 
of the mass and the acceleration equal to the force in both the 
tangential and normal directions. 

We obtain in this way (cf. Fig. 8.1&) the following two equations 


dV • « 7 O 

m ^ — mg sin 6 — hv^ 
de 

mv = mg cos d 


( 8 . 1 ) 


From the second equation follows: 


dd g . 
-Tr ~ ~ cos 6 
dt V 


Noting that ^ ^ introducing this relation into 

the first equation (8.1), we obtain 
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Q ^ 

^ ^ - cos 0 = mg sm 6 — kv- 
or 

dv . , k 

-^oos 6 — vsm d == (S-3) 

Equation (8.3) is a first-order differential equation for v as 
function of 0. Taking the horizontal component of the velocity 
= V cos d as the unknown variable, we write (8.3) in the form: 


dVx 

de 


mg cos^ d 

In Eq. (8.4) the variables can be separated: 

dvz ^ dd 

vl mg cos^ 6 

Integrating (8.5), we obtain 

dd 


^ A f 

2vl mgj 


cos® 6 


+ C 


(8-4) 


(8.5) 


( 8 . 6 ) 


Let us assume now as initial conditions = Vo and ^ = 0 
for t = Q. (This will be the case, for example, if a bomb is 
released from an airplane fijfing with the velocity Vq.) Then 
from Eq. (8.6) follows: 


i_ ^ 1 ^ r de 

vl vl mgJ cos® B 


Equation (8.7) determines the horizontal velocity Vx as func- 
tion of the inclination 9. Carrying out the integration — using 
tan 0 = r as an auxiliary variable — we obtain 


1 = 1 + ±(io.I±AbI + ArI) 

Vx ^0 ' ^ cos 9 ^ cos- 6/ 


( 8 . 8 ) 


We write (8.8) in the form: 


Vx = vof(9) = Vo 


1 




1 -{- sin B 
cos 9 


sin 9 \ 
cos- B/ 


(8.9) 


Equation (8.9) may be considered as the equation for tlu^ so- 
called hodograph of the motion. Let us plot the velocity vector r 
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in a V:^Vy plane (Fig. 8.2) frona the origin 0. The curve described 
by the end point of the v vector is called the hodograph of the 
motion. The equation of the hodograph in parametric form is 


Vx 

Vy == vof(6) tan d 


( 8 . 10 ) 


From the hodograph equation we obtain the equations of the 
path curve by integration. First, from (8.2) 
it follows that: 



de 


Vx d6 


( 8 . 11 ) 


g cos d g cos^ 0 

Then substituting from Eq. (8.9) in Eq. 
(8.11) and integrating, we have 

de 


g Jo 


( 8 . 12 ) 

cos^ 0 ^ 

Furthermore, from (8.9) and (8.10) follow: 


- Cvx dt = 

Jo g Jo 


graph of a bomb tra- 
jectory. 


y = 


cos^ 6 

’lf(e)]^sin.edd 

cos’^ 6 


(8.13) 


For constant kj i.e., for the case of the quadratic resistance 
law, the ballistic problem is completely solved by Eqs. (8.12) 
and (8.13). The corresponding values of t, x, and y can be 
plotted numerically from these equations. The function f{d) 
contains one dimensionless parameter, viz., Jwl/mg = X. The 
parameter X has a simple physical meaning. For the asymptotic 
value Vf of the velocity of a falling body, known as the final or ter- 
minal velocity, the air resistance must be equal to the weight. 
From kVf = mg follows vj — rng/k, and therefore X = 

Hence, the parameter X is equal to the ratio between the squares 
of the initial and the terminal velocities. In most cases X is small, 
and thus /(«9) can be developed in a series of increasing powers 
of the parameter X. 

In general, especially in the case of shells with high initial 
velocity, k is variable. If the variation of the density of th(i air 
with altitude can be neglected, k may be considercid as a given 
function of the velocity v. Then from (8.3) follows: 
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dd 


V tan 6 


k{v) ip 
mg cos d 


(8.14) 


Equation (8.14) may be considered again as the differential 
equation of the hodograph. However, in this general case the 
variables cannot be separated and the integration has to be 
carried out by some numerical step-by-step method or by 
development in series. A further complication results from the 
fact that the air resistance depends also on the density of the air, 
and often the density varies over a wide range along the trajec- 
tory. Hence, A; is a function of the velocity v and also of the 
altitude, i.e., of the coordinate y. In this case the system of 
equations (8.1) cannot be reduced to an equation of first order 
and must be integrated directly by approximate methods. As 
a matter of fact, the trajectories of shells are at present usually 
computed by means of the differential analyzer. 

If we substitute X = 0 in Eq. (8.9), we obtain /(0) = 1, and 
from Eqs. (8.13) 


X = 

V = 


Jo cos2 8 g 

iPsinede 

■ L - = 5 ; tan- 


(8.15) 


These expressions give the flight path when air resistance is 
neglected. Hence, the difference between the respective v’-alues 
given by Eqs. (8.13) and Eqs. (8.15) may be considered as the 
(,‘orrection due to air resistance. 

9. Equations of Motion of an Airplane. — Let us consider an 
airplane as a rigid body, symmetric with respect to a \'ertical 
plane, and assume that its motion consists of a displacement of 
its center of gravity in this plane and a rotation around a 
horizontal axis perpendicular to the plane of symmetry. Then 
the equations of motion are given by the two statements: (1) 
the products of the mass and the components of the acceleration 
of the center of gravity are equal to the respective components 
of the resultant of the external forces and (2) the rate of change of 
the angular momentum is equal to the moment of the forces 
around the center of gravity (see Chapter III, section 6). 

If we denote the velocity of the center of gravity by r, the 
slope of its path by 9 (measured as positive downward) (Fig. 9.1), 
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then the two components of the acceleration — parallel and normal 

to the path — are equal to ~ and v The latter expression 

is equivalent to the centripetal acceleration v^/R, where R is 
the radius of curvature of the path defined by l/R ~ dO/ds 
and s is the length of the arc measured along the path. Instead 

, dd 1 ,, ^dd 

of V we can also write 3-- 
dt ds 

Denote the components of the resultant air force in the direction 
of the motion and normal to it by —D and L, respectively, 
and their moment with respect to the center of gravity by M. 



We assume that the air forces include both the air forces proper 
acting on wings, fuselage, control surfaces, etc., and the forces 
produced by the propulsion. Thus D is the total drag minus 
the component of the propeller thrust in thi) dirc'ction of flight, 
and, correspondingly, any comporu^nt of the propelhu* thrust 
normal to the flight direction is included in the lift L. The mass 
of the airplane is denoted by m, its moment of inertia with respect 
to an axis normal to the plane of symmetry intersecting this 
plane at the center of gravity by I. Finally, the inclination 
between the horizontal direction and an arbitrary axis of reference 
connected with the airplane, e.g., the axis of the propeller shaft, 
is denoted by measured positive upward. Then the equations 
of motion are 

dv 

= — Z) + mg sin B (fi-l) 


mv^ 


do 

ds 


~L -f- 'yyig cos B 


(9.2) 


f d-ip 


-M 


(9.3) 
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The forces D and L and the moment M depend, in general, 
on the velocity v, the angle of attack of the plane as a whole, and 
on the local angle of attack of the control surfaces, flaps, etc. 

10. The Flight Path of an Airplane with High Stability and 
Small Moment of Inertia (Phugoid Motion). — In this section the 
following idealized case will be treated: 

a. It will be assumed that D = 0, the engine is controlled 
in such a way that at any moment the propeller thrust is equal 
to the drag. 

h. It will be assumed that the stabilizing moment M is so 
large and the moment of inertia of the airplane I is so small 
that any variation in the angle of attack is instantly corrected, 
and thus, the angle of attack remains practically constant during 
flight. The resulting motion is known as phugoid motion* 
Owing to assumption a, v is completely determined by Eq. (9.1). 
In fact, multiplying both sides by v, we obtain 


dt \2 ) 


gv sin Q 


or, taking into account that v sin d is the vertical component of 
the velocity and is equal to dzjdi^ where z is the vertical coordinate 
of the center of gravity measured positive downward, 


z ;2 = + const. (10.1) 

Eq. (10.1) states that the change of kinetic energy is equal to the 
work done by gravity; this is true in our pecial case since D = 0. 
Choosing as origin for 2 : the height at which the velocity v van- 
ishes, we obtain the simple relation 


V — N^2gz ( 10 . 2 ) 

Since a constant angle of attack is assumed, the lift L depends 
only on the velocity and can be put equal to Cv- where C is a 
constant. The constant C can be expressed conveniently 
by taking into account that Eqs. (9.1) and (9.2) include the case 
of uniform horizontal flight (^ = 0). In this case, from Eq. (9.2), 
L = mg, and denoting the velocity of uniform level flight by ^;o, 
obviously mg = C^o and the general expression for L will be 


L = 



(10.3) 


See F. W. Lanchester, “ Aerodonetics (Ref. 5).’^ 
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Introducing Eq. (10.3) into Eq. (9.2), we obtain 




, do 
ds 


- mg-^ + mg cos 6 
^0 


( 10 . 4 ) 


VT . , T - - . ^ ^ do do dz do . ^ 

Using (10.2) and taking into account that ^ ~ ^ ^ ^ 

the following differential equation results, containing as variables 
the height z and the slope of the flight path 0 : 


2z sin 0 ~ ^ + cos 6 


„2 


(10.51) 


It is convenient to write — 2gHj where obviously H is equal 
to the velocity height corresponding to the velocity vo of the uni- 
form horizontal flight. Furthermore, in order to use only 
dimensionless variables, we write ^ ^ z/H. Then Eq. (10.5) 
becomes 

do 

2f sin 0 ^ = — r H- cos 6 (10.6) 

Let us first consider cos 9 as function of Since 


d . . -add 

^(cos 0) = -Sin0^ 

Eq. (9.9) can be written in the form: 

d. , cos 6 1 

^(cos 0) + _ (10.7) 


It is easily seen that is an integrating factor (see Chapter I, 
section 4) of the left side. Multiplying both sides with this 
factor, we obtain 

|:(Vf cos 0) = ^ (10.8) 

Integrating (10.8) we have 

cos0 = | + ;^ (10.9) 

Equation (10.9) determines a family of curves which includes 
all possible flight paths compatible with the condition of the same 
constant value of the total energy. It obviously includes the 
horizontal flight for which cos ^ = I and, according to Eq. (10.7), 
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f = 1. The corresponding value of A is, according toEq. (10.9), 
A = -f. To obtain the whole family of flight paths, we plot 
cos d as function of This is done in Fig. 10.1. We note 

that only the strip f > 0 and — 1 < cos 0 < 1 has physical 
significance. 



Fig. 10.1. — Phugoid motion. The cosine of the angle of inclination 6 between 
the flight path and the horizontal as function of the vertical displacement 

To calculate the flight paths, we introduce the horizontal 
coordinate J = x/H. Then we have tan d = dz/dx — d^Jd^. 
This is a first-order differential equation for the flight path, since 
tan ^ is a given function of f through Eq. (10.9). This differential 



Fig. 10.2. — Different types of phugoid motion. 


equation may be integrated graphically or by any of the numeri- 
cal methods indicated in Chapter 1. The flight paths obtained 
by integration are plotted in a dimensionless coordinate system 
in Fig. 10.2. The integral curves of (10.9) show that the case 
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A = 0 is a limiting case between two different types of motion. 
It is seen from Fig. 10.1 that for A > 0, cos 6 is always positive 
and has a minimum value, say a; then B will oscillate between 
+ cos^^ a. The corresponding flight path is a wavelike line 
without loops (Fig. 10.2). For A < 0, all values of cos ^between 
+ 1 and —1 occur during the motion, and thus in this case 
the flight path has the shape of a ^Aoop.” The case A = 0 
represents the limit between wavelike lines and loops. For 
A = 0, 

f = 3 cos ^ (10.10) 

or 

( 10 . 11 ) 


Equation (10.11) is the equation of a half circle with the radius 
ZH. The path curve degenerates in this case into a series of 
half circles; at the peak the airplane has zero velocity of flight 
and makes a 180° turn with infinite angular velocity. * 

The point f = 0, cos 6 — 0 is a singular point of the differential 
equation (10.7). Writing (10.7) in the form: 


d(cos B) _ ^ ~ cos B 

~~df~ ~ 2r 


( 10 . 12 ) 


it is seen that for f = 0 and cos B — 0 the value of d(cos 6)/d^ 
is not determined. This is seen geometrically from Fig. 10.1. 
Apparently d(cos &)/d^ is equal to the slope of the curves plotted 
in the figure, and this takes all possible values between — oo 
and 00 in the immediate neighborhood of the point f == 0, 
cos ^ = 0. Equation (10.9) reveals that oo, — co are the 
values of the slope at the singular point itself. The same result 
can be obtained from the differential equation itself by putting 
cos 0 + higher order terms in f and expanding the right 

side of Eq. (10.12). We obtain 



or 3X = 1. This gives us a straight line with the slope i. Fur- 
thermore, by changing the independent variable in Eq. (10.12), 
i.e., considering f as a function of cos Bj we have 

dr 2r 


d(cos B) 


cos B 


(10.13) 


* This physically impossible condition is introduced into the problem by 
the idealized assumption of zero moment of inertia. 
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It is seen then that the straight line f == 0 is also a solution of 
Eq. (10.13). The corresponding values of the slope 
are -|- co and oo . 

The differential equation (10.6) has a second singular point. 
In fact, Eq. (10.6) may be written in the form: 


^ _ cos e — ^ 
2^ sin 6 


(10.14) 


Then it is apparent that dB/d^ is undetermined, not only for 
r = 0, cos ^ = 0, the case just discussed, but also for f = 1, ^ = 0. 
In order to study the solution in the neighborhood of this point, 
we expand sin 9 and cos B in power series and write ^ = 1 
Then, neglecting terms of higher order than the first, we have 


^ = -L 

d^ 29 


(10.15) 


Taking into account that dd/d^ = dB/d^', we have 

29 dB + r d^' = 0 (10.16) 

Integrating (10.16), we obtain 

^2 _j_ const. (10.17) 

2 


Equation (10.17) yields curves representing flight paths in the 
neighborhood of uniform level flight. The family of curves in 
the ^9 plane represented by Eq. (10.17) consists of ellipses 
having the same ratio between major and minor axis. The 
complete family of integral curves of Eq. (10.14) is represented 
in Fig. 10.3. , Points B and C are the singular points. The center 
of the ellipses given by (10.17) is the point B. In section 11 it 
will be seen that jB is a so-called vortex point and C a so-called 
saddle point. 

For small values of 9, 9 = dzfdx where x is the horizontal 

z — H 

coordinate of the C .G. Hence putting — ? we obtain 

from (10.7) the following approximate differential equation for 2 :: 



= const. 


(10.18) 
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The general solution of this equation is 

z = H + Acos + B sin 7;^ (10.19) 

where A and B are two constants of integration. Equation 
(10.19) represents a sinusoidal flight path with the wave length 
27rii/v^2. The motion may be considered as a vertical oscillation 
superposed upon a horizontal uniform motion. The period of 
oscillation is approximately the wave length divided by the mean 

velocity ?;o, i.e., T = 27r\/2 ^or withe;o = \ T = 27r\/ H/g. 

By comparison with the formula T = 27r-\/Z/^, which gives the 



Fig. 10.3. — Phugoid motion. Plot of the inclination of the flight path vs. the 
vertical displacement 


period of oscillation for a mathematical pendulum of the length 
Z, it is seen that the frequency of the oscillatory motion of the 
airplane is equal to the frequency of a mathematical pendulum 
of the length vl/2g = H. 

Note that from Eq. (10.18) we obtain by differentiation 


d‘^z (z - H) 
dx^ 2H^ 


= 0 


( 10 . 20 ) 


Equation (10.20) is a linear differential equation of the second 
order of the type encountered in undamped oscillations. Equa- 
tion (10.18) is a first integral of (10.20). 

11. Singular Points of Differential Equations of the First 
Order. — We encountered in the last section two different types 
of singular points of first-order differential equations. In this 
section we give a systematic classification of such points. 
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Consider a differential equation of the form : 


dx g(x,y) 


( 11 . 1 ) 


and assume that for = 2/ = 0, f{x,ij) = g(x,y) = 0, z.e., rht^ 
point a: = 0, ^ = 0 is a singular point of the differential equa- 
tion (11.1) in the sense explained in Chapter 1, section M. 
The assumption that the singular point is located at the point 
X = y = 0 does not restrict the general character of the following 
discussion because, if the coordinates of the singular point ar(‘ 
X = xq and y = 2/oj it can be transferred to the origin of the 
coordinate system by the transformation ^ = .z* — .ro, 77 = y — yo- 
Then in the J77 plane the coordinates of the singular point will be 

? = ->7 = 0 . 

Let us now assume that both/(x,y) and g(x,y) can be expanded 
in the neighborhood of the origin x = y = 0 in power series 
starting with the first powers of x and y. Then the differential 
equation (11.1) can be approximated by an equation of the form: 


# = ( 11 . 2 ) 

ax cx A- dy 

We suppose that at least one of the coefficients is different 
from zero both in the numerator and in the denominator and 
investigate how the types of solution depend on the coefficients 
a, h, c, and d. Speaking more precisely, we shall find the 
different possible patterns of integral curves in the neighbor- 
hood of the singular point. Let us write Eq. (11.2) in the form: 


dx 


a + b^ 

X 


( 11 . 3 ) 


The geometrical meaning of dy/dx = tan a is the slope of 
the integral curve at a certain point .r,y. The geometrical 
meaning of tan /3 = y/xi^ the slope of the radius vector connect- 
ing the origin with the point in question. Hence, Eq. (11.3) 
determines the relation between the slope of the integral curve 
and the slope of the radius vector. According to (1 1.3), the slope 
of the integral curves is the same at all points which lie on the 
Same straight line y = x tan 13 and is given by 



152 


ELEMENTARY PROBLEMS IN DYNAMICS [Chap. IV 


— + 5 tan 

c + d tan /3 


(11.4) 


Before we discuss Eq. (11.2) or (11.4) in general, let us consider 
a few elementary cases: 


a. First assume that 

a = pj i.e.y 

tan a = tan (3. Then 

Eq. (11.2) reads 




^ ^ y 

dx X 

(11 --s) 

The general solution of (11. )t^) is 



y = Cx 

(11.6) 


where C is an arbitrary constant. 

Equation (11.6) represents a family of straight lines passing 
through the origin. Hence, in this case an infinite number of 
integral curves go through the singular point. A singular point 
with an infinite number of integral curves passing through it is 
called a nodal 'point (Fig. 11.1a). 

If we generalize Eq. (11.5) by multiplying the right side by a 
positive numerical factor X, 


dx X 


(11.7) 


the equation of the integral curves will be 

y = Cx^ (11.8) 


In this case again an infinite number of integral curves pass 
through X — y ^ 0. The axes x = 0 and y = 0 always represent 
two integral curves ; the remaining integral curves have the x~axis 
as their common tangent B>t x = y = 0, when X > 1, and the 
2/“axis, when X<1. ForX=l we obtain the solution (11.6). 

h. Let us now assume that ot = ^ + jS; then the differential 
equation becomes 


or 


dy _ _x 
dx y 


(11.9) 
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By separating the variables, we obtain 

y dy = —X dx 

and 

x^ + y^-=C ( 11 . 10 ) 


where C is again an arbitrary constant. The integral curves are 
circles with the origin a; = y = 0 as center. A singular point 



faJ-Hoda] Point W-Vortex Point 



Tel- Spiro 1 Point 


IdJ- Saddle Point 


Fig. 11.1. — Various types of singular points of differential equations of first order. 


surrounded by closed integral curves such that none of them 
goes through the point itself is called a vortex yoint (Fig. 11.15). 
If we write instead of (11.9) 


dx y 


( 11 . 11 ) 


where X is a positive numerical factor, the type of the singular 
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point remains the same; the integral curves are ellipses instead of 
circles. 

c. Our next assumption is a — y A- where y is a given 
constant and y 9 ^ 0 and 7 '?r/2. Then: 


^ tan 7 -j- tan /3 

tan a = rrr — Tzzrz 


( 11 . 12 ) 


dy _ X tan 7 + 2/ 
dx X — y tan 7 


(11.13) 


The solutions are logarithmic spirals. This can be seen by 
using polar coordinates. We write x ~ r cos 13, y = r sin 
Since a = 7 + jS, an integral curve intersects all radius vectors 
by the same angle 7. The tangent of this angle is equal to r d^j di\ 
Hence, 


By integration we have 


or 


log r = P cot 7 + const. 

r = 


(11.14) 


The singular point in this case is called a spiral point (Fig. 
11.1c). 

d. Finally, assume that a. + ^ — it. Then tan a = — tan f3, 
and the differential equation has the form: 


dx X 


(11.15) 


The general solution of Eq. (11.15) is 

xy = C (11.16) 

The integral curves are the x- and '^-axes and hyperbolas 
having these axes as asymptotes. If a finite number of integral 
curves go through the singular point and the remaining integral 
curves pass by, we call the singular point a saddle point (Fig. 
11. Id). 

If we multiply the right side of (1 1.15) by a positiv(^ numerical 
factor X, the solution will be 


x^y = C 


(11.17) 
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The type of the singular point remains the same. 

Summarizing the examples presented under a, 6, c, d, we 
find the following types of singular points (Fig. 11.1): 

a. Nodal point: infinite number of integral curves passing 
through the singular point. 

h. Vortex point: no integral curve through the singular point; 
closed integral curves around the singular point. 

c. Spiral point: integral curves approaching the singular point 
asymptotically in spirals. 

d. Saddle point: finite number of integral curves through 
the singular point, the other integral curves passing by. 

It will be shown that this classification includes all possible cases for the 
differential equation (11.2). Consider the general case: 


dx 


0 + 6 ^ 

X 

c + d- 


(11.18) 


First we investigate the integral curves consisting of straight lines through 
the origin. We must have in this case dy/dx = y/x = tan Hence, 
Eq. (11.18) yields the condition 

a h tan ^ 

tan /3 

c + a tan \ 


tan® ^ ^ tan /3---=0 (11.19 s 

d d 

Equation (11.19) is a quadratic equation for tan We have to distinguish 
between the following cases: 

a. Every value of tan is a solution of Eq. (11.19). This will be the 
case when a — 0, d = 0, and c — b = 0. Then obviously, dy dx = y/x, 
and we obtain a nodal point with an infinite number of straight integral 
(uirves. 

h. Equation (11.19) has two real roots. Denote the two real roots by 
tan di and tan ^ 2 . Then the straight lines y = x tan and y = r tan p’-j 
are integral curves. Now we can easily verify that substituting for the 
variables x,y in Eq. (11.18) new variables ^,77 by the linear substitution 

X ^ ph qr, 20 ) 

2/ = + St; 

the type of differential equation (11.18) remains unchanged, f.e., we obtain 



156 


ELEMENTARY PROBLEMS IN DYNAMICS [Chap. IV 


die] 


a' + 


c' 4- 


( 11 . 21 ) 


The substitution (11.20) is a so-called affine transformation which changes 
the coordinate system x^y into a coordinate system ^,77 which, in general, 
is nonorthogonal. Let us choose (11.20) such that the and 7j-axes coincide 
with the integral curves y — x tan jSi and y ~ x tan ^ 2 . We obtain this 
result by writing 


X = ^ cos jS] -h 77 cos ^2 
y = ^ sin 4- 77 sin jSa 


( 11 . 22 ) 


Introducing (11.22) in (11.18), we obtain a differential equation of the 
form (11.21), but the values a', b\ c', and d' must satisfy particular con- 
ditions, viz., ^ = 0 and 77 == 0 must be solutions of the equation. Hence, 
a' = 0 and = 0, and Eq. (11.21) becomes 

dr] h' 7j 

^ ?i 

The solution of Eq. (11.23) has the form: 

¥ 

77 = (11.24) 

where K is an arbitrary constant. 

If h' /c' is positive, we obtain an infinite number of integral curves through 
^ = 77 = 0. They touch the 4axis at that point when b'/c' > 1 and the 
77-axis when b'/P < 1. Hence, when b'/c' > 0, the singular point is a 
nodal point. When b'/o' < 0, no curves determined by (11.24) can go 
through ^ = 77 = 0 with the exception of the straight lines ^ — 0 and 77 — 0. 
Hence, for b' fc' <0 we obtain a saddle point. 

The difference between the general case and the examples under 5 or d 
(pages 152 and 154) is the different angle of intersection of the straight lines 
which represent integrals. They are normal to each other in the simple 
examples treated before and inclined at an arbitrary angle in the general 
case. 

c. Equation (11.19) has two equal real roots. This real root may be 
denoted by tan /Si. In this case we use the transformation (11.22) so that 
77—0 represents y/.t — tan the value for ^2 is left arbitrary. Then the 
Eq. (11.21) obtained by this substitution must be such that a solution of the 
type 77 /^ = X is only possible if \ = 0. Substituting 77 = in Eq. ( 11 . 21 ), 
c' - h' o' 

we find -| — \ — =0. This equation must reduce to = 0 and, 

therefore, o' = 0 and c' = 6'. Hence, Eq. (11,21) must have the form: 
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(11.25) 



The solution (11.27) gives an infinite number of integral curves through 
I r= = 0. * The ^axis (rj == 0) is their common tangent at this point. 
The |-axis itself is an integral corresponding to C = ao. This singular 
point is also a nodal point. 

d. Equation (11.19) has two conjugate complex roots. Proceeding as 
we did under (6), the differential equation can be reduced by the substitution 
of (11.20) to the form: 


drj 




(11.28) 


If we put a' — tan r, Eq. (11.28) becomes identical with Eq. (11.13) and 
leads to a spiral point, with the exception of n' =0 and a' = =c. In the 
case a' = 0, we obtain a nodal point with an infinite number of straight 
integral curves, whereas with a' — > oo, the equation becomes 

^ 

d^ V 

and we obtain a vortex point according to Eq. (11.9). 

Summarizing the result of this general discussion, we find that our classifi- 
cation yields four types of singular points, and it is complete as far as the 
differential equation (11.2) is concerned. However, if the expansions of 
f{x,y) and gix,y) do not start with the first power of at least one of the 
* Note that rj log 77 — > 0 for 7? — * 0. 
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variables, further investigation of the character of the singularity is 
necessary. 


Problems 

1. Calculate the deceleration of a boat if the propulsion is stopped at the 
instant when the velocity is v^. The fluid resistance is given by the empirical 
law 

f{v) “ at; -h 

where a and /3 are constants. The mass of the boat is M. Find the expres- 
sion for the total distance that the boat will travel from the instant that the 
propulsion is stopped. 

2. In a heavy circular disk of 20-in., diameter and uniform thickness, there 
is a circular hole of 4->in. diameter. The center of the hole is at a distance 

of 6 in. from the center of the disk. The disk is 
mounted so that it can rotate freely and without friction 
about a hori23ontal axis which passes through its center. 
Find the period of small oscillations. 

3 . The moment of inertia of a heavy spoked flywheel 
is to be determined experimentally by the setup shown 
f in Fig. P.3. The fl.ywheel is mounted on a two-wheel 
truck which rolls on a frictionless track. The mass of 
_ the truck can be neglected. The flywheel has a weight 
of 10 tons; it is balanced, but it carries a 100-lb. weight 
whose center of gravity is at a distance of 6 ft. from 
the center of the flywheel. The period of small oscillations was measured 
and found to be equal to 36 sec. Find the moment of inertia of the flywheel. 

4 . Find the weight per running foot of a thin-walled steel cylinder of 
elliptic cross section. The major and minor axes are 3 ft. and 2 ft., respec- 
tively, and the thickness of the wall is i in. 

6 . Find the period of a compound pendulum if it is released when the 
center of gravity lies on a level with the point of suspension. Compare 
the exact value with that obtained by the approximate formula (3.10). 

6 . Describe the motion of a mass constrained to a circular friction less 
path in a vertical plane and moving permanently in the same direction in 
such a way that the velocity at the highest point is half the velocity at the 
lowest point. 

7 . Reduce the integral 

Jo 's / 1 ■+• sin^ ^ 

to the standard form. 

8. Calculate the definite integral 


.rU 




-Uh'T'-t 


Fig. P.3. 


I 


dx 


2 a/ (a: — l)(x — 2){x 


• 4 ) 


Hint: Use the transformation x ~ z -p 2.5. 
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9. Calculate the definite integral 


I. 


2 


dx 

{x — Du — 2)u — 3) 


Hint: Use the transformation x ~ with the limits of integrati' 

1 -h s 

z = —2 and z = — x , 

10 . Calculate the definite integral 


dot 

V 2 ~ sin <x 

11. Find the period of small oscillations of a so-called penduhan counter- 
weight which is used for the damping of torsional vibrations of the crankshaft 
in airplane engines (Fig. P.l 1). The counterweight can freely move in a seg- 
ment of a circular groove of radius r cut in the counterbalance of the crank- 
shaft; the center of curvature of the segment is displaced, a distance e 
from the axis of rotation. The angular velocity of the crankshaft is equal 
to w. Determine e so that the period of the small oscillations is equal to 
the period of revolution of the crankshaft. 

_L 

e 


Fig. P.ll. Fig. P.12. 





12. Discuss the motion of a heavy bar of weight 11' which lies horizontalb^ 
on two pulleys of equal radii rotating with the same angular velocity in 
opposite senses (Fig. P.12). The coefficient of friction between the pulleys 
and the rod is equal to/, so that the friction is equal to/Aq and /A'-, respec- 
tively, where Ni and are the normal loads on the pulley.s, .Assume that 
at t = 0 the center of gravity of the bar is at the mid-point of the two pulleys 
and the bar is set in motion with the initial velocity Cu. Show that the 
motion is periodic and that the frequency is proportional to ^ 7- 

13. A periodic force Eu sin ojt acts on a mass with elastic re.straint and 
damping. Does an increase in damping produce an increase in energy 
dissipated? 

Hint: The average energy dissipation per unit time is given by Idr- where 
(3 is the damping factor and v the velocity amplitude. 

14. A periodic force Fo .sin starts acting on a ma.ss with elastic restraint 
and damping at t — 0. The mass is initially at rest. Find the motion of 
the mass. Examine the case of resoiianee and what happens in this ease 
when the damping tends to vanish. 
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16 . Find the motion of a body falling vertically under the action of 
gravity and take into account the air resistance, given by the quadratic law 
D = -kv\ 

16 . A bomb is released with a horizontal velocity of 250 miles /hr. at an 
altitude of 3,000 ft. What is the horizontal distance covered by the bomb 
when it reaches the ground, neglecting air resistance? 

17 . Calculate in Prob. 16 the correction of the horizontal distance due 
to air resistance. The weight of the bomb is 300 lb. The drag is given 
by the formula Ab. = CDpd^v^ where Cp is the drag coefficient, p the average 
density of the air, d the diameter of the bomb, v the velocity. Take 
Cd — 0.087, d = 1 ft., p = 0.00227 slugs/cu. ft. and v in feet per second. 

Hint: Calculate the parameter X — (voA/)^. Since X is small, write for 

imp 

[f{e)Y = 1 - x( log — d — ) 

\ cos e cos® dj 

and substitute this expression in Eq. (8.13). 

Plot y as function of B according to Eq. (8.13) and determine the value of 
6 corresponding to y ~ 3,000 ft. Then calculate the correction for the hori- 
zontal distance abusing Eqs. (8.13) and (8.15). 

18 . Imagine a straight tunnel connecting Los Angeles with San Francisco. 
The length of the tunnel is 400 miles. Calculate the time in which a train 
would cover the distance under gravity alone neglecting friction and air 
resistance. Calculate the maximum speed which could be reached. The 
radius of the earth is slightly less than 4,000 miles. 

19 . Discuss the behavior of the integral curves of the differential equation 

dy dy^ — sin x 
dx 2x y 

in the vicinity of the origin x = 0^ y — 0. 

20 . Discuss the behavior of the integral curves of the differential equation 

dy 4 + y — 5a; + a;® 
dx 2 — 3y + 2/® 

in the vicinity of the point x = 2, y — 2. 

21. A Problem in Hydraulics . — The water level of a broad river is deter- 
mined by the energy equation 



and by the continuity equation in steady flow 

hv — Q 

In these equations h is the height of the water level over the bed, v the mean 
velocity through a cross section, a the slope of the bed, c/ the coefficient of 
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hydraulic friction, and Q the volume of the water flowing through a cross 
section per unit time. Q is considered as a given constant. 

Find the differential equation for h by eliminating v. Discuss the integral 
curves and determine which curves can have physical significance as lines 
of free water surface. 

Hint: Express the slope dh/dx as a function of h. The isoclines are 
straight lines parallel to the bed. Notice that the pattern of integral 
curves is different depending on whether <x < Jc/ or a > hcj. A stream of 
uniform depth in the case a < fc/ is called a river, and in the case a > §c/, it 
is called a torrent. In the first case the integral curves with no vertical 
tangent represent the free surface of a river flowing into a reservoir. In 
the case a. > -Jc/ a physically possible solution is given by portions of two 
branches of an integral curve, the transition from one branch to the other 
occurs physically by a sudden change of height and velocity called a hydraulic 
jumjp. 
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CHAPTER V 


SMALL OSCILLATIONS OF CONSERVATIVE SYSTEMS 

Tlie methods which I present here do not require either con- 
structions or reasonings of geometrical or mechanical nature, hut 
only algebraic operations proceeding after a regular and uniform 
plan. Those who love the Analysis, will see with pleasure Mechan- 
ics made a branch of it and will be grateful to me for having thus 
extended its domain. 

— J. L. Lageange, 

^ ^‘M4canique Analytique’^ (1788). 

Introduction. — In this chapter we take up the problem of small 
oscillations of conservative systems. The theory of small 
oscillations is, in general, an approximate theory of the motion 
of mechanical or other physical systems in the neighborhood of 
an equilibrium position or a state of uniform motion. In this 
chapter we shall restrict ourselves to oscillations of conserva- 
tive systems in the neighborhood of a stable equilibrium position. 
We deal with the free oscillations of such systems and with 
their forced oscillations produced by periodic forces. Whereas 
in the last chapter the equations of motion were obtained by 
direct application of Newton’s laws, in this chapter we shall use 
Lagrange’s equations for generalized coordinates and forces. 

1. Small Oscillations of Conservative Systems — General 
Remarks. — The definition of a conservative mechanical system 
was given in Chapter IV. A system is called conservative if 
the work done by the forces acting on the syKstem depends only 
on the end positions or, more exactly, on the end-point coordi- 
nates. In this case the forces can be derived from a potential 
energy [7, which is a function of the coordinates qi, q 2 , . . . , q,,- 
However, U contains an arbitrary additive constant, which can 
be chosen arbitrarily. 

We shall choose the coordinates in such a way that in the 
equilibrium condition, in the neighborhood of which the oscilla- 
tion takes place, gi = g 2 = * * * = = 0. Furthermore, we 

shall choose the arbitrary constant in I7(gi, Q' 2 , . • . , qn ) — 
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the of the potential energy — so that in the equilibrium 

position U = 0. Then we expand the function U in a Taylor 
series in the neighborhood of gi = go = • • • = = 0. For 

simplicity's sake we consider the case n = 3, i.e., a system with 
3 degrees of freedom, but the results can easily" be generalized 
for arbitrary values of n. The Taylor expansion of U is given by 


U 


dq 

+ 2 


dU , dU 

+ ws- 


+ + 2 ’ 


2\dql' 


o , d^u o , d-U 


d^U 




giga + 2 


dq2 dq^ 


q^qz + 2 


d^U 
dqz dq 


qzqi ) + 


( 1 . 1 ) 


where the derivatives are to be taken for gi = go = gs = 0. 
In the theory of small oscillations we shall neglect all terms that 
are higher than the second order. 

Now the equilibrium condition (cf. Chapter III, section 9) 
requires that 517 = 0, and therefore the generalized forces 
= —dU/dq 2 , Qz = —dU/dq^ vanish for 
gi = g 2 = gs = 0. Hence, in the expansion of U only the 
quadratic terms remain, and we have as an approximate expres- 
sion for U the following quadratic function, or quadratic form: 


U 


— I q — v^gs d — "1 2 — r— 'gigo + 2 -r — ^ — g^g^ 

2\aql^‘- dqi^~ dqi^^ -S'?! dq«dqi^ 


H- 2 


3- 

aqz 




(1-2) 


We shall obtain a more symmetric form of expression (1.2) if we 
remember that 


dMT ^ d^U 

dQi dqj dqj dqi 


and substitute, for example, 


^ dMi 
^da^ dO‘> 


gig2 


d^Mr , dM 
-gig2 + 


da^ d02 


do 2 dqi 


g^g 


and write all terms containing products of coordinates in a similar 
way. Then Eq. (1.2) can be put in the following simple form: 


a-c 
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An analogous form holds for arbitrary n. Since the derivatives 
are taken at the equilibrium position, they represent constant 
coefficients, and we write d^U/dqidqj = kij. It is evident that 
hij = hji. Then the expression (1.3) becomes 

3 3 

U = 

i=i y=l 


We shall consider in this chapter stable systems only. In this 
case the potential energy has a minimum in the equilibrium posi- 
tion. Hence, U has a minimum for = ^2 = ^3 = 0. Since 
U itself is equal to zero at this point, it must be positive every- 
where else. We call a quadratic function of n variables, which 
is never negative for arbitrary values of the variables, a positive 
definite quadratic function or a positive definite quadratic form. 
The potential energy of a stable system is represented by such a 
positive definite quadratic form of the coordinates. 

The forces Qi, Q 2 , and Qz acting on the system, if it is in 
the arbitrary position gi, ^ 2 , Qz, are obtained from (1.4) by 
differentiation 


"Qi = — ki\q\ + ^12^2 + kizqz 

dU 

"Q2 = = ^ 21^1 + ^ 2^2 + ^ 23^3 

oq2 

-Qg = __ = ksiQl + ^32^2 + 


(1.^ 


We multiply the Eqs. (1.5) by qi, q 2 , and qz, respectively, an 
obtain by addition 

3 33 

-Qiqi - Q232 - QsQs = 2 ^ 

1 = 1 



^ = 1 I == 1 


This relation has the following physical significance: The Qi are 
the forces produced by a deflection gi, ga, and Qz; we call them in 
the case of a stable system the restoring forces, and the coefficients 
kij, the spring constants. Hence, the forces which, when applied 
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to the system from the outside, would produce the deflections 
^ 1 , g 2 , and qz are equal to — Qi, —Q^, and — Qs. The expression 
(1.7) states that if the system moves under the action of external 
forces from the equilibrium position to an arbitrary position 
^ 1 ; ^ 2 , ^3, its potential energy increases by an amount equal to 
the work of the forces which produce the displacement. Equa- 
tion (1.7) holds also for an arbitrary number of degrees of 
freedom. 

Let us consider now the kinetic energy of the system. The 
kinetic energy is a homogeneous quadratic function of the gen- 
eralized velocities, where in general the coefficients are functions 
of the coordinates. Hence, we can write the kinetic energy T 
in the form: 

3 3 

T = ( 1 . 8 ) 

2=1 i=i 

where rtiij = 

We shall neglect terms of higher than second order in the 
q's and ^^s. Then we have to replace the functions 7nij by 
their values for = qo = q^ = 0, i.e,, by the first terms of their 
expansions in the neighborhood of the equilibrium position. All 
other terms of the expansions contribute to the kinetic energy 
T terms at least of the third order. We call the constants 
niij (0, 0, 0) (denoted by mij) the inertia parameters of the system. 
The kinetic energy cannot be negative by its definition. Hence, 
T is a positive definite quadratic form of the velocities. 

Since T does not depend on the coordinates, we have 
dT/dqi = 0. Therefore, in the case of small oscillations, 
Lagrange’s equations appear in the following simple form: 

dt\dqij dqi 

We shall write these equations explicitly for ri — 3. Sub- 
stituting (1.5) and using (1.8), we obtain 

TTiiiqi + mi2^2 + niisQz — —(kiiQi + ki2q2 + kizqs) 

niiiqi -{- ^22^2 + ni2zqo = —{koiQi + A' 22^2 + kizqs) (1.10) 

msiQi + niz2q2 + 'nhsqz = —{ksiQi + kziQ'i + ks^qz) 

The terms containing kn == k^u k^s — A:32, and ksi = krs 

are called the datic coupling terms, whereas those containing 
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k, 


k 


pnrrimnrH 


^7 


kz 


yyiy^ = W 21 , ^<^23 = '^ 32 j and msi = are called the dynamic 
coupling terms. The physical significance of the static coupling 
term —hi^qj is evident from Eq. (1.5) : it represents the contribu- 
tion of the deflection g/ to the force Qi. The physical meaning 
of the dynamic coupling terms is seen if we consider the general- 
ized momentum components fcf. Chapter III, section 11 ]; 
mijQj is the contribution of the velocity component to the 
ith. component of the generalized momentum. 

In the next sections we shall consider systems with static 
coupling terms only. In the last two sections we shall deal with 
systems with dynamic coupling and show how this case can be 
reduced to that of static coupling. 

2. Linear Oscillation of Two Coupled Masses. — Let us assume 
that a system consists of two masses, mi and m 2 . Each mass 
is restrained by an elastic spring to a fixed base, and a third 

elastic spring connects the two 
masses. We assume that in the 
equilibrium position all three 
springs are unstressed. 

We choose as coordinates gi 
and g 2 the displacements of the 
masses in the positive :r-direction (Fig. 2.1). The elastic 
restraints produced by the two springs acting between the masses 
and the fixed bases are equal to —kvii and —k 2 q 2 , respectively. 
The elastic force of the spring acting between the masses is equal 
to the product of a coefficient k and the change of the distance 
between the two masses. If we consider all forces positive in the 
direction of the positive a:-axis, the force exerted by this spring 
on mi will be equal to —k(qi — ga), and the force exerted on 
m 2 is equal to —k(g 2 — gi), so that the total force acting on 
nil is equal to Qi = —kiqi — k{qi — ga), the total force acting 
on m 2 is equal to Q 2 = ~-/c 2 g 2 — k{q 2 — gi). 

The potential energy is given by [cf. Eq. (1.7)] 


<7, 


^2 


2,1. — A coupled system with 
two degrees of freedom. 


r/ = i [kiq\ + k^ql -f- k{qi — 52)=] 


( 2 . 1 ) 


It is seen that = —dU/dqi and that Q 3 = —dU/dq-i. 
The kinetic energy is equal to 


T = i(miql + 711241) 


( 2 . 2 ) 
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We derive from Eqs. (2.1) and (2.2) the equations of motion 

miQi = —(ki + k)qi + kq 2 
Tfi^q^ = kqi — (/jo ”}” k^Q'i 

The method leading to the solution of such systems of linear 
differential equations was discussed in Chapter I. We put 
qi — Aie^\ q 2 = ^ 2 ^^^ — ^where Ai, and A 2 may be real or com- 
plex — and obtain for Ai and A 2 the two linear equations 

Ai(miX^ A- ki A k) — A 2 k = 0 .. 

-Aik + A2(m2\- + k. + k) = 0 ^ ^ ^ 

The system of linear equations has solutions different from 
A, = A 2 = 0, if 

”1“ "j” ^2 “b ^) — k'“ = 0 (2.5) 

This equation is the characteristic equation of the system 
(2.3). We write (2.5) in the form: 


(\2 + -t- — )(x= + — + — ) 

\ mi mi/\ 7712 1712/ 


and solve Eq. (2.6) for We can write X- in the two following 
forms: 


'■ - - 5 (- 


“4“ ^ _j_ ^2 “b 
mi m 2 ) 


, 1 (ki A , h 
1/fci A k , k2 A h' 


L±J)' 

7172 / 


.kik2 ~b ^’(^1 ”b ^' 2 ) 




“b k k2 “b 


The expression under the radical sign in Ec|. (2.8) is always 
positive; hence, X‘^ is real. In Eq. (2.7) the absolute valuer of tlit‘ 
second term is smaller than that of the first term since /:, ku and A*- 
are positive. Hence X“ is negative, and we can \vrit(‘ X = ± /co, i.e . , 
we obtain undamped harmonic oscillations with the frccpiency w. 

.> A‘i “b k A’-v “b k , 

Let us use the notations cob = ’ 0^22 = ^ 


= k/\/ 771 x 7712 . The quantities con and C 022 have simple phys- 
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ical meanings. Let us assume that the mass m 2 is held fixed, 
i.e., q 2 = 0. Then the equation of motion for mi will be 

rriiqx == — (fci +• lf)qi 

Hence, the angular frequency of the mass mi is in this case equal 
to ojii. Correspondingly, C 022 is equal to the angular frequency 
of m 2 if the mass mi is held fixed. 

With these notations and with we obtain from 

Eq. (2.8) 

0,2 = ± iV (cofi — 02 I 2 Y + 4cof2 (2.9) 

Equation (2.9) gives two values for say cof and aj|; we call 
coi and C 02 the natural frequencies of the coupled system. 

There are four values of X, viz., icoi, —ioii, ^co 2 , and —ioi 2 > If we 
substitute any of these values into Eq. (2.4), the two equations 
become identical, and we obtain 

•42 _ miX^ -f- fei d~ ^ _ h . 

4i ~ h ni2'k^ -\- ^2 + h 

The two expressions in (2.10) are equal as a result of (2.5). 

The general solution of the system of equations (2.3) will be 

The constants in Eqs. (2.11) are not arbitrary. Since qi and 
q 2 are real, the coefficients of the type and A[^'> must be 
complex conjugate. Hence, putting 

- n< - 

^(1) = Ai^^ = (2.12) 

and so on, we have 

d- i(«i A- «4-^2) _p 'i(w2«+^2)^ 

or 

cos (o>it + ^ 1 ) + <7i^^ cos (co 2 ^ + ^ 2 ) (2.13) 

(7^1) _ (7(1) 

and similarly, with 4^2^^ = and 4^2^^ = v^e have 

q^ — cos (a?i^ + T^i) + cos ( 0 ) 2 ^ + ^ 2 ) (2.14) 


We see that and = Ai^^/A[^\ so 
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that the amplitude ratios C 2 /C 1 are directly determined bv Eq. 

( 2 . 10 ). 

Equations (2.13) and (2.14) contain four arbitrary real con- 
stants: V^i and 1 ^ 2 ; these are determined by the initial 

positions and velocities of the two masses. The equations show 
that the most general motion of the system is made up of the 
superposition of two pure harmonic oscillations : 


cos (wii + xPi) 
q 2 = cos (o3it + \pi) 

and 

qi — cos (oiot + i/ 2 ) 
' q^ = cos {o) 2 t + i/ 2 ) 


(2.15) 

(2.16) 


In each of these oscillations the two masses oscillate with 
the same frequency and in the same phase. Their amplitudes are 
in a definite ratio which is given by Eq. (2.10). The pure 
harmonic oscillations given by (2.15) and (2.16) are called the 
principal oscillations or the principal modes of oscillation of the 
system. 

Let us apply these general results to a case of two equal masses, 
restrained by identical springs to the fixed bases. Then vith 

K + h 

mi = m 2 = m, ki — h 2 = K, we have cofi = cofa = ? 

m 

0 ) 12 = k/m, and from Eq. (2.9) 

0)^ = cofi ± 0)12 (2.17) 

The equations for the two frequencies are 

, K , K + 2k 
^ ^2 = 


The amplitude ratios are given by 

C 2 __ -mo)2 + K + k 
Cl k 


(2.18) 


If we substitute o)‘^ = wf, we obtain = 1; for 0 ;^ = w| 

we have = — 1. 

The first ratio corresponds to the lower frequency called the 
fundamental mode of oscillation. In this mode of oscillation the 
two masses oscillate with the same amplitude and in the same 
direction. In the second mode of oscillation, which corresponds 
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to the higher frequency, the two masses oscillate with the same 
amplitude, but in opposite directions. These two pidncipal 
oscillations are not coupled; each of them can occur independ- 
ently. For example, if at i = 0 the two masses are set in motion 
with equal velocities in the same direction, their motion will be 
identical all the time. If their initial velocities are equal and 
opposite their velocities will remain equal and opposite. In 
any other case, for example, if at ^ = 0 the mass m.i has a certain 
initial velocity, while the initial velocity of the mass is equal 
to zero, both principal oscillations are excited simultaneously. 
If ^ K, the two frequencies oji and co 2 are only slightly 
different; then the superposition of the two principal oscillations 
will bring about the well-known phenomenon of heats. The 
reader will easily verify (using the method of Chapter lY, 
section 6) that the amplitude of the mass mi will decrease and 
that of m 2 increase until the mass mi comes to rest and the 
amplitude of m 2 is the same as that of mi at the beginning of the 
motion. Then the amplitude of mo decreases again, and that of 
mi increases. This process is sometimes called the wandering 
of the energy between the degrees of freedom. The energy of 
the principal oscillations is constant; there is no transfer of 
energy between them. The notion of the principal oscillations 
will be expanded in more detail in the next sections. 

3. Conservative System with Static Coupling. General 
Theory. — ^Let us assume that the potential energy of the oscil- 
lating system is given by 

n n 

U = ’^kijQiqj (3.1) 

j=l 

where qi, ^ 2 , - . - , are generalized coordinates. We assume 
that kij = kji. We also assume that U has a minimum for 
9i = ^2 = • * * = qn — 0, i.e., the equilibrium position is 
stable. Therefore, U is positive for any other arbitrary values 
of the qfs. Since there is no dynamic coupling, the kinetic ema-gy 
is given by 

n 

T = (3.2) 

i==l 


Lagrange’s equations in this case become 



3] 


STATIC COUPLING 


171 


— Wbiqi — hiiqi + /bi2^2 + - • • + kmqn 

W-2^2 = ^21^1 k22q2 * * * “h k^nq-n. 


'i^nqn kniqi + kn^q^ ~h ■ * ■ + knnqn 

We shall consider solntions corresponding to pure harmonic 
motion* 


Qi = Ai sin (cat -j- id (3.4) 

where 6? is the angular frequency of the oscillation and ^ an 
arbitrary phase angle. Then qi = —oi‘^qi, and substituting this 
expression in (3.3) , we obtain n homogeneous linear equations 
for qi, ^ 2 , . - . , qn, viz., 

kiiQi + ki^q^ + ‘ ‘ * + kinQn = wiica^qi 

k2lQl + ^22^2 + * • * + k2nqn = 77lzCa^q2 /Q ..X 


knlQl + ^w 2^2 + * ’ * + knnQn = 77lnCa^qn 

The system in (3.5) has solutions diferent from zero if the deter- 
minant of the system vanishes, i.e., 


kii — niica^ ki2 

‘ * kin 

knl kn2 

‘ ■ knn 771 nCa^ 


(3.6) 


Equation (3.6) is an algebraic equation of the degree n for w- 
and is called the frequency equation. It can be proved that, if 
U is positive definite (stable equilibrium), the roots w- are all 
positive. The cases in which (3.6) has a zero root or two equal 
roots will be excluded, and the n roots will be denoted by 
oof, cal, Then substituting the roots successively 

into (3.5), we obtain n sets of expressions for the q’s; each set 
corresponds to one of the frequencies wi, 002 , . ... can- 
general solution is, therefore, 


qi = '^ A;.'"' sin (cort -\r i'd (3.7) 

r = l 

* By substituting qi = ^ we would obtain complex values for At and 

would have to eliminate the complex quantities as we did in the last section. 
Hence, it is simpler to assume directly a solution in the real form. Whether 
we use sine or cosine is arbitrary. 
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where • • • ? A^^'^ correspond to the frequency oji; 

A^l\ Af\ . . . , A^^'^ to 0 ) 2 ,* and so on. As the Av^’s satisfy 
the same system of homogeneous equations (3.5) as the g/s, they 
are determined only as far as their ratios are concerned. Every 
set contains an undetermined multiplicative factor. 

We call the oscillation determined by one set of the Af^^s, 
for example, the oscillation given by qi = sin (o)it + xpi), 
sin {coit + ^i), and so on, a principal oscillation or 
a principal mode of oscillation of the system. The number 
of principal oscillations is equal to the number of degrees of 
freedom. 

Every principal oscillation is a pure harmonic motion. The 
most general form of oscillation of a system with n degrees of 
freedom consists, therefore, of the superposition of n pure har- 
monic motions. If, for instance, the system is composed of n 
masses, and we assume that the coefiBLcients Af^ of only one 
principal oscillation are different from zero, the n masses oscillate 
with the same frequency and in the same phase. Then we say 
that the system oscillates in a principal mode. 

The frequencies of the principal oscillations are also called the 
natural frequencies of the system. The lowest frequency is called 
the fundamental frequency. The principal oscillations are often 
numbered as first, second, and so on, principal oscillations in 
order of ascending frequencies. 

4. Orthogonality of the Principal Oscillations. — We shall 
prove in this section a fundamental property of the principal 
oscillations that is important for the practical calculations of 
the natural frequencies and also for the treatment of forced 
vibrations. 

Let us consider two principal oscillations, e.g., those correspond- 
ing to col The coefficients of these two modes of vibration 

A[^\ A^p, . . . , A^^^ and Ai®\ A^®^ • • • , A^f satisfy the 
following equations [cf. Eq. (3.5)]: 

/caA7' -f- ki2A^{^ + ‘ • • + fenAJr^ = (4.1) 

for f — 1, 2, . . . , n, and 

hinA^f^ — (4.2) 

also for f = 1, 2, . . , , n. 

We multiply Eq. (4.1) by Al^\ and Eq. (4.2) by A\^K Then we 
obtain 



Sec. 4] 


OR THOGONALI T Y 


173 


= (4.3) 

and 

+ ki^Ai’^Ai'^ + . . . 4- 

= m..cd=-4!‘’’,4r' (4.4) 

If we now add the n equations of the form (4.3) obtained by- 
substituting f = 1, 2, . . . , w, we have 

n n n 

^ hjAfA^?-' = (4.5) 

i=lj=l i=l 

Adding the n equations of the form (4.4) obtained by sub- 
stituting i = 1, 2, . . . , w, we have 

n n n 

X (4.6) 

4 = 1 i *= 1 4-1 

The left sides of Eqs. (4.5) and (4.6) are identical. To show 
this, let us interchange in the summation on the left side of 

n n 

Eq. (4.5) the subscripts i andj. Then we obtain AfK 

J = 1 4=1 

Since kij = hjt, this sum is identical with the left side of (4.6). 
Therefore, the right sides must also be equal, i.e., 

n 

(co? - icD^rruAY^Af = 0 (4.7) 

4 = 1 

Since coj and are different, it follows that 

n 

= 0 (4.8) 

4=1 

The relation (4.8) is known as the orthogonality relation for 
the principal modes of oscillation. Sometimes we also say that the 
principal modes are orthogonal. 

This terminology will be justified by the illustrative example 
given below. We notice that our proof is based on the condition 
that for all z’s and j’s, hj = k^i. We remember that this is 
true only for a system of forces which can be derived from a 
potential energy. Hence, the orthogonality of the modes of 
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vibration is a property of systems with a potential energy. It 
does not hold, for example, for nonconservative systems. 

An Illustrative Example . — ^Let us assume that a particle of unit 
mass can oscillate in all directions and is restrained to its equilib- 
rium position a:i = 0:2 = 0:3 == 0 by forces which are linear func- 
tions of the three rectangular components of its displacements. 
We assume that the rectangular components of the force which 
produces a displacement a;i, Xz are given by 

El == kiiXi -f- ki 2 X 2 "f" kizXz 

X 2 = ^ 21^1 “f" k22X2 H“ ^23^3 (4.9) 

^3 = kziXi + kz2X2 “h kssXz 

The system of forces is supposed to be conservative and, there- 
fore, ki2 = ^21, k2z == ^ 32 , ^31 = ^13. The potential energy is 
given by 

U = ^(XiXi + X 2 X 2 + XzXz) = kijXiXf ( 4 - 10 ) 

The force system ( 4 . 9 ) can be realized, for example, by the 

following arrangement (Fig. 4 . 1 ): 
the mass is suspended at the point 
D between three arbitrary fixed 
points A, B, C hy three springs 
whose spring constants are ka, kb, 
and kc If the displacements of 
the mass are small compared to 
the lengths of the springs, the 
spring forces will act approxi- 
mately along their respective axes 
corresponding to their equilibrium 
If the components of 

restrained in space illustrating an the displacement of the maSS in 
ortrledom"''®*'’” direction of the three springs 

are equal to a, h, and c, respec- 
tively, the potential energy of the system is given by 

U = -j- keC^) 

Then if we express a, h, and c in terms of .Ti, .T2, and Xz, we obtain 
the general form ( 4 . 10 ). 
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The kinetic energy of the mass is equal to 
T = + ±1'+ i|) 

The equations of motion are 


— xi = hiiXi + kx^X2 + hi^xz 

—x% = kziXi + ^22X2 4 - ^'23X3 ( 4 . 12 ) 

~Xs = kziXi + ^ 32 X 2 + ^ 33 X 3 


The frequency equation is given, according to 
determinant 


kii — 0)2 ]Cl2 ki3 

^21 ^22 ^23 
kzi kz2 kzz — 0)^ 


= 0 


(3.6), by the 


(4.13) 


Denoting the roots of (4.13) by cof, o)| and a>l, we obtain the 
general solution of the problem of free oscillations [cf. Eq. (3.7)]: 

Xi = A[^'> sin (coi^ + \pi) + sin (ca^t + 


X 2 = sin {ooit + \pi) + A^^ sin (o) 2 ^ + 

+ sin {ojst 4- i's) (4.14) 
Xz = sin (ooit 4 - ^ 1 ) + Af'^ sin 4- ^ 2 ) 

4“ *4 3 ^^ sin ( 0 ) 3 ^ 4" ^ 3 ) 

Consider, for example, the first mode of oscillation. The 
equations 

xi = sin (coi^ 4“ ^ 1 ), X 2 = Ai^^ sin (out 4- t/^i), 

X 3 = sin (coi^ 4 -^ 1 ) (4.15) 

are equations for a segment of a straight line in the parametric 
form with t as parameter. If we denote the direction cosines 
of this straight line by and (pi^\ we can write 

(4.16) 

where Ci is an arbitrary constant. Then (4.15) becomes 

Xi = Ci(p[^^ sin {oiit 4“ ^ 1 ) 

X 2 = cnp^ 2 ^ sin [o)it 4- v^'i) (4.17) 

Xg = Ciip^z'' sin {o3it -h \^i) 

Obviously Ci is the amplitude of the oscillation, since 

4- = 1 


(4.18) 
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and, therefore, the displacement of the mass point at the time t 
is equal to 

\/xl xl + = Cl sin 

Let us now consider the second mode of oscillation which cor- 
responds to coi- We have 

Xi = sin (co 2 i 5 ~f~ i/' 2 ) 

X 2 = sin {o) 2 t + ^ 2 ) (4.19) 

Xz = sin 

We now write 

A^^^ = (4.20) 

where C 2 is the amplitude of the oscillation and (p{^\ (p^^\ and 90 ^^^ 
are the direction cosines of the straight line along which the 
mass oscillates. 

If we substitute the coefficients A^^^ and from (4.16) 
and (4.20) in Eq. (4.8), we obtain 

CiC 2 (^i^V?' + = 0 (4.21) 

According to a well-known relation of analytical geometry, the 
expression in the parentheses is equal to the cosine of the angle 
between the two directions defined by the direction cosines 
<P 2 ^^ ^ 3 ^^ <p^^\ (p^ 2 \ Hence, in this case Eq. (4.8), which 

we called the orthogonality relation, has the simple geometrical 
meaning that the two principal oscillations take place along 
straight lines which are perpendicular to each other. The same 
is true for any two principal oscillations. And any oscillation of 
the mass in space — no matter how complicated it may look — is 
made up by superposition of three linear oscillations in three 
perpendicular directions. 

Normal Modes of Oscillation . — ^Let us return to the first prin- 
cipal oscillation. If we put Ci = 1 , we obtain a mode of oscilla- 
tion with unit amplitude given by the equations 

Xi ~ sin (coii + yj/i) 

X 2 = (p^ 2 ^ sin {ooit + f 1 ) (4.22) 

Xz ~ ^ 3 ^^ sin {(Jilt + v^i) 

We call (4.22) a normal mode of oscillation. Since the sum of the 
squares of and is equal to unity, we obtain the normal 

mode of oscillation from the expression (4.15) by putting 
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H- + Ai^^" = 1 (4.23) 

In other words we use the term, 'principal oscillation, for an 
oscillation of undetermined amplitude; the term, normal mode, is 
used for a principal oscillation normalized by the normalizing 
condition (4.23). 

The normalization of the principal oscillations is useful also 
in the case when the kinetic energy appears in the more general 
form (3.2), i.e., the inertia coefficients mi are not equal to unity, 
as they were assumed in this simple example. In the general 
case it is convenient to use as normalizing conditions n relations 
of the following form (for r = 1, 2, . . . n, ): 

n 

= M (4.24) 

where M is a constant of the dimension of the inertia coefficients 

n 

mi."*" We choose M — mi. Then in the special case 

mi — m 2 = • • * = mn — 1, the condition (4.24) is identical 
with (4.23). 

We write now by analogy with (4.16) and (4.20) 

(4.25) 

and call the common factor Cr the amplitude of the rth principal 
oscillation. Then the expressions for the rth norynal mode of 
oscillation become with Cr = 1 : 

q. = ipf ^ (4.26) 

where f = 1, 2, • • • , To be sure, the n- coefficients 
which we call the coefficients of the normal modes, no longer have 
the significance of direction cosines. They are numerical 
constants which satisfy the systems of equations (i = 1, 2, 

. . . ,n): 

fcil'pl’’' H” "f" ■ ■ ' “I” kin<Pn^ — nliOir'pr (4.2 <) 

* We assume that the coordinates gi, ga, . . . , have the same physical 
dimension; for example, they are all lengths or angles, etc. This can always 
be accomplished by multiplication by some constant parameter of the 
physical setup or by a combination of some of them. The expressions 
become more symmetrical in this way than in coordinates of different 
dimensions. 



ITS 


CONSERVATIVE SYSTEMS 


[Chap. V 


and the normalizing condition 

= M (4.28) 

Through these equations they are determined entirely by the 
parameters (spring constants and inertia factors) of the system. 
They also satisfy the orthogonality condition 

n 

= 0 (4.29) 

1*1 

provided r 9 ^ $. 

5. Example of a System with Three Degrees of Freedom. — A 

shaft with a uniform torsional stiffness C carries three disks of 
equal shape and size at three equidistant points (Fig. 5.1a). 

The shaft is fixed at x — 0; the 
distance of the first disk from the 
fixed end and the distance between 
the disks is equal to Z. At x = 3Z 
the shaft has a free end. Then 
denoting the inertia moment of 
each disk by I, the angular deflec- 
tion of the three disks by qi, ^ 2 , and 
gs, the kinetic energy of the system 
is given by 

3 

T = (5.1) 

The potential energy of each sec- 
tion of the shaft is equal to ^c(Aqy 
where Ag is the relative angular 
displacement of two adjacent disks 

and c = j • Hence, the potential energy is given by the expression 

u = ^ [ql + (92 - 91 )^ + (?3 - 52)^1 (5.2) 

or 

u = |(2gf + 2 ql + - 2 qiqi - 29 - 293 ) 

The equations of motion are 




1 








$ 




$ 


+ 



^2 


(a) 


3 



(h) 

Fig. 5.1. — ISTormal modes of 
torsional oscillation of a shaft 
carrying three disks. 
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-Iqi = c( 2 qi - q, ) 

Iqi = c ( — qi + 232 — 53) 
—Iqi = c( — 52 + 93) 


Hence; the frequency equation ; 


or with X = JcaVc 


-1 1 - 


- 5X2 + 6X - 1 = 0 


The three roots of Eq. (5.5) are approximately Xi = 0.1981, 
X 2 = 1.555, and X 3 = 3.247. (For the calculation of these 
roots the reader is referred to section 8 of this chapter.) 

The normalizing condition (4.28) for the normal modes 
becomes 

= M = L ±J^ .± J . = I 


Hence the coefficients of the normal modes of oscillations satisfy 
the equations 

(2 - \r)<pr - = 0 

4- (2 - = 0 (5.6) 

+ (1 - X,)^^’-^ - 0 


These equations give the following values: 
for r = 1 , 

= 0.328, = 0.591, = 0.736, 


«i = 0 , 445 ^ 


for r — 2 , 

^(2) -0.736, = -0.328, = 0.591, 


.2 = 1-247^j 


^ I 
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for r = 3, 

- 0.591, = -0.736, = 0.328, 

0)3 = 1.80u/^ 

The amplitudes of the normal modes are shown in Fig. 5.15. 
The sign chosen for any particular mode is arbitrary. We may 
verify the orthogonality relations. For example: 

= (0.328)(-0.736) 

+ (0.591)(-0.328) + (0.736)(0.591) = 0 

6. The Kinetic and Potential Energies in Terms of the Principal 
Oscillations.- — We shall now express the kinetic and potential 
energies of a conservative system with static coupling in terms of 
the amplitudes of the principal oscillations. We found in section 
3 that the most general form of oscillation of such a system is 
represented by superposition of n pure harmonic oscillations 
[cf. Eq. (3.7)] 

n 

qi = sin {oirl + i/'r) (6.1) 

r=l 

Introducing the amplitudes of the principal oscillations by putting 
= (pV'^Cr [Eq. (4.25)], we have 

n 

Qi = '^ <Pi'"‘Cr sin (cOri + lAr) (6.2) 

r = 1 

Let US calculate first the kinetic energy of the system, which is 
given by Eq. (3.2). Differentiating (6.2), we obtain for the 
generalized velocity component qi the expression 

n 

Qi ^ cos (ujrt + ^r) (6.3) 

r 1 

If we substitute this expression in the formula for T, we obtain 
terms that contain the squares of the amplitudes and terms that 
contain products of the form CrCs. We show that the terms 
containing products vanish as a result of the orthogonality of 
the principal oscillations. In fact, the coefficient of CrC^ in the 
expression 
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n 

T = i cos (u>ii + ^i) + ■ • • 

i=l 


becomes 


+ (p^NoinCn COS {o>nt + 


(6.4) 


OJrOJs COS (cOrt + \f/r) COS (oOet + ip^f (6.5) 

2=1 

This expression vanishes according to Eq. (4.29) when r 9 ^ s. 
The coefficient of the square cl in Eq. (6.4) is 


n 

iaf cos^ (cori + (6.6) 

i=l 

According to Eq. (4.28) (normalizing condition) 

n 

= M 

2 = 1 


where M = (l/n)^^ mi, i.e.j M is equal to the mean value of the 


inertia coefficients in the original expression for T. Hence, 
(6.4) is reduced to the form 


T - COS2 {crt + tAr) (6-7) 

1 

Let us assume, for example, that = 3. Then Eq. (6.7) would 
represent the kinetic energy of a single mass ilf which oscillates 
in three perpendicular directions with the frequencies coi, ws, and 
oiz with the amplitudes Ci, C 2 and cz and with the phase angles 
\l/i, 1 A 2 , and 4/z, respectively. 

Let us now calculate the potential energy. We shall use the 
expression (1.7) for the potential energy 

n 

U == 

i = 1 

where Qi is the generalized force corresponding to the coordinate 
Qi 

n 

Qi — 

y = i 


(6.9) 
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If we introduce for the g’s the expression (6.2), we obtain again 
terms containing the squares of the amplitudes Cr and terms 
containing products of the form CtC^. 

We shall prove that the coefficients of the products vanish. 
It is sufficient to consider a motion consisting of two arbitrary- 
principal oscillations, assuming, for example, that only the rth 
and the sth mode of vibrations are present. Then the coordinate 
qi becomes 

qi = sin (o^rt + 4't) + fp^i^Ca sin {cost + (6.10) 

and 
-Qi = 

+ C8{kii<p^i^ + ki2(p2'^ + * * * + kin<Pn^) Sill (oJst + ^s) (6.11) 

The coefficient in parentheses in the first term is, according to 
Eq. (4.27), equal to coefficient in parentheses in 

the second term is equal to As a matter of fact, this 

means that Qi = sin (co^i + W and qi = sin (cost + \l/s) 
satisfy the equations of motion, i.e,, represent principal modes 
of oscillation. Hence, we have 

— Qi — miool<p^pCr sin (oort 4- ^r) + sin {oost + \ps) (6.12) 

If we substitute (6.10) and (6.12) into the expression (6.8) for 
the potential energy, we see that the coefficient of CrCs vanishes 
owing to the orthogonality relation (4.29) and that the coefficient 
of cl becomes 

n 

sin^ (tOrf + lAr) = sin“ (c0r< + ^r) (6.13) 

Thus, we obtain the following important expressions for the 
kinetic and potential energies of the system : 

n 

T = cos* {Wrt + ^r) 

r =a 1 
n 

U = c^w* sin* (urt + ^r) 

-..= 1 

Each expression consists of a sum of n terms, each representing 
the energy of a single mass M oscillating with the amplitude Cr 
and the frequency oor and with the phase angle 4't^ H we call 
ir = Cr sin (oOrt V^r) 
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the displacement of the rth normal mode, we see that 

n 

T = 

r = 1 

and (6.15) 

n 

u = 

r »1 

Each term of the kinetic energy has the form of the kinetic 
energy of a single mass M whose displacement is Sr. The 
corresponding term of the potential energy is equal to the poten- 
tial energy of a mass point restrained to its equilibrium position 
by a spring of the spring constant Kr = We remember 

that in the case of a single mass with elastic restraint the fre- 
quency is equal to a? = s/K/M; hence, the spring constant is 
given by K = 

It is seen that the total kinetic and potential energies of a con- 
servative system can be expressed as sums of the energies of 
the normal modes, where the kinetic and the potential energies 
of each normal mode can be calculated as the kinetic and the 
potential energies of a single mass. ^ 

The expressions (6.15) show that if we use the displacements 
of the normal modes as coordinates of the system, the oscillation 
problem is greatly simplified. The equations of motion become 
simply 

I. = -c4kr (6.16) 


where ?’ = 1, 2, . . . , n. 

In the case of our illustrative example treated in section 4, 
this amounts to the use of a rectangular coordinate system 
$ 2 , ^ 3 , whose axes coincide with the directions of the principal 
oscillations of the mass point, instead of the arbitrary coordinate 
system Xi, X 2 j Xz, 

We see from Eq. (6.2) that the coordinates and the dis- 
placements of the normal modes ?r, which we also might call the 
normal coordinates of the system, are connected by the relations 

n 

Qi = 

r — 1 
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Hence, the coordinates qi{i ~ 1, 2, . . . , n) are linear combina- 
tions of the normal coordinates (^ = 1, 2, . . . , n), and vice 
versa. Therefore, the oscillation problem of a conservative 
system can be formulated in the following way: to find 
linear combinations of the coordinates qi such that the kinetic 
and the potential energies expressed in the new coordinates 
appear in the form (6.15), i.e.^ the mixed products are zero. 
The solution of this problem is equivalent to the solution of the 
oscillation problem given in section 3 and, in general, requires the 
same calculations. However, in some cases it may be simpler to 
find directly the transformation between the original and the 
normal coordinates than to calculate the frequencies and normal 
modes. 

Let us consider, for example, the linear oscillation of two 
masses treated already in section 2. Assume that the two masses 
are equal: Wi = m 2 = m. Then the kinetic energy is equal to 


T = f (?? + ql) 

and the potential energy: 


(6.18) 


U — Hkiiql + 2ki2qiq2 + ^ 22 $'!) (6.19) 


where = ki + k, ^22 = ^2 + ^ and ki 2 = —k. We introduce 
as new coordinates linear combinations of qi and such that the 
kinetic energy keeps the form (6.18), and the potential energy 



Fig. 6.1. — Graphical representation 
of the potential and kinetic energies of a 
coupled system. 


becomes a sum of squares mul- 
tiplied by certain coefficients. 
The easiest way to find such a 
transformation is to consider qi 
and q 2 as rectangular coordi- 
nates in a plane. Then the 
equation 

+ 22(?'i) = 1 

( 6 . 20 ) 


represents an ellipse (Fig. 6.1). [The case in which Eq. (6.20) 
defines a hyperbola contradicts the assumption of stability. The 
positions qi.q^, corresponding to a given 17, must be restricted 
to a finite neighborhood of the equilibrium position, v/hereas 
a hyperbola has points at infinity.] Now it is evident that if 
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we turn the coordinate system so that the new axes and ^2 
coincide with the principal axes of the ellipse, the equation of the 
ellipse becomes 



where a and h are its semiaxes. 

Let us turn the coordinate system by the angle 0; then 

qi = f 1 cos ^ - ^2 sin d 
^2 “ -^1 sin 0 -f- ^2 cos d 

If we substitute (6.21) in Eq. (6.20), the coefficient of 
becomes 

(^22 — fell) sin 6 cos 6 + A;i 2 (cos- 6 — sin^ &) 

This coefficient vanishes if 

Oh 

tan 2d = , (6.22) 

^11 — ^22 

Equation (6.22) yields two values for 0 which differ by 7r/2, 
corresponding to the cases in which we turn the gi-axis into the 
direction of the major or of the minor axis. The reader will have 
no difficulty in verifying — substituting (6.21) and (6.22) into 
(6.19) — that the coefficients of and in the expression for U 
become equal to iwcof and imcof, where wf and aj| are given by 
Eq. (2.9). Hence, 

u = + C.II2) 

Substituting 

qi = cos 6 — ^2 sin 6 
qo — ji sin 6 -h !•> cos 6 

into the expression (6.18) for the kinetic energy, we see immedi- 
ately that 

T = |(l! + ID 

If kii = k 22 , according to (6.22), tan 20 = co and 0 = tt/A 
or 0 — 37r/4. Then from (6.21), taking 6 = w/i, 
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or 


^ <li + _ ^2 — <Ii 

■ ~7r’ *’ “ 


(6.23^ 


In this case the normal coordinates have a simple physical mean- 
ing: is proportional to the displacement of the center of gravity 

of the two masses and fa is proportional to the relative displace- 
ment of the two masses. 

In Fig. (6.1) the curve T = 1 is also plotted, using qi and ga 
as coordinates. Since mi = m 2 , the curve T = 1 is a circle, 
which remains a circle when the coordinate system is rotated. 
If rrix ^ m 2 , T — 1 would represent an ellipse; in this case we 
might first use an affine transformation, introducing qij 's/ini 
and ^ 2/\/ ^^2 as intermediary coordinates. With this transforma- 
tion T = 1 again becomes a circle, and we can continue the calcu- 
lation as we did before. 

In the case of three degrees of freedom the problem of 
finding normal coordinates is equivalent to the problem of 
finding the directions of the principal axes of an ellipsoid 1/ = 1, 
where we consider ^ 1 , and qz as rectangular coordinates, in 
space. The mathematician would consider that even for the 
case 71 > 3 the equation U{qi, ^ 2 , . . . , Qn) — 1 represents a 
quadratic surface in n-dimensional space and would speak of the 
principal axes of such a surface. However, we shall refrain 
from expanding this idea further. 

7- Forced Oscillations. — ^We consider in this section the 
motion of a statically coupled conservative system under the 
action of periodic external forces. We assume that the equations 
of motion are given in the following form : 


d 

dt 



+ = Fi .sin (cot + 


(7.1) 


where Fi is the amplitude of the ^’th component of the generalized 
external force. Substituting the expressions (3.1) and (3.2) 
for U and for T in (7.1), the equations of motion become 
(i = 1 , 2 , . . . , n)-. 

“1“ fcilQ'l + fc2?2 + ■ ■ ■ + ^inQn — ■ F i Sin (^Cct ' ^) (7 *2) 

These equations constitute a system of nonhomogeneous differ- 
ential equations for the qiS. The general solution of the system 
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is obtained by superposition of the general solution of the asso- 
ciated homogeneous system (substituting zero on the right side) 
and a particular solution of the nonhomogeneous system. The 
solution of the homogeneous system represents free oscillations 
where the amplitudes of the various modes of oscillation are 
undetermined. In this section we are especially concerned with 
the methods of obtaining a particular solution of the nonhomo- 
geneous equations. We shall show that if the homogeneous 
problem is solved, f.e., the frequencies and the modes of fre(i 
oscillation are known, there is a relatively simple way of obtain- 
ing such a particular solution. 

We have seen in the last section that the law of motion for 
each normal mode of oscillation is the same as the law of motion 
for a single mass. We have treated the problem of forced 
oscillation of a particle in section 6 of the preceding chapter. 
We have found especially that the amplitude c produced by a 
periodic force Fq sin oit is equal to [cf. Chapter IV, Eq. (6.3)] 

= 1 

^ 

where coo is the frequency of the free oscillation. Let us consider 
this relation from another point of view. Assume that we want 
to maintain an oscillation of the amplitude c with a frequency co 
different from the natural frequency coo. Then we see that a 
periodic force of the amplitude 

Fq = mc(coo — co“) (7.3) 

has to be apphed to the mass. We shall transfer this viewpoint 
to the case of a statically coupled system. We consider an 
oscillation that is similar to the rth normal mode of oscillation 
to the extent that the displacements qi, q 2 , - - - , Qr are in th(‘ 
same ratio, however, its frequency is equal to co. z.e., equal to the 
frequency of the external force. Therefore, we put 

Qi = (p^f^Cr sin (co^ + f) (7.4) 

Substituting (7.4) in Eq. (7.2), we obtain 

— + Cr = Ft 

J = 1 


(7.5) 
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Hence, 


+ mi<pV'>cof)cr = Fi 
Fi = mi(pY^Cr{(4 — co^) 


(7.6) 


This equation is obviously analogous to (7.3); it states that the 
components of the force required to maintain a forced oscillation 
of the type (7.4) are proportional to the inertia factors to the 
coefficients of the normal mode considered, and to the difference 
(o)^ — 0 ) 2 ). Using (7.6), we are able to solve the general problem 
of forced oscillations, provided we can expand the given fordes 
Fij F 2 , . . . , En in sums of the form: 


n 

Fi = (7.7) 

r = l 


In fact, if the coefficients fr are known, it follows from (7.6) 
and (7.7) that 


Cr 


fr 1 



(7.8) 


and, therefore, the solution of the problem is given by 


n 

Qi — (pi'^^Cr sin (a)t H- 

r = l 


(«) 



The determination of the coefficients fr is relatively easy if 
we take into account the orthogonality properties of the 
Let us write (7.7) explicitly, thus, 

Fj = + • • • + • ■ ■ + (7.10) 

where j = I, 2, . . . , n. 

If we multiply the first equation (j = 1) by the second 
(j == 2) by and so on, and add the n equations, we obtain 


X = frX ( 7.1 1 ) 

j =l i - 1 

since on the right side, owing to the orthogonality relations, all 
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columns vanish, with the exception of the rth column. We 

remember that == M = ~ [cf, Eq. (4.28)]. 

j~i i=i 

We now solve Eq. (7.11) for/r: 

and call (7.12) the coefficient formula for the expansion of the 
forces Fj into normal components. The justification for this 
terminology is the following : If we consider the quantity, 

= Mir = 

i=l 

as a force, we can show that the work done by the external forces 
Fi in the displacements qi is equal to the work done by the forces 
in the displacements of the normal mode |r- To show this, we 
multiply Eq. (7.13) by and add the n equations correspond- 
insr to r = 1 . 2 n. We obtain 

n n n 

r = 1 i = l T = 1 

We notice that in the case of our illustrative example (section 
4), Eq. (7.13) simply means that 4 >o, and are the components 
of the vector Fi, F 2 , Fz in the direction of the axes $ 1 , $ 2 , and J 3 , 
since the are the direction cosines of the axes fi, fa, and fs- 
Remembering Eq. (6.17), we obtain 

n n 

X^rir=J^Fjqi Q.E.D. (7.14) 

r = 1 j=l 

We now substitute the coefficients /r from (7.12) in Eq. (7.9) 
and obtain 

_ 1 Fy<,C«S-'' vr 
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or 




n 


2 


sin {cat + yj/) 

^ 

1- «» 


Equation (7.16) can be given a simple physical interpretation. 
We have seen that for the free oscillations the quantities 

play the role of spring constants. As is the normal com- 

ponent of the force system, ^r/Mcof is the static deflection of 
the normal mode due to the normal component of the force 
system. Now we know that in the case of the linear oscillation 
of a single mass the static deflection is increased by the resonance 

factor • In the same way, the amplitude of the forced 

vibration of the type of the rth normal mode is equal to 
$ 1 

r-T 7 ~ 9 N* Multiplying the amplitudes by the coefiS- 

McjO^ X — (co^/coy 

cients of the normal modes and summing over all normal 
niodes, we transform the amplitudes of the normal modes into the 
amplitudes of the coordinates Qi (Eq. 7.16). 

Resonance occurs if — > a??. Near resonance the amplitudes 
of all normal modes are small compared to the rth mode. Hence, 
if resonance occurs near the natural frequency cor, the amplitude 
ratios Qi'-qz: . . - :qn of the forced vibration are approximately 
equal to the amplitude ratios of the normal mode corresponding 
to cOf. 

As an interesting result of this theory we notice that the 
so-called influence coefficients of an elastic system can be expressed 
in terms of the parameters of the free oscillations. If we put 
F; = 1 and all other E’s equal to zero, we have from Eq. (7.15): 


qi = 


n 


2 


(p’jy'y sin {cat + i/') 
£0* 1 — (£oV“r) 


r = 1 


If co/ojr <5C 1, the external and the elastic forces are practically 

n 

in equilibrium. Therefore, Qi = is equal to the static 


deflection under action of a unit force Fj. This quantity is 
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called the influence coefficient of the force Fj on the deflection qi. 
We denote this coefficient by g*;. The formula 


9ii = 


r = l 


shows that gij = gji in accordance with the well-known reciprocity 
theorem of elastic structures, which is also known as MaxwelTs 
theorem. 


Example. — We consider the same example which we treated in section 5 
and assume that the shaft with the three disks is subjected to an alternating 
torque To sin oit, which is imposed on the second disk. Then Ft = 0, 
Fz — 0, and = To; 4^ = Q. We remember that M = I. 

Thus from (7.15) we obtain the angular displacements of the three disks, 
using the numerical values of the obtained in section 5, 


qi = 

92 = 

93 = 


(0.328) (0.591) , (-0.736) (-0.328) . (0.591) ( -0.736) 
- _ . 


03 , — 63 - 


(0.591)2 , (-0.328)2 (-0.736)2 


4” 


+ ■ 


To 


sin oit 


(0.591)(0.736) (-0.328)(0.591) (- 0.736) (0.328)1 To . 

^ [ ^ j „ sin cat 


CO, — 03 - 


JT 


8. Solution of Algebraic Equations with Real Roots. — Most 
vibration problems involve the calculation of the roots of alge- 
braic equations. Since the frequency equation (3.6) of section 
3 has only real roots, we restrict ourselves in this chapter to the 
computation of real roots. 

Let us assume that f(x) is a polynomial in x of degree 7i 
with real coefficients. Then if we plot the curve y = f(x) for 
real values of x, the real roots of the equation f(x) = 0 ’v\dll be 
represented by the intersections of the curve y = f(x) with 
the x-a>xis. If the number of such intersections is less than n,* 
say equal to m, there are (n — m) complex roots. If a + i^ is 
a root of f(x) = 0, a — i^ is also a root, and therefore n — m 
must be an even number. 

Since f(x) is a continuous function, if f(a) and f(b) have 
opposite signs, there is at least one real root between x = a and 


* We shall exclude the case in which the ciirv^e ?/ — fix) is tangent to the 
axis for z = a, i.e., a; = a is a multiple root. 
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X = b. The methods of determining the exact number of real 
roots without plotting y = f(x) will not be treated here because 
of their restricted practical value. However, a simple rule will 
be mentioned that gives an upper limit for the number of real 
roots between ^ = 0 and x = oo ; in other words, for the number 
of positive roots. This rule, given by Descartes, states that the 
number of positive roots of f(x) = 0 is equal to or less than the 
number of changes of sign between successive coefficients of 
the polynomial /(a;). Descartes has also shown that if the num- 
ber of positive roots is smaller than the number of changes of 
sign, the difference between these two numbers must be . even. 
If we now investigate the equation /( — a;) == 0, the positive real 
roots of this equation correspond to the negative roots of the 
original equation. Hence by means of the rule . of Descartes we 
obtain an upper limit for the number of the real roots and a lower 
limit for that of the complex roots. 

For example, the. equation^x® + x^ + x^ +■ x + I =0 

cannot have positive roots, 
because all coefficients are posi- 
tive. Replacing x by —x, we 
obtain —x^ + ■+■ x^ — x 

+ 1=0. The coefficients show 
five changes of sign. Hence, the 
number of negative roots can be 
1, 3, or 5. In fact, there is one 
negative root, x = — 1 ; the other 
roots are complex. 

Methods for Computing Real 
roots of an algebraic RootS. a. Newtou’s Method . — 
Assume that x = xi is a first 
approximation for a real root. Then replacing the curve f{x) 
(Fig. 8.1) between x — xi and the unknown root by a straight 
line, we write 



finding the 
equation. 


From f{x) 


f(x) = f(xi) f(xi)(x — Xi) 
0 it follows that 


X = Xi — 


(8-1) 


We denote the value of x corresponding to (8.1) by X 2 and repeat 
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the procedure by writing 

Xb ^ X2 - ( 8 . 2 ) 

f (xb) 

and so on. 

Let us apply this method to the Eq. (5.5), writing x instead 
of X: 

fix) = + 6.r - 1 == 0 (8.3) 

The values of fix) for a; = 0, 1, 2, 3 are /(O) == —1, /(I) = 1, 
/(2) = — 1, /(3) = “1. For very large values of x, /(a-) > 0. 
Consequently, there is one root between 0 and 1 , one between 1 and 
2, and one between 3 and oo . Let us calculate the smallest one. 
If X is between 0 and 1, x^ < x- < x; hence, we first neglect the 
terms with and x^ and start with xi = -I-. Now f(i~) = — 
the derivative of fix) is fix) == 3x- ~ lOx + 6 and /'(i) = ff . 
The second approximation according to (8.1) is equal to 
1 29 

X 2 — Q = 0.1971. Using x^ to get the third approxi- 

0 0042 

mation we obtain from Eq. (8.2), xs = 0.1971 + ^ = 0.1981. 

4. 14o 

The value of Xa is found to be the same as that of xb; therefore, 
the root calculated is accurate to the fourth decimal place. 

6. Iteration Method , — ^Let us write 

fix) = + aix'^~^ +•***+ On^ix == 0 

in the form : 

^ = ^ ^ an-^x- + a,,) = gix) 

<2-71—1 

If x = 2:1 is the exact value of a root, the two sides of the equa- 
tion are exactly equal. If a: = is a first approximate value of 
the root, we can obtain a second approximation by substituting 
a; = Xi on the right side and putting == gixi). 

Obviously, instead of the linear term, we can choose any of 
the terms containing an arbitrary power of x for solving formall}^ 
the equation fix) = 0. For example, to calculate the largest 
root, it will be more practical, especially if Oi is not large in com- 
parison with unity, to write 

and substitute x — Xi in the radical on the right side. 
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Take the same example, + 6a; — 1 = 0. We calcu- 

late the root between 0 and 1 by the iteration method. Writing 

1 -f- 5a;^ 1 

X = and substituting Xi = we obtain 

0 o 

2 = ^ = 0.1890 

repeating the process, 

a;3 = 0.1953, a;4 = 0.1972, a;6 = 0.1979, a;6 = 0.1981. 

However, in many cases the method will converge very slowly. 

c. Squaring the Roots (Graeffe^s Method). — If ai^ ol%j ^ 

are the roots of the equation f{x) = 0, the polynomial f{x) can 
be written in the form f{x) (x — ai)(x — a 2 ) * * ' (r ~ ojn). 
Then obviously, /( — a:) = ( — l)’‘(a; + Qii)(a; -|- 012) * • * (x + cun). 
We multiply the two expressions and find 

f(x)f{-x) = - aD(x^ - c.i) * • • (a;2 - 

111 other words, multiplying the two expressions /(a;) and /( — a;), 
we obtain a new algebraic equation of the order n, whose roots 
are af, af, . . . , al, i.e., the squares of the roots of f(x). Let 
us repeat this procedure v times; then the roots will be 
al'', . . - , Let us assume that ai, a 2 , ..., an are real 

and are arranged so that |a*+il < (the case in which the 
absolute values of two or more roots are equal is excluded for the 
time being). Then in the sequence af', . . . , al^ each 
term will be much larger than all the following terms pro- 
vided that V is sufficiently large, i.e., provided we carry out the 
squaring a sufficient number of times. 

Hence, by the repeated multiplication of f(x) and f(~x) 
we obtain an algebraic equation whose roots are all of different 
orders of magnitude. Let us assume that the equation obtained 
by means of the procedure repeated v times is 

-f- . . . + = 0 

or with y — x'^'' 

yn . . . _|_ 5 ^^ = Q (8.4) 

Then we can show that, owing to the different order of magnitude 
of the roots, the formulas 

Vi S -bu 2/2 S 2/„ ^ (8.5) 
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give approximate values for the roots, arranged in order of decreas- 
ing magnitude. The coefficients of (8.4) are given by 

5 i = — (2/1 + ^2 + • • * + 2/«) 

^2 = (2/12/2 + 2/12/3 + • ’ • + 2 /n-l 2 /n) .Q 


hn = (“1)^ 2/12/2 • • • Vn 

If the roots are all very different and are arranged so that 
2/1 > 2/2 > * * ‘ > Vnj it is evident that in each of the expres- 
sions (8.6) the first-term is large compared to the rest of the terms. 
Hence, we have 

bi^ -2/1, 62^2/12/2, * • • , 5 n-l = (-1)^“^ 2/12/2 * * * Vn-h 

6n ^ (-1)" 2 /i 2/2 * * • 2/n (8.7) 

From (8.7) the Eqs. (8.5) follow immediately. 

This means that Eq. (8.4) is approximately equivalent to the 
factorized equation 

{y + bf){y + 62/61) • - - (2/ + hjK-i) = 0 (8.8) 

We return to the original variable by substituting y — 
Then denoting the roots of the original equation by oci, 
an, we have 

ai = ^ — 61, 0:2 = j 

This method is especially successful if all roots are real. 
Complex conjugate roots having equal absolute magnitudes can- 
not be separated by the procedure of squaring, and, therefore, 
the above conclusions do not apply without modification. 

It is seen that the formulas (8.9) leave the signs of the real 
roots ai, an undetermined; the signs must be decided by 

plotting f{x) = 0 or by actually substituting the a^s into the 
equation f{x) = 0. 

Take again, as an example, the equation 

— 5x- -f- 6a; — 1 = 0 

The first squaring leads to 

-(x^ - -h 6a: - l)(a*''' + + dx + 1) 

= -a :6 4 - ISx^ - 26.7;- + 1=0. 
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The first approximations are 

Q-i = Vis = 3.6056, a 2 = Vlf = 1-414, as = a/S = 0.196 
The second squaring yields 
— (x^ — - 

= + ii7x^ - 650:r^ + 1 = 0 

Then our second approximations are 

Oil = 117 = 3.289j c «2 “ 'V^ 11 ? “ 1.535, 0:3 = '\/ = 0. 1981. 

The third approximations are 

ai = 3.248, as = 1.554, as = 0.1981, 

and the fourth approximations, 

ai = 3.247, as == 1.555, ag = 0.1981. 

9. Solution of the Frequency Equation and Calculation of the 
Normal Modes by Use of Matrices.— The methods presented 
in the last section presume that the coefhcients of the frequency 
equation are numerically known. Now the left side of the fre- 
quency equation appears in general in the form of a determinant. 
Hence, in many cases the numerical work will be reduced if we 
can avoid the calculation of the coefficients of the algebraic 
equation and use the coefficients of the linear equations immedi- 
ately for the calculation of the frequencies and the normal modes. 
The system of equations to be solved was given by Eq. (3.3): 

n 

= 0 (9-1) 

3 = 1 

Putting Qi = we obtained n linear equations for the 

coefficients Ai in the form 


7niAi03^ = ^hijAj ( 9 . 2 ) 

y=i 

Let us divide both sides by then we have 


71 



i=l 


( 9 . 3 ) 
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These equations have solutions when oi- is equal to one of the 
roots of the frequency equation. Then the ^4/s represent the 
principal mode of oscillation corresponding to this particular 
frequency. The solution of the oscillation problem consists 
of calculating the numerical values for oj- and the .4,-’s. 

We shall use the iteration method for the solution of Eqs. 
(9.3). Denote the right side of Eqs. (9.3) by W-, so that 

Ai = Ni 

and Eqs. (9.3) become 

Ni — Aico^ (^-5) 

We start with an arbitrary set Ai, A 2 , . . . , i4„; for con- 
venience only we choose An — 1. Then from Eq. (9.4) we calcu- 
late . . - jNn. If A 1 , A 2 , . . . , A„ represented an exact 

solution of Eqs. (9.3), we should have 



Ni:N2: * * • :Nn-i:Nn = AiiA.: * 

and 

^ ^ ... = ^ = 
Ai A 2 1 


:A,,^i:l (9.6) 

(9.7) 


Hence, we use N2/Nn, . . . , Nn~i/Nn, 1, as new values 

for the A/s for a new trial and calculate Ni, N 2 , N 3 , . . . , A"u 
again. 

It is seen that if the procedure converges, the values iYi/iY„, 
N2/Nn, - . . , Nn/Nn convcrge to definite values Ai, A2, . . . , 
An which represent solutions of Eqs. (9.5), f.c., coefficients of the 
principal modes, and iVi/Ai, N2/A2, . . . , JVY/An converge to a 
fixed value w“. It can be shown that the value co- which we 
obtain by this iteration method is always the largest root of the 
frequency equation, and the values Wi/A^n, iVaAYn, . . . , Nn/Nn 
are the coefficients of the principal mode corresponding to the 
highest frequency. 


Consider for simplicity’s sake a system with three degrees of freedom. 
Suppose that the exact values of the coefficients of the normal inodes are 
4"- ^3*’; 'p?- ■ ■ , Then the arbitrarily chosen initial values odi, 0 A 2 , 
and qAz can be written in the form: 
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oAi = +• 

qAz = -h tP 2‘^^2 4" <P 2 ^^^Z (9-8) 

0^3 = -f- 


where I 2 , and ^3 are constant coefBcients. Since every set of the ^r>’s 
satisfies individually Eqs. (9.3), e.g.j 


^t 7 (r) _ (r) 2 

*0^ 

^mi 


(9.9) 


we obtain, by substituting (9.8) in Eqs. (9.4) and using (9.9), 
liVl = 0 >l<Pi^^^l 4* 

liV 2 = Cof<p 2 ^^^j 4 ^2 4 (9.10) 

iNz = 4 4 <^1<P?^Z 


We now compute the new set of A/s: lAi = iN:/iNz, 1^2 = iN^/iNz, and 
1 A 3 = 1. Substituting the new values lAi, 1 ^ 2 , and 1 A 3 into (9.4), we 
obtain 

2 N 1 = 4 0>t<p^xH2 4 Cx}j<p{^'^ ^z) 

l^V 3 

zN 2 = 4 4 ^ 3 ^ 2 ^^ ^ 3 ) ( 9 . 11 ) 

liv 3 

zNz ~ 4«2V’3^^^2 4 w|v?3^^^3) 

liV « 


Continuing this process, it is seen that if, for example, a >3 is the largest of 
the three frequencies, the influence of the terms containing wi and W 2 
becomes decreasingly small compared with the terms containing C 03 . Hence, 


or in the limit 


hm yA 1 — lim —r— = —7^ 

QO >f— > 00 pN 3 <p\ ‘ 

V A r 

hm yA2 = bm — == 

y— > 00 y-—^ 00 pN 3 ^3 


Ai:42:43 = Q.E.D. 


(9.12) 


(9.13) 


We shall now show that, if one of the frequencies and the 
coefficients of one normalized mode are known, we can reduce the 
number of degrees of freedom by one. 

Let us call the largest root o?^ and assume that co| and the cor- 
responding set of values A[^\ . . . , are determined 

with sufficient accuracy. Then we proceed to the calculation 
of the next root by using the orthogonality relation proved in 
section 4. It was found that if A[^\ . • . , AJT^ and . . . , 
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are the coeflBcients of two normal modes of oscillations, the 

-> n 

relation — 0 holds, provided r ^ s. If we now 

assume that a new set of values Ai, A . . . , A^ represents 
a solution of the oscillation problem in which the principal mode 
corresponding to co^ is not present, it follows that 

miAi^^Ai + m2Ai^^A2 + * • • + ninAi^^An = 0 (9.14) 

Using (9.14) we eliminate one of the coefficients, e.g,, An, 
and drop the corresponding last equation (f = n) in the system 
(9.3). The rest of the equations — after eliminating An — deter- 
mine the oscillations of a mechanical system with — 1 
degrees of freedom, whose frequencies and normal modes are 
identical with n — 1 frequencies and normal modes of the original 
system. Applying the same method as above, we obtain the 
next largest root and the corresponding set of values Ai”“^h 

4 Cri— 1 ) ... 4 (n— 1 ) 

It is seen that the Af^ values obtained by this method differ 
by only a numerical factor from the coefficients (f^^\ which 
we called the coefficients of the normal mode. As a matter of 
fact, the whole difference is that the A’s are standardized in such a 
manner that An — 1, whereas the ipiS satisfy the relation 

n n 

1—1 t = 1 

The practical application of the method explained in this 
section is facilitated if we use the quadratic scheme of coeffi- 
cients Kij = kij/nii, which we call a square matrijc [X]. (We 
note that Kij ^ K.ji, hence, [K] is, in general, not symmetric.) 
The values Ai, . . . , A„ constitute a column matrix [A]. Then 
we write symbolically Eq. (9.4) in the following way, placing 
the two matrices side by side, 


rXn 

Ki2 . 


1 

1 



K^i 

X22 . 


A2 




Kn2 . 

K-nn 

_An_ 


_iV„_ 
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It is seen that the operation indicated by the left side of Eqs. 
(9.4) amounts to a multiplication of the elements of each row 
of the square matrix [K] by the corresponding elements of the 
column matrix [A], and a summation of the products. We start 
with an arbitrary o[^], a.nd obtain i[A^]. Then dividing the 
elements of the latter by the last element iNnj we obtain a new 
matrix i[A] and repeat the operation. The operation indicated 
by [i^] [A] is called a multiplication of matrices. 

Example. — ^Let us apply this scheme to the example treated in. section 5, 
i.e.j to the torsional oscillation of three masses connected by an elastic shaft. 
Eqs. (9.3) for this system become 

j{ 2Ai - Ai) = A,o>^ 

— ( — .^1 -{- 2 A 2 — As) — Aito^ (9.17) 

~( — Az “b A^) = Asco^ 

For convenience we multiply both sides by I /c. We start with the arbi- 
trary values dAi = 1 , 0 A 2 = ~ 1 , and 0 A 3 = 1 ; we choose alternate signs 
for the A’s because we know that for the higher normal modes of oscil- 
lation the masses oscillate with approximately opposite phases. Then the 
scheme of matrices according to (9.16) will be 



The next steps are: 



The factors 2, 3, J/, fb constitute a sequence of approximate values of 
Using the last column on the right side, we easily calculate a further 
approximation which is equal to The sequence of approximate values 

consists of 2, 3, 3.167, 3.211, 3.230. 3 238. The ratios between the coeffi- 
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cients of the corresponding normal modes of oscillation are 352: —441:197 
or 1.787: -2.238:1. 

It is seen that even in the case in which the first arbitrary set of values is 
relatively far away from the correct values, after a few steps reasonable 
accuracy is reached. For instance, if we should continue the process in the 
above example, the next step would change the results by less than 1 per 
cent; the new values would be 1.795: —2.243: 1. A great advantage of 
the method is that incidental numerical errors only slow down the con- 
vergence of the approximation and do not influence the final result. 

In many practical applications the lowest frequency is of 
paramount interest. Hence, we should like to compute the 
smallest root of the frequency equation directly without starting 
with the largest root. This can be accomplished easily if the 
set of equations (9.3) is somewhat modified. We remember that 

n 

in Eqs. (9.1) the generalized forces are given by Fi — — 

From these relations we can express the coordinates g* as linear 
functions of the forces Ft, say, in the form : 

n 

3 = 1 

The coefficients ga are analogous to the influence numbers used 
in statics; for instance, in the case of an elastic system they 
represent the deflection due to a unit force. 

Now the equations of motion (9.1) can be written in the form 
m^qj. Hence, we obtain by substitution of Fy in Eqs. 
(9.18) 

n 

Qi = 

Putting Qi = A.-e*"', mjgij = ya (where, in general, 

n 

Ai = 

3=1 

We now divide both sides by and write 

n 

j = i 

It is seen that the set of equations (9.20) is analogous to (9.3) 
or (9.16) with the difference that the matrix [X] is replaced by 
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the matrix [T] of the coefficients and the factor of Ai is 1/co^ 
instead of Hence, if we apply, as before, the method of 
multiplication of matrices, we obtain the largest value of l/co^ 
i.e., the smallest root co- and the corresponding normal mode of 
oscillation. 

Example. — Taking again the same example, we first write 
-Fi = c( 2gi - qz) 

-Fz ^ c(— gi + 2^2 ” qz) (9.21) 

—F 3 = c( — ^2 + qz) 

Solving these equations for qi, q 2 , Qz, we obtain 

~ 1 "b Fg) 

c 

““^2 ~ ~(E 1 H" 2 F 2 “b 2i^3) 

c 

--^3 =s= — (jP j -j- 2F 2 -f- 3F 3 ) 
c 

Hence, substituting Fi = and introducing gi = we obtain the 

following system of equations: 

— "Ai = Ai + A2 + A3 
■r— A2 — Aj + 2A2 -b 2A3 


■TT— “A3 ~ Ax + 2A2 -f- 3A3 

We choose as a first approximation Ai A 2 = 1. Then the scheme 

of matrices leads to 



The subsequent steps are: 


1 1 nri 

1221 


12 3 1 
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The successive approximations of Jco^/c are and | or 0.1667, 

0.1935, 0.1975, and 0.1980. The values of the ratios .4i:^2:x43 are, accord- 
ing to the last approximation calculated, 0.445:0.802; 1. 

The Case of Zero Frequency. — If = 0 is a root of the fre- 
quency equation (3.6), the system has at least one degree of 
unrestrained freedom of motion. If we put in this case 

n 

= X ° 

i = i 

where f = 1, 2, • • • , n, the equilibrium position 
gi == ^2 = • * * = = 0 

is not the unique solution of this homogeneous system of equa- 
tions because the determinant of the coefficients is equal to 
zero. This means that the equations of motion are not independ- 
ent, i.e.j there are certain linear relations between the dis- 
placements. In general, it is quite easy to find these relations 
by application of the general theorems given in Chapter III for 
arbitrary systems of mass points. Consider, for example, a 
shaft which carries n disks of the moment of inertia /i, / 2 , . . . , 
In and can rotate freely. It is known that the total moment of 
momentum must be constant unless external forces are acting 
on the system. This must hold for every mode of oscillation; 
therefore, if gi = sin coi, go = Ao sin oot, • • • , g„ = An sin coj5, 

(/lAi + J 2 A 2 -j- • -f- /nAn)w *= 0 (9.22) 

By means of this condition we can eliminate one coordinate, and 
we are left with a system oin — 1 degrees of freedom, where co- = 0 
is no longer a root of the frequency equation. 

It is interesting to notice that Eq. (9.22) may be considered 
also as the orthogonahty condition between an arbitrary principal 
mode Ai, A 2 , . . . , An and the principal mode corresponding to 
the displacement of the system as a rigid body, which is evidently 
given by gi = g 2 = * * * = gn = C, where C is an arbitral*}^ 
constant. However, the unrestrained motion is not always 
that of a rigid body (e.g., in the case of shafts connected by gears), 
and then the orthogonality relation may be most useful to 
eliminate the free motion. 
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Example. — Consider a shaft with four identical disks, and assume that 
the kinetic and the potential energies of the system are given by the follow- 
ing expressions: 

T = \(.q\ +il+ d + S5) (9.23) 

JJ — _ q^2 _j_ (^2 ^ 4 ) 2 ] (9.24) 



The g’s must satisfy Eq. (9.22), hence, 

gi + g2 + ^3 + g4 = 0 (9.26) 

This also follows from addition of the four equations (9.25). 

We can now take, for example, the first three equations (9.25) and elim- 
inate g 4 by the use of (9.26). In this way we obtain 

loy^ 

— gi = gi — g2 

c 

Qi = ~Qi Hh 2^2 — Qs (9.27) 

c 

$3 — Qi + 3g3 

c 


The three equations (9.27) are now independent, and with X = Ico’^/c, 
we obtain the characteristic equation 

1 - X -1 0 

-1 2 - X -1 = 4 ™ lOX + 6 X 2 - X3 = 0 (9.28) 

1 0 3 - X 

The problem can be completed by use of any of the methods given in this 
and the preceding section. 

10. Example of a Conservative System with Dynamic Coup- 
ling — Double Pendulum. — Up to this point we have assumed 
that the expression for the potential energy contains coupling 
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terms, le., terms with products of the coordinates, but that the 
kinetic energy appears as a sum of squares multiplied with certain 
inertia coefficients. We shall now drop this 
last restriction and assume that the kinetic 
energy contains also terms vnth the prod- 
ucts of the velocities. We call such terms 
dynamic coupling terms and say that there is 
dynamic coupling betw^een the degrees of 
freedom that are defined by the generalized 
coordinates. An appropriate example of 
such a system is the double pendulum. 

Let us assume that a double pendulum 
consists of a compound pendulum rotating 
around a fixed axis, called the axis of sus- 
pension, and a mathematical pendulum 
rotating around an axis fixed to the first 
pendulum, called the hinge axis (Fig. 10.1). 
notations : 

mi, m 2 for the masses of the two pendulums. 

Ji = mii\ for the moment of inertia of the compound pendulum. 

a for the distance between the axes of suspension, 

51 for the distance of the center of gravity of trii from the axis 
of suspension. 

5 2 for the distance of the center of gravity of ni^ from the 
hinge axis. 

We choose as coordinates the angular displacement qi of 
the first pendulum and the angular displacement of the second 
pendulum relative to the vertical direction. Both qi and 
are assumed to be small. 

The kinetic energy of the first pendulum is equal to 4/igf, 
while the kinetic energy of the simple pendulum is 



We use the following 


Hence, the kinetic energy of the system is given by 

2" = 1 [(Ji + m2a-)ql + 2m2as^qiq‘> + m-slql] (10.1) 
The potential energy of the system is given by the following 
expression : 

U == ,— jmgsi cos Qi — m^gicL cos qi + cos g-i) + const. (10.2) 
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We shall assume that U = Oin. the equilibrium position. Expand- 
ing the trigonometric functions and retaining only terms of 
lowest order, we obtain 

C/ = I [(miSi + mza)ql + mzSsql] (10.3) 

The equations of motion are easily obtained by Lagrange’s 
method as follows: 


m2as2q2 = — + m2a)qi 


(10.4) 


If we substitute qi = sin {oot i/') and = A 2 sin (coi -f- \p ) , 
we obtain the .frequency equation, which is an equation of second 
degree in and gives the frequencies of the two normal modes 
of oscillation. 

A church bell and its clapper can be considered as a double 
pendulum; hence, Eqs. (10.4) can be used for the explanation of 
the curious phenomenon that some church bells remain silent 
when put into oscillation. Obviously this can occur if one of 
the normal modes does not involve relative motion between the 
bell and the clapper. 

Let us investigate under what conditions gi — ^2 = 0 can 
represent a principal mode of oscillation. Substituting 


qi = q 2 = q 

into Eqs. (10.4), we obtain 

(/i + m2a^ + m2as2)q — —girriiSi -j- m2a)q 
(m2as2 + m2sl)q — —gm2S2q 

The two equations are compatible if 


or 


h- 

m2S2 

_l_ _ 

7Yh2S2{,Cl "L ^ 2 ) ^2 W 2 S 2 52 

r. 

= a 


(10.5) 


( 10 . 6 ) 


Equation (10.6) can be given a simple physical interpretation. 
The length I = h/miSi is the length of a mathematical pendulum 
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whose frequency is the same as the frequency of the compound 
pendulum considered. In other words, we might concentrate 
the whole mass of the bell at a point P at a distance I from the 
axis of suspension, and the frequency of oscillation would not 
change. Obviously, to replace the compound pendulum the 
point P must be on the line connecting the axis of suspension and 
the center of gravity. This point is called the center of percussion 
of the compound pendulum. 

Hence, Eq. (10.6) states that the bell may be silent if the 
center of gravity of the clapper coincides with the center of 
percussion of the bell. This conclusion has l^een confirmed by 
observations of the giant bell of the famous Cologne Cathedral 
in Germany. 

lieturning to the general problem of the double pendulum, 
we notice that whether the system is dynamically or statically 
coupled actually depends on the choice of the coordinates. 
As we defined the degrees of freedom by the coordinates qi and r/-_» 
used above, we found dynamic coupling but no static coupling. 
However, if we should use, for example, the following linear 
combinations as coordinates: 

Si = 

$2 = ga + — gi 

we would obtain 

T = d- (10.7) 

and 
U = I 

Hence, if we use the coordinates gi and ^ 2 , there is static coupling 
but no dynamic coupling between the degrees of freedom. In 
the next section we shall show that the most general case of static 
and dynamic coupling can be reduced to the case of static coupling 
only. 

11. General Remarks on Systems with Dynamic Coupling. — 

Let us assume that the kinetic energy of the system is given 
in the general form : 

n 11 


( 11 . 1 ) 
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Then the equations of motion appear in the form given in section 
1 (Eq. 1.10). Putting qi = sin + \j/), we obtain the 
following system of linear equations for the T/s: 

Oy^{wiiiA\ -f- W 12 A 2 “I- • * * -j- TTlinAr^ = huAi -f" hi^A^ 

+ • • • + hinAn ( 11 . 2 ) 

The frequency equation appears now in the form: 

^In 

\ \ ^ ^ (11.3) 

CO^Wlnl fcnl ■ * * ^nn 

We again obtain n values for say cof, . . . , co^, . . . , 
and n sets of values A^{\ A^\ • • • , for the coefficients 
of the n principal modes. 

Of course it is always possible to evaluate the coefficients of 
the frequency equation by expanding the determinant in Eq. 
(11.3). However, in general, it will be more practical to use the 
matrix method in the following way: with the notations 
Ni — Aioo^, the Eqs. (11.2) represent linear relations between the 
NiS and the A/s: 

+ + -j- = kiiAi + ki^A^i 

+ • • • + kinAn (11.4) 

where z = 1, 2, . . . , n. 

Let us solve the system for Wi, iVa, . . . , Nn. Assume 
that we obtain 

li^Ki^AiA- + KinAn (11.5) 

Then the system of equations (11.5) can be written in matrix 
form : 



We now can start with an arbitrary set of values for A 1 , A 2 , . . . , 
An and apply the iteration method explained in section 9. We 
obtain in this way the highest frequency and the mode of oscilla- 
tion corresponding to this frequency. 
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On the other hand, we can solve the system of linear equations 
(11.4) also for Ai, ..42, . . . , An. Assume that we have 

Ai = yuNi + + * * • + jinNn (11.7) 

where ^ = 1, 2, • • • , n. 

Now, remembering that Ni = AiW“ or A^ = Ni/co-, we obtain 
from Eq. (11.7) 

^ = TtlNl + + * - • + JinNn (11,8) 

where again ^ == 1, 2, , n. In matrix form: 

^ r Nil r All Fth • • • Tin 


\_N nj Lt»1 * * * Tnn 

Solving Eq. (11.9) by iteration, we obtain the lowest value of 
co^ and the corresponding mode of oscillation. It is seen that 
Eqs. (11.2) are reduced by (11.5) and (11.8) to the types of 
problems we solved in section 9. 

The orthogonality relation for the principal modes in case of 
dynamic coupling has the form : 

n n 

XX = 0 ( 11 . 10 ) 

i=ij=i 

where r 7 ^ s. It is seen that (11.10) is a sum of n- terms. Also 
the normalizing condition must be modified. We put 

n n 

'^rriiiA'-pAY^ = M (11.11) 

i = 1 i = 1 

where M is a suitably chosen constant of the dimension of the 
inertia coefficients mu. The values A^p which satisfy Eq. (11.1 1) 
can be considered as the coefficients (pp of the rth normal mode. 

If the expression of the kinetic energy (11.1) is given, it is 
always possible to find a linear combination of the coordinates 
qi, .... qn which transforms the kinetic energy into a sum of 
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squares of the velocities and thus reduces the dynamically coupled 
system to one which has static coupling only. In some cases 
the transformation of coordinates will actually be the shortest 
way of solving the oscillation problem. In other cases it will 
be simpler to solve the Eqs. (11.6) or (11.9). 

Problems 

1. A mass under the action of gravity is restrained to move without 
friction on the paraboloid 


z = d- 


The s-axis is directed upward. Calculate the small oscillations of the mass 
near the origin. 

2. Wliat is the motion near the origin if the paraboloid in Prob. 1 is 
replaced by the quadric 

z = 2xy — 2/2 

3. An angle with unequal legs is clamped to a fixed 
—s horizontal base in. a vertical position carrying at its free end 
a weight of 1 lb. The cross section of the angle is shown in 
Fig. P.3. A force of 1 lb. applied to the free end of the beam 
in the :c-direction produces a deflection equal to 0.04 in. in the 
a;~direction and 0.05 in. in the ^/-direction. A force of 1 lb. 
applied in the 2 /-direction produces a deflection 0.15 in. in the 
2 /-direction and 0,05 in. in the ^-direction. Find the direc- 
tions and frequencies of the principal oscillations (neglecting the mass of the 
beam and the influence of the bending moment produced by the weight). 

4. Find the natural frequencies of oscillation of a solid cube of concrete 
resting on springs at its four lower corners. The cube is 3 ft. in size. The 
springs are such that they deflect f in. vertically under the weight of the 
cube and fg in. laterally under a* horizontal force equal to one-third of its 
weight and applied to the base of the cube. Find the principal modes of 
vibration. ' 

6. A small rotary pump is driven by an electric motor. The whole unit 
is mounted on a board supported by four identical helical springs whose 



Fig. P.3. 



Fig. P.5. 

spring constants k in the vertical and horizontal directions are equal. The 
number of revolutions of the motor is 1,400 per minute, that of the pump 
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600. The weight of the pump is 21 lb., that of the motor 31.5 lb. The 
location of the springs and the approximate mass distribution are shown in 
Fig. P.5. The masses of the pump and the motor are concentrated at 
Ml and if 2 , respectively; all other masses are neglected. 

а. Determine the spring constant h so that no frequency is between 500 
and 700 or above 1,100 per minute. 

h. Determine the amplitudes of the displacements of the points of sus- 
pension caused by the eccentricity of the pump rotor. The axis of the 
rotor is i:)arallel to the y-a,xis and passes through the point Mi; the eccentric 
rotating mass weighs 0.5 lb. and its eecentricitv amounts to 1 in.; 
k - 70 Ib./in. 

HvrU: The imbalance moves in the vertical plane of symmetry passing 
through if ii /2 and, therefore, excites only the three modes in that plane. 

The system of the masses if 1 , if 2 , and the board, like any rigid system, 
has six degrees of freedom. We note that one principal oscillation, viz., 
the rotation around the axis i/iif 2 , 
is due to our assumption that the 
masses are concentrated at ifi and if 2 . 

б. The hoist shown schematically in 
Fig. P.6 carries a weight W of 500 lb. 

The deflections of the springs Si and 
Si are equal to 1 in. per 1-ton load. 

The truck is prevented from rolling. 

a. Find the principal modes of oscilla- 
tion of the system assuming that all 
masses move in a vertical plane and that the mass of the structure and 
the hoisting mechanism is replaced by a concentrated mass of 5 tons at 
the point C. The structure itself is considered rigid. Neglect the hori- 
zontal motion of W. 

b. Assume that the weight W is hoisted up. A nonuniform speed 

sin ^ where Vo = 1 ft. /sec. and T = 0.55 sec. is superposed on the mean 

motion. Find the amplitudes of oscillation of the springs and A’ 2 , neg- 
lecting the horizontal displacement of the weight W. 

Hint: We may neglect the influence of gravity on the oscillation. If 
qi and q-i are the deflections of the springs, the potential energy is 

U = lk{q\ + gl) 

The kinetic energy may be expressed in terms of qi and q^. For example, 
since we neglect the horizontal motion of IF, its kinetic energy is 

1 IF 

2 g 

Wj W 2 mass located at C in the same way. 

7. The truss structure shown in Fig. P.7 carries 
three weights, IFi =10 tons, U 2 = lo tons, and 
Fig. P.7. = 5 tons at A, C. The influence coefficients 

of the structure are given by the following table: 




1 1 
L2 


15 

,(gi + 4- 1* (72 ~ 71 ) ’ 


We can express 


has an infinite frequency. This 
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Measured at the 
point 

Deflections in inches per 1-ton load applied — 

At A 

At B 

At C 

A 

0.10 

0.10 

0.08 

B 

0.10 

0.12 

0.10 

C 

0.08 

0.10 

0.10 


The mass of the structure is neglected. 

a. Find the natural frequencies of the system and the modes of oscillation. 
h. Assume that an engine with a vertical cylinder is running at the point B 
and its piston of 20 lb. weight is unbalanced. The length of the piston 
stroke is equal to 6 in. The weight of the engine is included in W 2 = 15 
tons. Find the amplitudes of oscillation at the points A, S, and C as 
functions of the number of revolutions per minute. 

Hint: The effect of the engine at B is the same as that of an external force 
equal to the inertia force. This alternating inertia force is in pounds, 
20 1 

__ . _ . ^^2 gin cot where co is the angular velocity of the engine crank. 
o2.2 4: 


8 . A radial airplane engine is supported by an elastic mounting at four 

points, Ay B, Cj D, equally spaced on 
a circular ring of radius r (Fig. P.8). 
The elastic properties of the mounting 
are chosen in such a way that a dis- 
placement r parallel to the mount 
^ circle produces only a restoring force 
T in the same direction; however, a 
displacement ^ in the a;-direction pro- 
duces a force X in the a;-direction and 
a radial force R; similarly, a displacement p in the radial direction produces 
a restoring force in the radial direction and in the OJ-direction. The equa- 
tions for this are 







X: 






¥ 


T = kiir 
X = + / 523 P 

R — -f- kzzf> 


The engine block has axial symmetry, and its center of gravity is located 
on the ai-axis a distance a ahead of the plane of the mounting. 

a. What relation must prevail between a, r, and the spring constants to 
make the translatory oscillations of the block in the x-, y-, and ^-directions 
and the rotational oscillations about the same axes uncoupled? 

h. Show that if this condition is fulfilled, the resultant of the forces 
T, X, and R produced by a displacement T in the 5:-direction passes through 
the center of gravity. 

Hint: It is seen from reasons of symmetry that the translation in the 
2 -direction is coupled only with the rotation around the y-axis. To find the 
condition for elimination of this coupling, give to the engine an arbitrary 
displacement ^ parallel to the g-axis; calculate the corresponding values of 
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p at the four points of suspension and the forces X and R acting at the same 
four points. Express the condition for the Tanishing of the moment of 
these forces with respect to the center of gravity. 

9 . A man traveling in a special train observes that the oscillation of the 
water in a bath tub is in resonance sidewise with the oscillation of the ear. 
The bath tub is 2 ft. wide and the water stands 10 in. high. Determine the 
period of the sidewise oscillation from these data. Assume that the cross 
section of the bath tub is rectangular. Assume that the water surface sta\’s 
plane, neglect the vertical component of the velocity of the water particles, 
and assume that the horizontal velocity is independent of the depth. 

Hint: The magnitude of the velocity in a vertical cross section is deter- 
mined the condition of constant volume. Calculate the kinetic energy 
and the potential energy as functions of the inclination of the water surface. 
The kinetic energy has to be evaluated by integration. The potential 
energy is immediately^ given by the displacement of the water mass. 

10 . A uniform shaft free to rotate in bearings carries live equidistant 
disks. The moments of inertia of four disks are equal to /, while the moment 
of inertia of one of the end disks is equal to 21. Calculate the lowest fre- 
quency and the corresponding mode by using matrices. 

Hint: Calling qi, q 2 , . . . the angular deflections, the potential energy 
is C = -Ic [(^?i — q-iP + {q 2 — qs)^ + {qs — qd^ + (^4 ~ gs)-] and the kinetic 
energy is T = § I (g! 4- q\ + q\ + gl + 2g|). The zero frequency mode 
(free rotation) will be eliminated by the condition 


gi + g2 + g? -f- g4 + Sga = 0 

This leaves us with four degrees of freedom. 

11 . In Prob. 10 calculate, by using matrices, the two highest frequencies 
and the corresponding modes of vibration. 

12 . A uniform shaft free to rotate in bearings carries four equidistant 
disks of equal moments of inertia I. The distance between the disks is I 
(Fig. P.12). At one end, at a distance 21 
from the fourth disk, there are a flywheel and 
a small pinion of total moment of inertia 5/. 

The pinion drives a gear connected to a rotor. 

The gear and rotor have a moment of inertia 
1007. The gear turns six times slower than 
the pinion. Determine the lowest frequency of the system. 

Hint: With gi, g^, gs, and g 4 , as the angular deflection of the disks and gs 
as that of the flywheel, the potential energy is 

U l(gi - g 2 )^ + (gs - ga)- + (gs - g4)- -h Uqa - gs)^ 


JOOI 



Fig. P.12. 


The kinetic energy is 


T 


L 

2 


gl + g| + gl + + 



Assume first gr, = 0 for an approximate calculation. Compare the result 
with the result obtained by eliminating the free rotation by the condition 


Qi +■ g-i gs + g4 + (u H- W-)g5 — d 
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13. The oscillations of the crankshaft of a four-cylinder engine can be 
calculated approximately by replacing the oscillating masses by four identical 
disks of the moment of inertia I, The torsional stiffness of the crankshaft is 
C, and the distance between the disks is equal to I, Assume that a propeller 
is connected with the crankshaft by an elastic coupling whose spring con- 
stant is denoted by k. The distance between the coupling and the last 
disk is 1. Discuss the influence of k on the lowest frequency, varying k 
between the limits k — 0 (free wheeling) and k — ^ (rigid coupling). 
Carry out the calculation under the assumption that the moment of inertia 
of the propeller may be taken infinite. 

Hint: Calculate the value of (w — lowest frequency) for different 

values of the ratio k/c. 

14. A four-story building has an elastic frame structure. The mass is 
concentrated at each floor; one-half at the second floor; the other half 
equally distributed between the third and fourth floors. Assume the 
shearing rigidities between the floors to be the same. Determine the natural 
frequencies of the building and the modes of vibration. 

16. What is the forced oscillation of the building (Prob. 14) if the ground 
vibrates horizontally in a pure harmonic motion of known amplitude and 
frequency? 

Hint: Let the motion of the ground be a; = xo sin The acceleration is 
a = sin (at. The motion of the building relative to the ground is the 

same as if each floor were submitted to an alternating force —ma = mo^xa 
sin cotj where m is the mass of that floor (cf. Chapter IV, section 6). These 
forces may be used for Ft sin o>t in the expressions developed in section 7 
of this chapter for the forced oscillations. The coefficients of the normal 
modes can be calculated from the results of Prob. 14. 

16. Calculate the real root of the equation 

- 6x2 -f 12a: - 6 == 0 


by Newton’s method. 

17. Calculate the roots of the equation 

- 2x3 - 13x2 -h 14x -h 24 * 0 

by the method of root squaring. 
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CHAPTER VI 


SMALL OSCILLATIONS OF 
NONCONSERVATIVE SYSTEMS 

has been long understood that approximate solutions of prob- 
lems in the ordinary branches of Natural Philosophy may be 
obtained by a species of abstractions, or rather limitations of the 
data, such as enables us easily to solve the modified form of the 
question, while we are well assured that the circumstances (so modi- 
fied) affect the result only in a superficial manner/’ 

— Lord Kelvin and Peter Guthrie Tait, 
Treatise on Natural Philosophy.” 

Introduction. — The mechanical systems treated in the preceding 
chapter are characterized completely by their kinetic and poten- 
tial energies; especially the forces that represent the responses of 
the system to given displacements appear as derivatives of the 
potential energy with respect to these displacements. In this 
chapter we are concerned with oscillation problems that involve 
also forces which cannot be derived from a potential energy. 
We use for such forces, and also for the systems in which they 
are involved, the term nonconservative. The term nonconserva- 
tive is strictly correct for the case of so-called dissipative systems, 
where mechanical or electrical energy is actually transformed into 
heat. It appears, however, that in some other cases the non- 
conservative character of the forces is due, to some extent, to 
the method of analysis. For example, we shall see that the 
system consisting of an airplane wing and a flap is nonconservative 
in the sense that it can absorb energy from or lose energy to 
the surrounding air. The total system including the air, wing, 
and flap — provided viscosity is neglected — is conservative. 
Hence, the conservative or nonconservative character depends 
on the way we isolate our mechanical system. Another interest- 
ing example is the vertical top. A gyroscope is a conservative 
system with three degrees of freedom. However, if we are inter- 
ested only in the oscillations of the symmetry axis, we can ignore 
one of the coordinates, viz., the angular displacement of the top 
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around this axis. In fact, this angular displacement itself does 
not enter into either the potential or the kinetic energy of the 
system. Thus, we consider the top as a system with two degree^s 
of freedom. However, owing to the ignored rotation of the top, a 
deflection of the symmetry axis produces forces which depend 
on the velocities and of course are not derivatives of the potential 
energy of the system. We call these forces also nonconser\'ati\'(‘ 
and use for them the term gyroscopic forces. They are in reality 
inertia forces. In Lagrange’s equations for the complete systtan 
(i.e., for the system with three degrees of freedom) the gyroscopic 
forces appear as derivatives of the kinetic energy with respect to 
the coordinates. 

Whereas in the previous chapter we restricted ourselves a 
priori to stable systems, the conditions under which a certain 
system is stable are of paramount interest for the type of prob- 
lems treated in this chapter. Therefore, section 6 is devoted 
to the stability criteria for characteristic equations of third and 
fourth degree, and section 7 deals with methods for the computa- 
tion of the complex roots of algebraic equations. 

1. Small Oscillations of Honconservative Systems. General 
Remarks. — In a conservative system a set of displacements 
Qi} <l 2 j • . > , Qn produces forces Qi, Q 2 , . . . , Qn that are deriva- 
tives of the potential energy of the system. In the vicinity 
of the equilibrium position qi = ~ * • * = qn = 0 they can be 

expressed by the linear expressions 

n 

Qi = 

oqi 

where f = 1, 2, • • * , n and fc; = kji. 

Now there are systems for which the forces depend on the 
coordinates and in the neighborhood of the equilibrium position 
are given by linear functions of the coordinates, while the system 
is nevertheless not conservative. This will be the case if, in the 
expressions 

n 

Qi = -XkiiQi ( 1 . 2 ) 

j = 1 

at least one pair of the coefficients kij and hji are unequal. 

If we calculate the work done by the forces in a closed cycle, 
i.e., in a process for which the values of the coordinates are the 



218 


NONCONSEEVATIVE SYSTEMS 


[Chap. VI 


same at the beginning and at the end of the process, we shall find 
that, if hj 9 ^ the work does not identically vanish; hence, 
the condition hj = kji is necessary for a system to be conserva- 
tive. On the other hand, if for all and kij = kji, it is 
evident that the forces Qi are derivatives of the function 

n n 

— r = — hence, hj — kji is a sufficient condition. 

f=ii=i 

In some cases we shall introduce forces that are linear functions 
of the velocity components. As a simple example, consider the 
motion of a pendulum in a very viscous fluid such as oil. The 
frictional drag of the pendulum can be assumed to be a linear 
function of the velocity q. Hence, we write for the damping 
force 

Q = -m ( 1 - 3 ) 

The work done per unit time by the damping force is equal to 

W = (1-4) 


The quantity —W is tlie time rate of energy dissipation. We 



Fig. 1 .1. — Double 



(1.5) 

( 1 . 6 ) 


i.e,, the damping force is the negative of the 
derivative of the dissipation function with 
respect to the velocity. 

Of great practical importance is the case in 
which the damping depends on the difference 
between the derivatives of two coordinates, i.e. , 
on the relative velocity between two degrees of 


pendulum with inter- 
nal damping. 


freedom. Let us consider, for example, a 
double pendulum and assume that the relative 


displacement of the second pendulum is damped by a damping 
device (Fig. 1.1). If denotes the angular displacement of the 
first pendulum and g 2 the angular displacement of the second 


pendulum, the damping will be proportional to the relative angular 
V’elocity — cji, and the dissipation function appears in the form 
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■O = |(9s - qi)- 

The generalized damping forces are 

If we write this in the form: 

Qi = —fiiiqi — ^ 12^2 

Qa = “^2igi ~ ^22q2 
we notice that we have 

^12 = /S 21 = — jS 

In the general case of n degrees of freedom, we assume that 
the forces that depend on the velocities can be written in the 
form: 

n 

Qi = —^^aqi ( 1 . 7 ) 

y«i 

Then the work done per unit time by these forces is 

n n n 

^ (1.8) 

1 = 1 t «= 1 j = 1 

Let us now investigate two special cases: 

a. Assume that /S*/ = fti. Then it is seen by differentiation of 
(1.8) that 

j = l j = l j = l 

Therefore, in this case the function 


D = —iW = ( 1 . 9 ) 

1 = 1 J = 1 

has the property that its derivatives with respect to the velocities 
taken with negative sign are equal to the dissipative forces : 


dqi 


^Qi 


(LlOj 
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D is a positive definite quadratic function, for the work done by 
dissipative forces is always negative. Equation (1.9) is the 
general form for the dissipation function. The system itself is 
also said to be dissipative. The dissipative forces can b.e included 
in Lagrange’s equation by adding a term dD/dqi. We then have: 


h. Assume that ft/ = -ft-i, from which it follow^s that = 0. 
In this case W = 0, i.e., the forces do no work. We call such 
forces gyroscopic forces because they are a generalization of 
certain forces produced by the rotation of rigid bodies. Wo 
shall encounter such forces in section 5 dealing with the small 
oscillations of the vertical top. Other examples of gyroscopic 
forces are the electromagnetic forces acting on a charged particle 
moving in a magnetic field, and the Coriolis force acting on a 
body moving on the surface of the earth. These forces have the 
characteristic property that they are perpendicular to the 
velocity of the point upon which they act. Let us consider, for 
instance, the case of a system with two degrees of freedom and 
interpret qi and ^2 as Cartesian coordinates. Denoting the 
velocity vector ^ 1,^2 by v and the force vector Qi,Q 2 by Q, from 



( 1 . 12 ) 


it follows that the scalar product 

Q ' V — Q\qx + Qiq^ = 0 (1.13) 

i.e., the force is perpendicular to the velocity and the work done 
by the forces is zero; i.e., the gyroscopic forces do not cause 
dissipation. 

2. Example of a Nonconservative System. Elementary 
Theory of Wing Flutter. — Our first example of a nonconservative 
system is a simplified model for the study of certain flutter 
phenomena which occur in airplane structures at high speed of 
flight. In certain cases and at certain speeds violent oscillations 
of airplane control surfaces are observed. Such oscillations 
begin, in general, with small amplitudes, and often increase^ to 
the extent that the structure fails. This suggests instability 
of the coupled mechanical system consisting of the wing and the 
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control surface. Let us consider a half wing and an aileron as a 
mechanical system. We consider the wing as an elastic structure, 
clamped to the airplane body, which is considered as a rigid base. 
Then the wing has two degrees of freedom; corresponding to 
bending and twisting. The relative deflection of the aileron, 
whose elastic deflection is neglected, represents a third degree of 
freedom. A discussion of the vibration of such a ternary system 
is rather complicated. However, in most cases the interaction 
between any two of the three degrees of freedom is practically 



independent of the third one so that the system in each case may 
be considered approximately as a binary system. 

The accompanying model simulates the case of torsional vibra- 
tion of a wing combined with oscillations of an aileron. 

The wing (Fig. 2.1) is represented by a rigid cylindrical body 
with a streamline section that is elastically restrained to a fixed 
axis CC (corresponding to the so-called elastic axis of the wing 
structure). The aileron is hinged at the axis hh. The two axes 
are assumed to be parallel, and the distance between them 
is denoted by a. The moment of inertia of the wing about the 
axis is /i, the mass of the aileron is W 2 , and its moment of inertia 
about the hinge axis is equal to moil where u is the radius of 
gyration of the aileron. Finally, the distance of the center of 
gravity of the aileron from the hinge axis hh is denoted by S 2 , 
measured as positive if the center of gravity is behind the hinge 


a.xis. 
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We use as coordinates the angular deflection gi of the wing 
and the angular deflection go of the aileron relative to the direction 
of flight. Then the kinetic energy is expressed in the form; 

T = + 2 Bqiq 2 + Cg|) (2.1) 

where 

A — I\ + 

B = m^as^ (2.2) 

C == 

The expressions (2.1) and (2.2) can be obtained by applying 
the results of Chapter III. The wing alone is considered as a 
rigid body rotating around a fixed axis. Since its angular velocity 
is equal to gi, its kinetic energy is equal to i/igf. In order 
to calculate the kinetic energy of the aileron, Eq. (8.19) of Chapter 
III can be applied. The velocity of the center of gravity is 
Vc = aqi + a 2 g 2 , and the angular velocity about the center of 
gravity is co == g 2 . The moment of inertia of the aileron with 
respect to the center of gravity is given by 7 = m^iil — sf). 
Substituting these values in Eq. (8.19) of Chapter III, we obtain 
for the kinetic energy of the aileron 

im 2 (agi + $ 2 ^ 2 )- + — sl)ql = + 2 as 2 qiq^ + ilql) 

in accordance with Eqs. (2.1) and (2.2). 

The generalized forces in this case are moments, and we 
assume that they are linear functions of the angular deflections. 
In addition to the moments that are proportional to the angular 
deflections, actually there are also moments proportional to the 
angular velocities and to the angular accelerations. The 
moments that depend on the angular velocities are governed by 
rather complicated physical laws, resulting from the aero- 
dynamics of airfoils in nonstationary flight. Though it can 
be assumed that the moments concerned are linear functions of 
the angular velocities gi and the coefficients of these linear 
functions are complicated functions of the frequency. The 
forces that are proportional to the angular acceleration have 
their origin in the inertia of the air oscillating with the wing and 
are known as apparent-mass forces. 

In the following simple analysis both the forces depending 
on the velocities and the apparent-mass forces are neglected. 
The latter could be added to the inertia forces proper, but they 
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do not bring any new aspect into the analysis. The inclusion 
of the forces proportional to the velocities would render the cal- 
culations and the discussions somewhat cumbersome. The 
idealized model given in the text reveals the main features of the 
process of flutter and does not involve complicated calculations. 

Hence, we write 

Q\ = ~ 

Qo ~ — ^’22^2 

The physical significance of the terms in ( 2 . 3 ) is the following: 

A: 11^1 is the restoring mometi^/^howi the elastic axis produced 
by an angular deflection qipi the wing; it corresponds to 
the torsional stiflFness of the wing and to the aerodynamic 
moment produced by a change of angle of attack. 

A: 12^2 is the moment about the elastic axis produced by the 
deflection of the aileron hence, represents the 

aileron effect. 

+ A;22Q'2 is the hinge mofnent, which consists of two parts. 
The first part is the hinge moment due to the change of 
angle of attack of the wing. The second part is the hinge 
moment produced by a change of the angle of attack of the 
aileron. 

It is important to consider the signs of the four coefiicients 
and their variation with the flying speed of the airplane. As far 
as A:ii is concerned, the contribution of the torsional rigidity is 
positive, but the aerodynamic moment is in most cases destabiliz- 
ing, and, therefore, its contribution to A^u is negative. How^ever, 
for small speeds the torsional restoring moment is certainly larger 
than the moment of the aerodynamic forces; hence, A-'u is greater 
than zero. With increasing speed kn decreases by an amount 
proportional to the square of the speed so that at a certain flying 
speed kii will change in sign. At this speed the destabilizing 
^aerodynamic moment is equal to the elastic restoring moment, 

^ and the wdng becomes unstable. This speed is called the speed 
4 jo/ torsional divergence. 

The moment corresponding to the coefficient A: 12 is caused by 
aerodynamic forces only. Hence, ^'^2 is proportional to the 
square of the fljnng speed. Since the aerodynamic forces for a 
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positive aileron setting tend to decrease the angle of attack, 
/vi2 is greater than zero. 

We assume that the two hinge-moment coeflSicients and ^22 
also result from aerodynamic forces only. This means that the 
aileron is considered mechanically completely free; for example, 
the restoring forces due to the cable connections are neglected. 

In aeronautical practice the hinge moment is generally 
expressed as a function of the angle of attack of the wing, which is 
identical with our parameter and of the aileron angle a, which 
is the angular deflection of the aileron relative to the wing, 
i.e., a = q2 — If we express the hinge moment as a linear 
function of a and ^1, c.g., by — C2igi — 022^; in general both C21 
and C22 are positive. The coefEcient C21 is positive, for, if we 
change the angle of attack of the wing without changing the 
aileron angle, the aerodynamic forces tend to turn the aileron 
into the wind direction. The coefficient C22 is positive with the 
exception of the undesirable case when the aileron is over- 
balanced aerodynamic ally.* Moreover, in practical cases 
C22 > C21, and thus = C21 C22 < 0; but and also 

^22 + ^21 are positive. 

It is seen that the coefficients fci 2 and k^i have opposite signs, and, there- 
fore, certainly hi^ 9 ^ ^ 21 , which means that the forces are nonconservative. 
Let us assume that we carry out a so-called closed cycle during which the 
wing and aileron take the following successive positions: 


(1) = ?2 = 0 

(2) qi = gi, ga == 0 

(3) qi = gi, ga = q^ 

(4) qx = 0, ga = ^2 

(5) gi = 0, ga = 0. 

Then the total work done by the forces is equal to 

Q dqx — (k2jqi 4- dq^ — (fcngi + Ajiaga) dgi 

(* k22q2 dq2 == (ki2 — ^2i)gig2 (2.4) 

•/Qa 

Since ki 2 > 0 and ifcai < 0 the work of the forces is positive, i.e., energy is 

A control surface is aerodynamically balanced if it is in neutral equilib- 
rium in every position, i.e. the air forces have not the tendency either to 
bring it back to the zero position or to increase the angular deflection; if 
the aerodynamic forces tend to increase the deflection, the surface is said 
to be aerodynamically overbalanced. 



Sec. 2] 


THEORY OF WING FLUTTER 


225 


introduced into the system during the process, whereas the initial and 
the end values of the coordinates are the same. It is evident that if the 
same process is carried out in the opposite direction, energy will be trans- 
ferred from, the wing-aileron unit into the surrounding air. 

Substituting Eqs. (2.1) and (2.3) into Lagrange's equations, 
we obtain the equations of motion 


A .( l \ “ 1 “ - 6^2 — — ^ 11^1 — ^ 12$2 

Bqi + Cq^ = — k^iqi — 


Let us first assume 52 = 0 ; then ^ = 0, i.e., there is no dynamic 
coupling between the coordinates qi and q^. Then substituting 
qi — and ^2 = we obtain the frequenc^^ equation 


- Ao)^ kii ki2 

k^i — (7co“ ~{- ^ 22 ^ 


= 0 


( 2 . 6 ) 


or 

AC/Oi'^ 03 '^ i^Ak^n " 4 ~ CJk\^ k'Xiko^ — ki^k^i ~ 0 
Dividing the left side by AC and writing cofi = kii/ T, 05?22 — ^22, 


O)^ — (a)fi -f- w|2)cx;“ 


=0 (2.7) 


Solving (2.7) for w-, we obtain 


2 I 2 
COji Cx>22 


± 


I ‘"ll + “22\“ 
\\ 2 ) 


^11^22 


k 12k 21 
~AC~ 


( 2 . 8 ) 


The stability of the system depends on the exponent in the 
formula q = const. There are two cases possible: (a) if 

o) is real, then we obtain undamped simple harmonic oscillations 

and the system is stable; (b) if o is complex, say co = ct z/3, 

then — CO = —cx — ip is also a root of Eq. (2.7), and either fco or 

“fco has a positive real part, i.e., we certainly obtain at least 

one mode of oscillation with increasing amplitude, and the system 
is unstable. Hence, the system is stable only if co is real, he., 
co“ is real and positive. 

According to Eq. (2.8), co- is real if the radical is real and co- 
is positive if the first term is larger than the radical. Hence, 
the first condition of stalDility is that the radical in Eq. (2.8) 
is real. This will be the case when 


(<^11 ~ ^ 22 )“ + 


^12^2] 


> 0 


(2.9) 
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It is seea that if > 0 , condition ( 2 . 9 ) is always satisfied. 

Thus, it is identically satisfied if the system is conservative, 
as for such a system ^12 = ^21. In our problem ^12 > 0 , and 
/:2i < 0 - Hence, the system is unstable in the neighborhood of 
coil — 0)22 = Oj two frequencies ojn and 0)22 are equal 

or nearly equal. The frequencies con and 0)22 are defined by 
cofi = k^i/A and C0I2 = ^22/C. Their physical significance is 
the following: The frequency con is the torsional frequency 



Fig. 2.2. — Diagram of frequencies vs. flight speed, showing the range in which 

flutter occurs. 

of the system, provided that the mass of the aileron is con- 
centrated on the hinge axis. As kxi decreases vfith the flying 
speed, cofi also decreases with the same speed. The frequency C022 
is equal to the frequency of the aileron oscillating around the 
hinge as a fixed axis. As ^22 is proportional to the square of the 
speed, CO22 increases with the speed. At a certain speed the two 
frequencies con and C022 coincide. Figure 2.2 shows 00 1\ and CO22 
as functions of the flying speed U. Let us denote the quantity 

— 4 - ^ -g- by (we remember that ki2k2i < 0 ). Then the 

stability condition ( 2 . 9 ) is given by 

(cofi ^22)^ ^ 

This is satisfied if either cuu ~ cofs > |n| or w|2 — con > |n|. 
Now, both ki2 and /coi are proportional to the square of the speed 
U; hence, Inj is proportional to U-. In Fig. 2.2 cols + |n| and 
C0I2 — ln| are represented by the two dotted parabolic curves. 
The limits of the range of instability Ui and U2 are determined 
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by the intersection of these parabolas with the curve representing 
wfi. The lower limit of the range of instability is called the 
critical speed. 

The second condition of stability requires that 


<^11 + ^22 ^ 
2 ^ 



^ 12^*2 1 
— 6:fxC»j|2 "4“ ,{0 


It is seen that since ki 2 k 2 i < 0, this condition is satisfied if 
cofi and C 0 I 2 are positive, i,e., kn and k^^ are positive. This holds 
in all practical cases. To be sure, ku becomes negative if the 
flying speed exceeds the speed of torsional divergence. However, 
the torsional divergence occurs, in general, beyond the maximum 
velocity that the airplane can actually reach. 

Thus far we have considered the case S 2 = 0, i.e,, we have 
assumed that the center of gravity lies on the hinge axis, so that 
the aileron is statically balanced. We find that if the oscillation 
frequency of the aileron coincides with the torsional frequency 
of the wing, flutter will occur in spite of the static balance of the 
aileron. We shall now vary the location of the center of gravity 
relative to the hinge axis and investigate its influence on 
stability. 

If §2 0, the coordinates are not only statically, but also 

dynamically coupled, because the term 2 m 2 as 2 qiq 2 appears in 
the expression (2.1) for the kinetic energy. Therefore, we intro- 
duce new^ coordinates and fo such that the kinetic energ>^ 
becomes again a sum of squares. 

Let us use as new coordinates the linear combinations: 


= qi and {2 = g- — Pqi (2.11) 

and determine the coefficient jS so that the kinetic energy" becomes 
T -i(Af?f + A^ri) (2.12) 

Substituting qi = $ 1 , q^ = ?2 -h idf 1 into the expression (2.1) 
for T, wo see that the coefficient of the product becomes 
m^iast + Pil)‘ Hence, if we put ^ = — (a«‘>/f|), "vve obtain T in 
the form (2.12). 

We now^ transform the generalized forces. The forces Hi and 
H 2 corresponding to the coordinates $1 and ^2 are defined by the 
relation (Chapter III, section 11) 

Hi d^\ -f" A2 d^2 — Qi dq I -f- Q 2 dq^i 


(2.13) 
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Hence, using (2.11), 

Si = Qi + PQ 2 , S 2 = Q 2 

Substituting Qi and Q2 from Eq. (2.3), we have 

— Si — (kii + ^k2i)Qi + (ki2 “ 

— S 2 = koiQl + k 22 Q 2 

and finally 

— Si = [kii + p{k 2 i + hi: i 5 -fc 22 ] ii + (ki 2 + ^^2)^2 14') 

— S2 = (^'21 + ^^"22)^1 + : 

The stability condition k. >0 [cf. discussion of Eq. (2.9)] 
is replaced now by 

(ki2 + ^k22)(k2i + / 3 AJ 22 ) > 0 (2.15) 

Since ^12 and ^22 are positive and k 2 i < 0, the condition (2.15) 
is satisfied if /? > 0 and fei + ^k 22 > 0 or 13 > —(k 2 i/k 22 )- 
If > 0, S 2 < 0, ^.c., the center of gravity of the aileron lies 
ahead of the hinge axis. The limiting value of S2 is given by 



We remember that ^22 > 0 and k 2 i + k 22 > 0, so that 

— ^21 < ^22. 

Therefore, we are on the safe side if we put j(3 = 1, or 

-S2 = f (2.17) 

The coordinates of the system for ^ = 1 are = qi and 
^2 ~ Qi — ^ 2 . The geometrical meaning of q 2 — qi is the angular 
displacement a of the aileron relative to the wing (the aileron 
angle). If there is no dynamic coupling between the coordinates 
qi and a, we say that the aileron is dynamically balanced, since 
in this case a rotation of the aileron around the hinge axis does 
not contribute to the moment of momentum with respect to 
the axis of suspension of the wing. The condition of dynamic 
balance is according to Eq. (2.17) + as 2 = 0. If S 2 satisfies 

this condition, the instability is avoided. 

3. Dissipative Systems. The Analogy between Mechanical 
and Electrical Oscillations. — The general form for the equation 
of motion of a mechanical system with one degree of freedom 
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subjected to elastic restraint, damping, and an external periodic 
force is the following [cf. Eq. (7.1), Chapter lY]: 




F - Fo si 


Of the parameters of this equation, m. depends on the inertia of 
the system, determines the damping and k the elastic restraint, 
and Fo is the amplitude of the periodic external force. The 
coordinate q denotes a suitably chosen displacement. We will 
show that the oscillation produced by a 

periodic electromotive force in an electric j vwvv^ 5 ^ 

circuit consisting of a coil, of a I'esistor, and ^ 
of a capacitor is governed by an equation } ~ | 

of similar form. ^ 

In fact, let us consider the circuit shown 
in Fig. 3.1 and denote the electric charge 
of the capacitor (of capacity C) by Q, • 
the current through the capacitor by J, the 
ohmic resistance by R, and the inductance R i — j 

of the coil by L. We assume that a periodic ^ t 

electromotive force of the magnitude 

E = Eq sin oot is acting between the poles Fig. s.i. — Schematic 
A and F of a generating device. Then the 5® 


i 


E = Eq sm oot IS acting between the poles Fig. S.l. — Schematic 
^ and 5 of a generating device. Then the be“"f 

voltage drop between A and B must be chanical system and an 
equal to the voltage produced by the circuit, 

generator. The voltage drop consists of the drop due to the induc- 
tance, the ohmic resistance, and the capacity. Let us calculate 
these three contributions. 

a. The voltage drop due to the inductance is equal to the 
product of the inductance L of the coil and the rate of change of 

the current, i.e,, equal to L 

h. The voltage drop due to the ohmic resistance is equal to 
the product Rl. 

c. The voltage drop through the capacitor is equal to Q/C, 
Hence, the differential equation of the oscillation becomes 

M El +'^ = Eo sin coi (3.2) 

dt 

Now the two {piantitic's Q and I an^ coiiiKati'd by a simple 
relation since the rate of change of the charge of the capacitor 
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is equal to the current. Hence, I = dQ/dt and dl/dt = d^Q/dt^. 
Substituting these relations in (3.2), we obtain 


T d-Q , T> 1 1 /-i tn • j. 


(3.3) 


4 
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Comparing Eqs. (3.1) and (3.3), it is seen that the electrical 
and mechanical oscillations are analogous if we substitute 
inductance for inertia, resistance for damping, the reciprocal 
value of the capacity for elastic restraint, and the impressed 
electromotive force for the mechanical force impressed on the 
body. 

The same analogy can be applied to systems with an arbitrary 
number of degrees of freedom. The number of the degrees of 
freedom is equal to the minimum number 
of closed circuits which include all ele- 
ments, z.e., all resistors, capacitors, induc- 
tances, and generating devices of the 
system. The elements which belong to 
more than one closed circuit may be con- 
sidered as the coupling elements. 

As an example, analyze the coupled 
circuit system in Fig. 3.2. The first cir- 
cuit contains the electromotive force E, 
the inductance Li, the two capacities Ci 
and C 2 , and the resistance R. The 
mechanical equivalent of this circuit is a 

Fig. 3.2.— Schematic dia- mi Subjected to the action of an 

gram of a mechanical vibra- external force F, two elastic springs ki 
and and a dashpot The second 
circuit contains the inductance L 2 , the 
capacity C 2 , and the resistance R] the mechanical equivalent con- 
sists of the mass 771 - 2 . attached to the spring ko and the dashpot 
In the simple example of one closed electric circuit we chose 
as generalized coordinate the charge of the capacitor Q. Owing 
to the relation dQ/dt — I, Q can be replaced by the integral 

I dt. For coupled circuits it is more convenient to replace 

the charge Q by this integral. Hence, in the example cor- 
responding to Fig. 3.2, we denote by Ii the current flowing 
through Li, and by I 2 , the current flowing through Lo, positive in 



F 

\2 


tion damper and its elec- 
trical equivalent. 
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the direction indicated by the arrows. Then the current passing 
through R is equal to Ii — I 2 , according to Kirchhoff's law. 

Writing Qi = and Qs -£ 1 2 dt, the charge of the capacitor 

Ci will be equal to — /a) dt — — Q.. 

Hence, the drop of voltage E between A and B can be eaicu- 
lated along ADFGHB thus: 


E 


Cl 


^ J- T I r d~^Q2 


dt‘ 


( 3.41 


For the closed circuit DFGH the drop of voltage is equal to 
zero; hence, 


j d^Qi 

df- 




= 0 


(3.5) 


The statement corresponding to (3.4) for the mechanical 
system expresses the equilibrium among the external force F, 

the elastic force —kiqu and the mass forces — mi and 

I wf- 

—m 2 in the form: 

F = kiQi + mi 4- m 2 (3.6) 


This relation is perfectly analogous to (3.4) and is iiidepeiideut 
of the internal forces produced by the spring and dashpot 
inserted between the two masses. The latter enter into the 
second relation which determines the dynamic equilibrium for 
the mass 


d'^q-2 

dt'^ 


^2(^1 


9 .) - 


- <?■:) = 0 


(3.7) 


Let us now set up the balance between the forces acting on 
the mass mi. We have 

mi -j— 1 4" kiQi 4- k2{q\ — ^ 2 ) 4" — ^ 2 ) = F (3.8) 


The corresponding equation 

Li ^ + ^(Qx -Q2)+R ~(Q, -Q 2 ) = E (;1.9) 

determines the drop of voltage along the circuit ADHB. 
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We recognize in the mechanical system the model of a vibration 
damper, i.e., of a device used for the absorption of energy in case 
of resonance. Assume that resonance is due to the coincidence 
between the frequency of the force Fi imposed on the mass mi 
and the natural frequency of the mass mi. To absorb the energy 
produced })y the resonance, we attach to mi another mass 
and insca't a spring and dashpot between the two masses. The 
corresponding electrical device is called a wave trap; it is able 
to damp the resonance induced in a circuit by an impressed 
voltage whose frequency coincides with the natural frequency 
of the circuit. 

In the next section the theory of the vibration damper is 
carried out for the mechanical system. 

The equations for the small oscillations of a dissipative mechanical system 
with n degrees of freedom can be written in the form: 



where D is the dissipation function defined in section 1 and t — 1, 2, • • - , n. 

The equations for the small oscillations for an electric network consisting 
of n circuits can be set up in an analogous way, if we introduce the following 
definitions: 

a. The magnetic eiiergy of the system is 

n n 

F ~ h ^ Ljj^iQ j ( 3 . 11 ) 

i — 1 i = 1 

where Qi = U is the current in the ith circuit, and the Li/s are inductance 
coefficients where Lij ~ Lji. 

h. The electrostatic energy of the system is 


n n 



i=l j=l 


where Cij == (7,*; the are coefficients of capacitance, 
c. The dissipation function is 


( 3 . 12 ) 


D 


iX 

i = 1 i = 1 


where D is equal to half the energy transformed into heat per unit time. 
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With these notations the equations for the u circuits Eqs. (3.5 and 
(3.9)] can be obtained according to the following scheme: 


d/dT\ dV , dD 

dt\dQiJ '^aQi'^aQi 


(3.14i 


which is formally identical with (3.10). 


4. The Theory of the Vibration Damper. — We start from the 
two equations of motion (3.6) and (3.7) given in the previous 
section. We assume that the frequency of the impressed force 
is equal to co and write F = Then substituting into (3.6) 

and (3.7), qi = and we obtain 

Fo = (ki — mia)-)ci — wiaco-Co . . 

0 = ( — k^ — ^tcc')ci -f- {k^ “I” 

The main interest is directed toward finding the magnitude of 
Cl, i.e., the amplitude of the vibration of the mass nii. If jd 5?=^ 0, 
in general, ci and c-i will be complex. 

Let us first assume that /3 = 0, i.e., consider the vibration 
damper without dissipation. Then, 


Cl = Fc 


k. 


?n2O0‘' 


(ki — •micc~)(k2 m^w-) — m^k^o 


(4.2) 


It is seen that the amplitude Ci is no longer infinite if the fre- 
quency of the force and the natural frequency of the mass 
coincide, although ci = oc for two other values of <oi, viz., when 

= tn^k^o)*" (“I*^) 


We wTite (4.3) in the form: 

\ mi mo/ 


or wdth 


wfi = 


Jm, 

rrii 

<^11 + ( 1 + 


,,2 _ 

0^22 — 


+ ^ = 0 

mi mo 
k> 


rru 


mo\ ^ 

— - Ico.io 

mi/ "“J 


03“ + Ojb<^'22 ” d 


(4.4) 


Let us assume oju = 0302. Then the product of the two fre- 
quencies for which n = 00 is equal to cof^. Therefore, one of 
these frequencies is larger, the other is smaller than con. In 
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any case, by attaching to the vibrating mass mi another mass 
niz by a suitable spring, the resonance is split into two frequencies 
but is not removed. 

Let us now introduce damping. From (4.1) we obtain 

_ k2 — p . 

“ {ki - »liO)2)(fc2 -I- iSzw - msto®) - OT2C02(fc2 + ^ 

or 

Cl /C2 — “f" jSfcx) 

Fo (ki — mi<a-)(k2 — — Ajamao?- + /3m(hi — mia;^ — maoi^) 

( 4 . 6 ) 

We shall now show that there are two frequencies o for which the 
absolute magnitude of the amplitude Ci is independent of the 
magnitude of the damping. The absolute value of Ci/Fq is, in 
fact, independent of /?, if 

k2 ~ 711200" 

(ki — mioo")(k2 — 171200^) “ k2'm2co^ 


[A)i — (mi -f- m2)co2]2 


or 

(ki — 771100^) {k2 — 771200^) ~ k27n2oy‘ == ±[(A;i ~ miuo"^){k2 — m20o^) 

— m20o^(k2 — m20o‘^)] (4.7) 

It is seen that if we use the positive sign, relation (4.7) can be 
satisfied only by w = 0. This case is without practical interest. 
The negative sign leads to the relation 

2(A;i — mico^)(k2 — maa;^) = m2co^(2k2 — 771200^) 

or with wfi = ki/77ii, 0)22 = k 2 /m 2 y m 2 /mi = /i, 



Let us denote the two roots of this equation by Q‘i and Then 
the corresponding values of |ci/Fo| can be expressed easily by 
(4.6). Since |ci/Fol is independent of the magnitude of the 
damping coefficient /3 for co“ = Qf and = 121, we can put 
jS = CO and obtain from Eq. (4.6) 

1 

\ki — (mi “b m.2)f2^j 


El 

Fo 
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or with ki 

= micofi, 




Cl 

1 1 

(4.9) 


Fo 

1 - (1+ 



^11 



where 2^ is equal to either or Og. For a?->0, Ci = Fo/ki 
[cf. Eq. (4.6)], hence, Fo/ki is the static deflection of the mass 
Ml corresponding to a force Fq. Let us denote it by Cq and call 
the ratio Ci/co the amplitude ratio tj. From ( 4 . 9 ) we have 

_ 1 „ 1 

|i - (1 + M)(n?/co?i)r - 11 - (1 + M)(Oi/<of,)l 

(4.10) 

whereas for all other values of u, tj is ki times the absolute 
value of the expression on the right side of (4.6). It is a function 
of 0 ) with 0 ) 11 , W 22 , IJ>, and /3 as parameters. 

We now propose to find the best performance of the damper 
for a given con and for a given mass ratio /x = mo/mi. In other 
words, we shall find the value of 0 ) 22 , which makes the maximum 
value of 7} in the range 0 < o) < cc as small as possible. Since 
the values 771 and 772 are independent of jS, the maximum amplitude 
ratio cannot be smaller than the larger of the two values obtained 
from Eq. (4.10). By appropriate choice of the damping factor (3 
we can keep the amplitude ratio for the whole frequency range 
near this limit. 

Let us vary col^ and investigate first its influence on Of and 0 |. 
These quantities are roots of the Eq. (4.8). We write Eq. (4.8) 
in the following form: 


[a)fi + (1 + 7 u) 6 )y 0^ + <*)fi 6 )i 2 = 0 (4.11) 


It is easily seen that Eq. (4.11) has no double roots, z.e., 0 i ^ O 2 . 
We shall, therefore, assume that Of > 0 |. Then for ^22 = 0 


we have Of == 


and 0 | = 0 ; for 0)22 —> 00 , 


3C and 


0 | ^ - • The two roots Of and 0 | behave in the following 

way (Fig. 4.1): Of decreases with increasing 0)32 till it reaches 
a minimum. The value of this minimum can be found by differ- 
entiating the left side of (4.11) with respect to w| 2 , considering O- 
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as a function of wfs and putting d(Q^) == 0 . We have, 
therefore, 

^(1 + cofi = 0 

which means that the minimum of Of is equal to . , For 

1 + AX 

C0I2 — ^ oc y Of increases to infinity. The value of Of increases 


from 0 to 


1 


1 + 


if C0I2 varies from 0 to 



0 


Fig. 4.1. — Theory of the vibra- Fig. 4.2. — Theory of the vibration 
tion damper: Diagram showing the damper: Diagram showing the ampli- 
freqnencies Oi and lia for which tnde ratios 171 and 772 corresponding to 
the amplitude ratios are inde- the frequencies Oi and ^2 plotted in 
pendent of the damping factor. , Fig. 4 . 1 . The larger of rji and 772 deter- 
mines the best performance of the 
damper. 

If we now plot (Fig. 4 . 2 ) 771 and 77.2 — corresponding to = Qf 

2 

and == 121, respectively — we see that for a;l2 = 0, 771 = 1 H — ; 

and when 12f reaches its minimum, 771 increases to infinity; then 
it decreases from 00 to 0 . The secpnd value, viz.^ rj^, varies from 
1 to 00 if 6)22 varies from 0 to co. It is seen that the optimum 
value for rj is reached when 771 = 772. According to Eq. ( 4 . 10 ) 
771 = 772 if either . ^ 

1 - (1 + = 1 - (1 + 

^11 <*^11 

or 

1 - (1 + = -fi - 
“u' L 

The first case is excluded since Qi ^ Q Therefore, we obtain 

+ = ( 4 . 12 ) 

r AX 
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However, from (4.11) it follows that 

1 


QI + = 


[ojii + (1 + 


^ 1 + (m/2) 

and, therefore, by comparison of (4.12) and (4,13), 


(4.13) 


C022 = 


COii 


(4.14) 


1 + M 

Since in practical cases jit < < 1, the best tuning is reached at a 



Fig. 4.3. — The amplitude ratio 77 for the forced oscillations of a mass equipped 
with a vibration damper, plotted as function of the frequency of the external 
force for different values of the damping factor. Note that all curves pass 
through the points P and Q, which correspond to the frequencies ili and thi. 
(The diagram is reproduced from J. P. Den Hartog, Mechanical Vibrations,” 
Fig. 107.) 

frequency W22, which is slightly lower than ton- Substituting 
the value of C022 from (4.14) in Eq. (4.11), we obtain 

and, therefore, 

^ O-Io) 

In Fig. 4.3 the amplitude ratio 77 = |ciA' Foi is plotted as 
function of a;/coii for 0 ) 22 / 0^11 = 1, /x = A. various values 

of the diinensiouiess parameter /d' = /i/2wia)u- It is seen that wo 
have infinite amplitude not only for jii' = 0 but also for .d' = ^ , 
since if the damping is excessive the two masses are almost 
rigidly connected and no energy is dissipated. The points P 
and Q correspond to co = Sli and m = Oo. 
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5. The Stability of Uniform Rotation. The Vertical Top. — In 

the examples of the previous sections the small oscillations of a 
system in the neighborhood of its equilibrium position were 
investigated. In this section we investigate the small oscilla- 
tions of a rotating top in the neighborhood of a so-called stationary 
state of motion- Let us consider a symmetrical top rotating 
uniformly around its axis of symmetry. If the axis of symmetry 
/ is vertical and we neglect friction, 

uniform rotation will persist 
indefinitely, since gravity, which is 
the only external force acting on 
^ system, exerts no moment with 

/ respect to the fixed point. Let us 

y now investigate the motion in the 

^ - neighborhood of the vertical posi- 

tion. We determine the position 
iA y| ^ of the top by two angles (Fig. 5.1). 

^ - The angle Q is the inclination 

y*\\ Hy (ly) between the vertical 2 :-axis and the 

Y"'" j \ axis of symmetry f. We pass a 

plane through the z- and the f-axes 
k and call the intersection of this 

|q — plane with the xy plane the 3;'-axis. 

^ f , The angle between the x~ and the 

Fig. 5.1. — Diagram of a vertical , - i 

top. (a) Side view perpendicular to X -axes IS denoted by (p. The axis 

the plane. normal to x' and z is called the 

t/'-axis. The angular velocity around the f-axis is denoted — as 
in Chapter III, section 7 — ^by 12, and the angular velocity around 
the 2 -axis, f.e., ^ = d<p/dt, by y. We remember that the angular 
velocity ii is called the velocity of 'precession (cf. Chapter III). 
We must consider a third component of the angular velocity, viz., 
6 ~ dd/dt] this angular velocity is called the velocity of nutation. 
The angular velocity 9 is represented by a vector perpendicular 
to the plane; hence, it lies on the 2 /'-axis. We consider 9 and 
9 small in comparison with unity; however, cp and (p are not 
necessarily small. 

In order to obtain the equations of motion for the small 
oscillations of the top in the neighborhood of the vertical position, 
we evaluate the components of the moment of momentum. 
We first calculate the components with respect to the x' 7/2 



(b) 



— t 

n ^ 

Hx ^ 

L . — Diagram 

of a vertical 
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coordinate ^stem. The contributions of ii and ^ already 
calculated in Chapter III, section 7. Let us use, as in that 
chapter, the notation C for the moment of inertia with respect 
to the axis of symmetry f and A for the moment of inertia with 
respect to an arbitrary axis normal to i'. Then the moment 
of momentum consists of a component C(0 + ^ <-X)s d) in the 
^-direction and a component A/a sin 0 directed normal to i' 
in the plane. Therefore, the component of the moment of 
momentum in the ^j-directiou is 

Hs = C{Q -f- cos 0) cos 0 + Afx sin“ 0 

and in the a:'-direction, 

Hy = C(0 A- cos 0) sin 0 — Afx sin 0 cos 0 

The moment of momentum corresponding to the angular velocity 
6 is equal to .4^ and is directed parallel to the ^'-axis. 

Dealing with small oscillations, we neglect the higher order 
terms of 6 and 0, Thus, we obtain for the components of the 
moment of momentum the following expressions: 

- ix)0 - Aix0, Hy = AB, H, = C(0 + p) (5,1) 

In order to obtain the equations of motion, we resolve the H 
vector into components parallel to the fixed axes JC, Hy, H^. 
The equations of transformation are (Fig. 5.16) 

//x = Hz' cos <p -- Hy sin ip ( 5 ‘^) 

Hy = Hy sin p + Hy cos p 

or substituting the expressions (5.1), we obtain 

Hx = + p)0 cos p — A{p6 cos p 0 ^^in 

Hy = C(0 + p)0 sin p — sin p — 0 cos p) (5.3) 

/f. = C(L> + m) 

Taking into account that = p. the expressions (5.3) can 
be written in the form: 

H:, = C{9. + y)e cos - .4 4:{ » sin 

Hy — C(fJ + m) 0 sin <p + A ^(6 cos o) 

IH = C(f> + m) 


(5.4) 
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Denoting the components of the moment of gravity by 
Mx, My, Mz, the equations of motion are 

-it 

If the center of gravity is located on the f-axis at a distance 
s from the fixed point and the mass of the top is equal to m, the 
components of the moment of gravity are: 

= --mgsd sin <p, My = mgsd cos <p, and Ms = 0. 

Hence, from the third equation of (5.5) it follows that 
Hz = C(Q + fji) = const., and substituting Mx, My, Hy in Eq. 
(5.5), we obtain 

d d‘^ 

Hz cos (p) — A -^{B sin ip) = —mgsd sin <p 

d t 

Hz ' sin ip) + A -^(6 cos <p) = mgsd cos <p 


Let us now introduce the x and y coordinates of the center 
of gravity: Xs = s6 cos p and ys = sB sin (p. Then Eqs. (5.6) 
can be written in the form : 


rr&qs n g . 

7 ngs . Hs . 
Vs — ^ 2/s “h ^ Xs 


(5.7) 


Equations (5.7) are identical with the equations of motion for a 
particle of unit mass moving in the xy plane subjected to a 

repulsive radial force of the magnitude where r is the distance 

of the point from the origin, and to a force of the magnitude 


A- 2/“ which is perpendicular to the instantaneous 
velocity v = -s/dA + 2/^- 

For completeness of the analysis we show how Eq. (5.7) can be obtained 
from Lagrange’s equation of motion. The kinetic energy of the top is 
equal to half the sum of the products of the components of the angular 
velocity and the components of the moment of momentum. We shall refer the 
components to axes fixed to the top and choose as such axes the f-, rj-axes 
where § lies in the plane and is normal to rj is normal to ^ and f and, 
therefore, identical with The components of the angular velocities 
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with respect to these axes are: 12 -f- cos 0, ~pL sin dj and therefore, the 
components of the moment of momentum are Ci Q -j- fi cos *9 *, —Ap. sin 8, 
and A&. Thus, the kinetic energy is given by 

T — 4- /i cos I gjj ^2 0 A 

We introduce the coordinate jd, which we ignored up to this point, viz.^ the 
angular displacement of the top around the s'-axis. We have O = A 
Substituting jj. = <p and O = we have 

T = MChj + cos 6)- - 2 sjj ^2 ^4-4 (5.9) 

and the potential energj^ is given by 

U = tugs cos 9 (5.10 

Hence, Lagrange's equations of motion for the generalized coordinates jl, 
and 9 are 

^ [C(d 4- ^ cos 0)] = 0 (5.11) 

— [<7(^ 4 ^ cos 9) cos 0 4- A<f sin2 0] = 0 (5.12) 

at 

— {A 9) A C($ A- ‘P cos ( sin 9 — A^- sin 6 cos 0 = mgs sin 6 (5.13) 


From Eq. (5.11) it follows that C(/3 4- <ic> cos 9) = const. = H^. Then we 
have 

— Hs sin 9 ' 9 A -d^sin^ 9 4- 24 sin 6 cos 6> = 0 (5.14) 

4^' 4 i^'c-^sin 9 — A sin 9 cos 9 = mgs sin 9 (5.15) 

We put s9 = r and take into account that 6 and r are small. Then, multi- 
plying (5.14) by Sj we obtain 


— H zf' 4 " AifT 4 ^Aipr • 0 

and from (5.15) 

4f A HzTpr — Ar^- = 7ngsr 


(5.16) 


(5.17) 



r — 


IL 

A 


rf 



(5.18) 


It is seen that Eqs. (5.18) represent the equations of motion of a particle 
of unit mass whose polar coordinates in a plane are r and under the action 

of a repulsive radial force and a force — r'-e- whose direction 

A A 

is normal to the velocity of the mass point. Hence, Eqs. (5. IS) are 
equivalent to (5.7). 
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We shall investigate the stability of the motion defined by 
Eqs. (5.7). Substituting and tjs = we obtain 



or by multiplication, 




The roots of Eq. (5.20) are' 


X = 


± 23 ^ ± 



(5.19) 


(5.20) 

(5.21) 


It is seen that if {Ilzl2AY > mgs/A^ all four roots of Eq. 
(5.20) are pure imaginary quantities, and we obtain oscillations 
with, constant amplitude. If {Hz/^AY < mgs/ A, two ix>ots 
have positive real parts and two have negative. In this case 
the motion is unstable. The condition for stability is, therefore, 


> (5.22) 

Hence, the rotation of a symmetrical top around a vertical axis 
is stable if its moment of momentum is sufficiently large. The 
minimum amount required is given by Eq. (5.22). 

If s is less than zero, the center of gravity is below the fixed 
point of the top. Then Eqs. (5.7) give the small oscillations of 
a so-called gyroscopic pendulum. The reader will be able to dis- 
cuss this case, which is also quite interesting, without difihculty. 

6. Stability Conditions for Oscfilating Systems. — A motion of 
the type q — const, is stable if the exponent X has no real 
positive part. In the two examples (sections 2 and 5) in which 
we discussed the stability of systems, the characteristic equations 
were 'biquadratic. In such cases the character of the roots can 
easily be decided. In this section we discuss the case in which 
the equation for X is a cubic or an arbitrary quartic. A few 
remarks will be devoted to higher degree equations, which we 
encounter when dealing with three or more degrees of freedom. 

Stability Conditions for the Cubic Equation. — We assume that 
the equation 


X3 4- aX‘- 4- 5X -h c = 0 


( 6 . 1 ) 
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is the characteristic equation of a system; we shall find the condi- 
tion for the stability of the system. For stability it is necessary 
that none of the roots has a positive real part. Now. if Ai, 
Xo, X3 are the roots, the left side of Eq. (6.1) is equal to 

(X - Xi)(X -- \.){\ - Xa) 

Then it is seen that —a is equal to the sum of the real part.s of 
the roots. Hence, —a must be negative, f.e., a > 0. The sanK‘ 
holds for the coefficient c, because — c is equal to the product of 
the three roots. If the three roots are all real and negative, their 
product is certainly negative, and c > 0. If two roots are com- 
plex conjugates, e,g., Xi = a -b i/3 and X2 = a — 1/3, — c is the 
product of the real root X3 and of the product X1X2 = a- -f /3-. 
Hence, if X3 is negative, again c > 0. Finally, consider the 
coefficient h = X1X2 + X2X3 + X3X1. If all roots are real and 
negative, h > 0; if, for instance, Xi and X2 are complex conjugates, 
we write h = X1X2 + \z 0 ^i + Xo). Now X1X2 is always positive; 
if the real parts of Xi and X3 are negative, Xi +• X2 is negative and 
multiplied by the negative X3 again makes h positive. It 
follows that for stability all coefficients of the equation must be 
positive. However, this condition is not sufficient. 

If a > 0, 5 > 0, c > 0, one of the roots, say Xi, is certainly 
real and negative; however, the two other roots, say X‘> and X3, 
could be conjugate complex wdth a positive real part. For 
example, if c is very large compared to a and h, X will have a posi- 
tive real part, since, approximately, X*^ -j- c = 0, or X = c' * v — 1, 

i.e., Xi ^ X. S + ^-v'3 X3 ^ - gv'3 jC If 

we now vary the coefficient c; we pass through a value of c 
for which the real parts of X2 and X3 become negative. For this 
limiting value of c, the roots X2 and X3 are pure imaginary, for 
example, Xo = /3f, X3 = Physically speaking the system is 

at the stability limit, carrying out pure harmonic vibration of tlie 
frequency Substituting X = ± f/3 in Eq. (6.1), we havt‘ 

-a/3-= + c = 0 


or elimimitiiig /3, 


^ = 6 
a 


(6.3) 
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If we consider a and h as fixed values and c variable, the roots 
are continuous functions of c. Then it follows that the complex 
roots will have a positive real part for 

c > ab ( 6 . 4 ) 

and a negative real part if 

c < ab ( 6 . 5 ) 

The condition ( 6 . 5 ), together with a > 0 , h > 0 , c > 0 , is 
necessary and sufficient for stability. 

Stability Conditions for the Quartic Equation. — ^Let us write 
the characteristic quartic equation, in the form : 

/(X) = X 4 ^X 3 + 6 X 2 H- cX + d = 0 

Then a reasoning analogous to that used in the case of the cubic 
shows that in case of stability a > 0 and d > 0 because the sum 
of the roots must be negative and their product must be positive. 
The coefficient 6 — X1X2 4 " X1X3 -f- X1X4 -}- X2X3 -j- X2X4 ~}~ X3X4 can 
be written in the form ; 

6 = X2)(X3 -j~ X4) T" X1X2 ~f" X3X4 

Now, if all roots are real and negative, 6 > 0. If Xi and X2 
are a pair of conjugate complex roots, Xi + X2 is real and negative, 
and X1X2 is real and positive; hence, again b > 0 . If both 
Xi, X2 and X3, X4 are pairs of conjugate complex roots, both 
Xi + Xo and X3 + X4 are real and negative, and XiX2 and X3X4 
are real and positive; consequently, again 6 > 0 holds. It is easy 
to show in a similar way that under the assumption of negative 
real parts c > 0. If the real parts of all roots are equal to zero, 
a = c = 0. This is the case of the biquadratic equation dis- 
cussed in the previous section. 

Hence, for stability it is necessary that none of the coefficients 
of (6.6) should be negative. However, this condition is not 
sufficient. There is an additional condition which can be 
obtained by the method of the so-called test Junction.* 

Let us consider the equation 

= + a(a)X^ + 6(q:)X 2 -f- c(oi)\ -f- d(a) - 0 ( 6 . 7 ) 

The reasoning applied above to the cubic equation can be applied also 
to the quartic and yields immediately the condition (6.10). However, we 
prefer to introduce the test function, in view of later applications. 
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whose coefficients are functions of a parameter a and satisfy the 
following conditions: 

a. The values a( 0 ), 5(0), c( 0 ), and d(Q) for a = 0 are equal to 
the values of the coefficients in Eq. ( 6 . 6 ). 

5. The roots of (6.7) are equal to Xi - 4 - a, X 2 + a, X 3 + o!, 
X 4 + a, wffiere Xi, Xo, X 3 , and X 4 are the roots of Eq. ( 6 . 6 ). [How 
a{a), h(a)j . , . can be calculated is shown later in Eq. ( 7 . 2 )]. 

It is seen that if, for example, Xi == ~ai + ijSu Eq. ( 6 . 7 ) 
has for a = ai two pure imaginary roots, viz., ±^ii. For such a 
value of a, the functions a (a), h{a), c(a), and d(a) must satisfy 
simple conditions. Specifically, if ( 6 . 7 ) has a pure imaginary 
root j(3f, we have 

- 5/3‘'' + d = 0 (6.8) 

and 


ap- — 0 = 0 

since the real and imaginary part of ( 6 . 6 ) must vanish separately. 
Eliminating we have 


or 


£1 


6^ + d = 0 

a 


c- — abc + a-d = 0 ( 6 . 9 ) 

We call the function 


F{a) = c- — ahc + aM 

where a, 5, c, and d are functions of as defined above, the test 
function of the quartic ( 6 . 6 ). 

It is evident that as often as — « is equal to the real part 
of a root, of /(X) — 0, we have F(a) = 0, i.e., this equation 
has a real root. If the real parts of all the roots of /(X) art‘ 
negative, all real roots of F{a) must be positivt‘, i.c., must 
lie between a; = 0 and a = , and no root of F(a) can lie 

between a = — 00 and a = 0. Now if ck is a very large negative 
number, say —N, the four roots of the polynomial ^(X) will be 
approximately equal to —N, and g(X) will have the approximate 
form g(\) = (\ + Ny. Expanding this expression, we have 
a(a) ^ 4N, h{a) ^ 6 N% c(a) ^ 4N^, and d{a) =.YX Hence. 

— j\r) = — abc + a~d — 64.¥‘’, and therefore F( — x) is 

certainly negative. ConsequentlVi it F(cx) has no negative real 
roots, F{0) must be neg'qive too. 
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We obtain the result that if the roots of /(X) = 0 have no 
positive real part, 

F{Qi) = — ahc -f- aH < 0* (6.10) 

where a, 6, c, and d, are the values of a(a), h{a), c(q'), and d{a) for 
a = 0, f.e., the coefficients of /(X). 

Condition (6.10) is necessary for stability and, together with 
the rules which refer to the signs of the coefficients, is sufficient. 

That the conditions a > 0, 6 > 0, c > 0, d > 0, and FiQ) < u 
are sufficient for stability of the system whose characteristic 
equation is /(X) = 0, can be shown in the following way: If 
all coefficients of /(X) are positive, /(X) = 0 can have no real 
positive roots; however, it would be possible to have complex 
roots with positive real parts. Now, since F(— oo) and F(0) 
have identical signs, as was shown above, if F{a) = 0 has real 
roots between q: = — oo and a = 0, it must have an even number 
of them. Hence, there must be two pairs of conjugate complex 
roots with positive real parts, if any, e.g., X 1.2 = oci ± and 
X 3,4 = 0:2 ± 1 ^ 2 , where ai and 0:2 are positive. But in this case 
a = — (2ai + 20 : 2 ) would be negative which contradicts the 
condition a > 0. Hence, if a > 0, h > 0, c > 0, d > 0, and 
F(0) < CK, none of the roots can have positive real parts. 

The test-function method can also be applied to equations 
of higher degree; for instance, in the case of a sextic, the expression 
F(0) is the so-called resolvent of two algebraic equations resulting 
from the substitution of X = and the separation of the real 
and imaginary terms. 

7. Calculation of Complex Roots of Algebraic Equations. — 

There are exact formulas for the calculation of the roots of cubic 
equations. How^ever, in general, it will be simpler to calculate 
real roots by one of the methods given in Chapter V, or if there is a 
pair of conjugate complex roots to calculate first the real root, Xi, 
divide the equation by X Xi, and solve the remaining equation 
of second degree. 

In the case of quartics the following methods are recommended : 

a. The Test-function Method. — The test function introduced 
in the last section can also be used for numerical computation of 
the complex roots by plotting F{a) as function of a and determin- 
ing the real roots of F{(x) = 0. The roots of F(q:) = 0 determine 

* Equation (6.10) for d = 0 becomes identical with Eq. (6.5). 
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the real parts of the roots of /(X) = 0. Then the complex 
parts are determined by one of the equations (6.8), e.g., by the 
relation p- = c/a. 

In order to plot F(oi), the coefficients a(oi), bia). c{a), and dicx) 
must be computed as functions of a. Let us denote the roots 
of /(X) = 0, by Xi, X2, Xg, and X4; then the polynomial whose 
roots are equal to Xi + a, X2 + a, X3 4- and X4 4 - ck is given by 


gM = /(X 


a) =/(-«) +f(-a)\ 


ai) 


1 • 2 ■ 3 


1 • 2 • 3 • 4 


For example, g{\i + a) = /(Xi + a -- a) = /(Xi) = 0. We obtain 

g(X) = 4* — 4a:) X^ 4“ (& — 3cia 4“ 6a') X" 

4" (c — 2ha + 3a" — 4a*)X 4* (d — ca 4" ha' — na® 4^ a*^) (7.2) 

The coefficients of X^, X', X, 1 are the functions a(a), 5(a). 
d{a) and, substituting them in F(a) = c- — a (5c — ad), we 
obtain the test function sought for. 

5. Approximate Factorization. — ^Let us assume that the quartic 
equation 

jf(X) = X*^ 4“ ctX^ 4“ 5X" 4” cX 4" d = 0 (7.3) 

has two pairs of conjugate complex roots Xi, Xo and X3, X4 and 
in addition, that |Xi| = (Xoj > > jXs] = 1X4!. Then it is easily 
shown by a reasoning quite similar to that applied in Chapter 
to equations with real roots that Xi and X2 are well approximate^cl 
by the roots of the equation X" + aX + 5 = 0 and the small 
roots X3 and X4 by the roots of the equation 5X" + cX 4* d = 0. 
Hence, the expression 

/(X) — (X' 4“ aX A- 5)^X- + ^X 4- ^ = 0 (7.4) 

represents an approximate factorization of Eq. (7.3). 

If the ratio jXil/lXsl is not sufficiently large, the method of 
squaring the roots can be applied in a manner similar to that 
used in the case of real roots. The method is not very efficient 
in the case of complex roots because, if we apply the squaring n 
times, we obtain an equation for X-'^; and if X is complex, it is 
rather hard to determine which of the 2n roots of X-^^ is the correct 



248 


NONCONSER VA TI VE S YSTEMS 


[Chap. VI 


root of the original equation (7.3). In the case of real roots, 
only the sign of X is dubious; in the case of complex roots we 
obtain 2n different complex numbers as possible values for X. 

The following general theorem, which is quoted here without 
proof, is useful for equations of higher degree and for equations 
wdth some real and some complex roots: 

If the absolute values of r roots (real or complex) of the 
equation 

/(X) = X’^ + aiX«-i + • • * + a„ = 0 (7.5) 

are very large in comparison with the rest of the roots, the r large 
roots are approximately given by the roots of the equation: 

X’* “i“ ctiX’ ^ -|- * * * ri* ~ 0 


and the rest of the roots are approximated by the roots of the 
equation 

UrX"”^ + + • • • + Un = 0 

c. Extension of Newton^ s Method to Complex Roots. — Newton’s 
original method can be applied to the calculation of complex 
roots if we start from an approximate complex value. Starting 
from a real value, the method can never lead to complex roots 
as is seen by Eq. (8.1) in Chapter Y. However, the method can 
be modified by approximating the function /(X) by a quadratic 
function instead of a linear one. Using Taylor’s expansion, we 
write 

/(X) = /(Xi) +/'(Xi)(X — Xi) -)- i/^^(Xi)(X — Xi)^ (7.6) 

Choosing now an arbitrary value of Xi as first approximation, 
we obtain, solving Eq. (7.6) for X, 


/'(Xi) , - 2/(X0/"(X:, , 

/"(Xi) ^ /"(XO 


(7.7 


If the radical in the last term is negative we obtain a complex 
value for the next approximation of the root. By the process 
of iteration we are able to obtain successive approximations for a 
pair of conjugate complex roots. 

This method has the disadvantage that very complicated 
numerical work has to be done with complex quantities. It is an 
advantage to have schemes for the numerical calculation which 
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involve only real quantities. If Xi = a and X 2 = a — fd 

are one pair of complex roots of the equation/t X) = 0, the polyno- 
mial /(X) is divisible by the quadratic factor 

(X ^ Xi)(X - X 2 ) = X- - 2o:X + «“ + I?- 

Hence, if we assume approximate values for the coefficients 
2a and a- + and improve these coefficients by the process of 
iteration, we also improve the approximations for the correspond- 
ing roots. Methods for successive correction of the coefficients 
of a quadratic factor have been worked out by L. Bairstow, 
J. I. Craig, and others. 

8. Longitudinal Stability of an Airplane. — Assume that every 
point of an airplane moves in a vertical plane parallel to its plane 
of symmetry; we call such a motion the longitudinal motion 
of the airplane. The longitudinal motion of the airplane is 
described by the translation of its center of gravity and the rota- 
tion of the airplane body around an axis normal to the plane of 
motion. The equations of motion were given in Chapter lY 
[Eqs. (9.1) to (9.3)] 

m -^ == — D + nig sm 6 

do 

mv = —L 4- mg cos 6 (8.1) 

I^= -M 

dP 

In these equations the following notations are used: 

V the magnitude of the velocity of the center of gravity. 

6 the inclination of the flight path, positive downward. 

if the angle between the longitudinal axis of the airplane and 
the horizontal, positive upward. 

ni the mass of the airplane. 

1 the moment of inertia of the airplane around a transversal 
axis through the center of gravity. 

D the drag, f.c., the aerodynamic forct^ opposite to the flight 
direction. 

L the lift, i.e.j the aerodynamic force normal to the flight 
direction. 

M the moment of the aerodynamic forces, diving momeiit 
being measured positive. 
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To investigate the small oscillations of the airplane in the 
neighborhood of uniform level flight with the velocity we 
assume that the velocity v == Vq + u, where u is small compared 
to ^>0 and ip are small angles. Furthermore, we assume that 
the drag D can be neglected or that it is balanced at every 
instant by a propeller thrust of equal magnitude. Then Eqs. 
(8.1) upon neglecting terms of higher order give us the following 
relations : 



where P' = J/m, i.e.^ i is equal to the radius of gyration of the 
airplane around its transversal axis. 

In level flight L = mg and If = 0. Hence, if AL and AM 
are the increments of the lift and the moment, we have 


L = mg + AL, 


M = AM 


Let us calculate the increments AL and AM as functions 
of u, B, and p. It is assumed in general that the lift is pro- 
portional to the square of the velocity of flight and is a linear 
function of the angle of attack a. We measure the angle of 
attack from the value corresponding to zero lift and assume that 
OL = m and = 0 correspond to level flight. Then we write 




or substituting v = ih, + u and « = ao Aa and neglecting 
terms of higher order 

L = 1 + 2^ + — (8.4) 

\ Wo 

Taking into account that Aa — B 


L — rngi 1 T" 2 — fl- 
V Vo 
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The aerodynamic moment M consists of the \ying moment 
and the moment of the aerodynamic force acting on the tail 
surface. The tail force consists of two parts: one due to the 
change of the angle of attack, the other due to the rotation of the 
airplane. We combine the first part of the tail force and the wng 
moment into one term, in that we write for the total stabilizing 
moment produced by a change Aa of the angle of attack 


A All = mgckmAa 


(S,6) 


where c is the mean chord length of the wing and km is a numerical 
factor. We say that km determines the static stahility of the 
airplane, f.c., the magnitude of the restoring or stabilizing 
moment. 

The contribution of the rotation to the tail force corresponds 
to an apparent increase of the angle of attack. If the airplane 
rotates wdth the angular velocity d<p/dt and the distance between 
the center of pressure of the tail and the center of gravity of the 

airplane is Z, the vertical velocity of the tail is equal to / 

This is equivalent to a change in angle of attack of the amount 

—I Thus the rotation produces a force on the tail which 
ro dt 

is proportional to we can write the corresponding 

moment about the center of gi*a\dty of the airplane in the form; 


AM 2 = ktmgPtp— 

Vq 


(8.7) 


where kt is a numerical constant that depends especially on the 
ratio between tail and wing surface. 

Substituting (8.5), (8.6), and (8.7) into Eq. (8.2), we obtain 


1 . 

-u 

g 



e 



- + <p) 

«0 


+ e) 



1 . 


to 


( 8 . 8 ) 


We eliminate u and obtain the following two equations for ^ and 
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-le = -20 - —(0 + <p) 
g~ g<xo 

«’5 - 7, cvlf , flT, 7. *’11 7 


(8.9) 


In order to obtain a dimensionless form of these equations 
we introduce the dimensionless time parameter r = tgjvo. This 
amounts to using vo/g as an appropriate time unit. Then we 
have 


(£^ 

dr- 

dr^ 


- -20 


jL ^ 

ao dr 


= —a((p + 0) — 8 


i a<p 
0(0 dr 
dcp 
dr 


( 8 . 10 ) 


where cr and 8 are used as abbreviations for the two dimensionless 
quantities occurring in the second of Eqs. (8.9). It is seen that 
the solution of the stability problem depends on the following 
three dimensionless parameters: 


cxQ is a characteristic aerodynamic parameter of the airplane; 
it depends on the lift coefficient employed in level flight. 
cv^ 

<j = A-m— ^ is a parameter which is characteristic for the static 
gi- 

stability of the airplane. In fact, a > 0 means that a rota- 
tion of the airplane by an angle <p produces a restoring 
moment. If o- < 0, the moment tends further to increase 
the angle (p. Hence, we say that if cr > 0, the airplane is 
statically stable, if cr < 0, it is statically unstable; if cr = 0, 
the airplane has neutral static stability. 

P 

5 = is a parameter which determines the damping effect 
of the tail. 


Substituting B = Ae^^, ip = \ve obtain the following 

frequency equation: 


A- - A- 2 

ao 


ao 

X“ “f" 8\ A 0"! 


== 0 


(8.11) 


or, expanding the determinant, 

X" + (^ + + ^2 +• <T + ^)x- + 25X + 2(7 = 0 (8.12) 
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Before we investigate the stability criteria, let us assume 
that a is very large, so that all terms which do not contain a 
are small compared with the terms containing a. Thenj neglect- 
ing ail the rest of the terms^ we obtain 

X2 + 2 = 0 (8.13) 

or X = ± Taking into account that r = this value 

of X corresponds to harmonic oscillations with the period 

T = 2Tr 

In addition to the roots X = ±V — 2 Eq. (8.12) must have 

two other roots. It is seen that these roots must be of the order 
of magnitude \/cr. In that case and orX- are of the same 
order and are large compared with the rest of the terms. Thus, 
we have approximately 

X“ + (T = 0 (8.14) 

or X == ±A/“cr. The corresponding period is equal to 

T = 27r-^ = 2x. 


Let us investigate the corresponding modes of oscillation: 
If <r is very large compared with 5, the two equations (8.10) are 
reduced to 




^ + <r^ = 


— ad 


(8.15) 


If X = ±\/ — 2, the second equation is satisfied with sufficient 
approximation by (<^ + ^) = 0, and the first equation gives 
(with r = gt/vo) 


^ . a/ 2gt . y, V ^gi 
C sm — — 4- D cos — ~ 

Vo Vo 


This result corresponds exactly to the result obtained in Chapter 
IV for the so-called phugoid tnofion. In fact, there the assump- 
tion was made that the airplane is so stable that every deviation 
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in the angle of attack is instantaneously corrected. This 
means that a is very large and Aa = ^ + 0 — 0. 

For X — ±‘\/“-o-, the first equation is satisfied with sufficient 
approximation by ^ = 0, and we are left with the equation 

g + = 0 (8.17) 

which means that the airplane oscillates about its center of 
gravity as a pendulum oscillates about its axis of suspension. 

Hence, in the ease of excessive static stability the motion 
of the airplane consists of a phugoid-like motion of the center of 
gravity and of an oscillation of the airplane body around the 
center of gravity.* The wave length of the phugoid motion is 

equal to ° wffiere vo is the speed of level flight, and the 


period of the rotational oscillation is equal to 2Tr\/z^/gckm^ 

Let us now drop the assumption of large a and investigate 
the conditions for the stability of the oscillations defined by the 
frequency equation (8.12). We found in section 6 that in the 
case of stability, the coefficients 

d }"5j 5==2-{--<7'-{ 7 c == 25, d = 2cr 

ao CKO 

of Eq. (8.12) must be positive. In addition, the expression 
p ^ — a(hc — ad) (8.18) 

has to be negative. 

It is seen that the coefficients a, 6, c, and d are positive if 
0 - > 0, since 5 and are positive by their definition. Hence, 
an airplane can be stable only if a- > 0, f.e., if it has static stability. 

Substituting the values of a, b, c, and d into (8.18), we obtain 
as an additional stability criterion 

432 - (i- + < 0 

\ q:o / \ ao ao/ 

or 


0- < 52 4. 


25cko 

1 + 8ao 


(8.19) 


* As a matter of fact, both modes of oscillation are slightly damped if the 
stability criterion (8.19) is satisfied; the amplitude of the first mode increases 
slowly if the stability criterion is violated. 
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The line a ~ 5- 


25ao 


is plotted in Fig. 8.1 corresponding to 


200 


150 


100 


50 
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Dynamically 

Unstable 


Statically 

and 

Dynamically 

Stable 


15 


T 

Statically and Dynamicat/y 
Unstable 


Fig. 8.1. — Diagram for the longi- 
tudinal stability of an airplane. 


ao = T^. The abscissa in this 
diagram is 6 (damping param- 
eter), the ordinate is a (param- 
eter of static stability). It is 
seen that the airplane is vStable 
only if it has a certain damping. 

The magnitude of 5 tvhich is 
required for stability increases 
with increasing static stability. 

If the drag D is taken into 
account, the limiting curv^e 
which separates the stable and 
unstable regions in the 5cr plane 
intersects the positive cr-axis. 

Hence, in reality, if the param- 
eter of the static stability <r is 
beyond a certain limit, the airplane becomes dynamically stable 
also for 5 = 0. 

Problems 

1. A shaft rotates in an abundantly lubricated sleeve bearing. Assume 
a displacement p of the center of the shaft from the 
center of the bearing produces a reaction of the magnitude 
R directed at an angle of 180® — 6 with the direction 
of the displacement (Fig. P.l). Also assume that the 
shaft is unloaded so that in the equilibrium position the 
center of the shaft coincides with the center of the bear- 
ing. Show that if damping is neglected, this equilibrium 
position is unstable unless 0 = 0. 

A U-tube pressure gauge consists of two vertical tubes of diameter 
a horizontal capillary tube of diameter da = di/lO and length I 
The height of the liquid in the columns is equal to ho when the same pressure 
acts on both columns. The specific weight of the fluid is 7 , the coefficient 
of viscosity p. Find the amplitude of the oscOlations of the liquid columns 
if a variable pressure acts on one of the columns, when the pressure difference 

/ 2Tri 

is given by 1 + e sin — and ! 1. The fluid resistance in the 



2 . 

and 


vertical tubes can be neglected. 

Hint: The pressure drop in a capillary tube of diameter d and length I is, 


according to Poiseuille^s law, Ap 
flowing through per unit time. 


128 fjtl 

—Q where Q is the quantity of fluid 
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3. Condenser Microphone . — The electromechanical setup known as the 
condenser tiiicrophoJie is shown schematically in Fig. P.3. The circuit 
consists of a battery of constant voltage E, a coil of inductance L, a resistance 
H, and a condenser of variable capacity C. The condenser has one fixed 
plate to which a movable plate of mass m is attached elastically. This 
movable electrode is the receiving membrane of the microphone. It 
vibrates under the variable pressure F of the acoustic waves. The system 
has two degrees of freedom. The charge Q of the condenser and the dis- 


placement q of the membrane are the two generalized 
coordinates. Set up the differential equations for 
li 1 jtp these quantities using Lagrange^s equations. 

Solution: This is a mixed problem in which one 
of the variables is a mechanical and the other an 
k electrical quantity. However, we know that no dis- 

1 tinction needs to be made between them in setting 

Fig^P 3 Lagrange's equations. When the system is at 

rest, the condenser is charged by an amount Qo, 
therefore the electrodes are attracted and compress the springs by 
an amount g-Q. When the system oscillates, the charge and the dis- 
placement are Qo -f Q and go -h g. The capacity of the condenser is 
inversely proportional to the distance between the electrodes; we put 
d. 

^ ” a _ g "^Lere A and a are constants. The total potential energy 


(electrostatic and elastic) is 


U (Qo + QY 4- 4- g)2 - EQ 

2t 

Taking into account the equilibrium conditions dXJ JdQ = dU/dq = 0, for 
Q == g = 0, and dropping terms higher than quadratic in Q and g, we write 

~ ^ const. The term ^“Qg represents the 

electromechanical coupling. The reader will notice that the coupling 
coefficient 2 QoM is proportional to E. The sum of the magnetic and 
kinetic, energies is T = iLQ^ + imq^; the dissipation function is D. = ^RQ^. 
Lagrange's equations are 

_L 

dt\dq '' ^ dt\dQ 

4. A short electric train is made up of three units: a locomotive and two 
passenger cars. The weight of each unit is 40,000 lb., the spring-constants 
of the springs connecting them are equal to 15,000 lb. /in. Determine the 
smallest value of the damping factor for two identical shock absorbers 
placed between the three units and acting by viscous friction such that the 
relative motion of the cars is not oscillatory. 
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Solution: The characteristic equation of the system is 

(mX2 H- -f fc)(?w\2 + -f- Zk ) = 0 

where m is the mass of one car, k is the spring factor, and ^ the damping 
factor. The general solution is the superposition of two damped oscilla- 
tions. The critical damping for the oscillation corresponding to the first 
factor of the characteristic equation is etjual to 

. o /r” o /SO^ X 15,000 „ 

* 2^\/ ktih — 2^ I ~ “ 11).— sec. 

\ 386 

The condition for the nonoscillatory character of the motion corresponding 
to the second factor of the characteristic equation is 3d > 2\ Skm. This 
condition is satisfied by the above value of d- 

6. The vertical axis of symmetry of the gyroscope shown in Fig, P.5 is 
free to rotate about the point A and is restrained by two springs at the 
point B. The axes of the springs are perpendicular to 
each other; their spring constants are ki and Calcu- 
late the magnitude of the moment of momentum of the 
gyroscope required for stable rotation. 

6. An airplane engine is suspended in an elastic 
mounting as shown in Chapter V, Proh. 8, in such a 
manner that the three translatory and rotational degrees 
of freedom are not coupled. Show that the gyroscopic 
moment of the propeller introduces a coupling between 
the rotations, and calculate the precession of the a-xis of 
the engine for the case of a four-bladed propeller. 

7 . The stability of a monorail car is obtained by a vertical gyroscope. 
The axis of the gyroscope is hinged to the car at point P in such a way that 
it can move only in the plane of symmetry of the car. We have the following 
data: 

Wc total weight of the car and the gyroscope. 

TFff weight of the gyroscope. 

/ moment of inertia of the car with its mounted gyroscope about the rail. 
C moment of inertia of the gyroscope about its spin axis. 

A moment of inertia of the gyroscope about an axis through P and 
perpendicular to the plane of symmetry of the car. 
h height of the center of gravity of the gyroscope above P. 
s height of the center of gravity of the car and its gyroscope above the 
rail. 

Set up the equations of motion for small oscillations of the gyroscope 
around the vertical and determine the spin velocity U of the gyroscope 
required for stability. 

Hint: Calculate the rate of change of the moment of momentum of the 
gyroscope about a horizontal axis passing through P. Because tlie oscilla- 
tions are small, this axis may be considered as fixt'd. We have 



Fig. P. 5. 
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~ COi<p 4 ” 

where d is the inclination of the gyropscope in the plane of symmetry of the 
car and v? the inclination of the car. Similarly, taking moments about the 
rail, lip - -f ircS<;£>. 

8. The equation of motion for the sleeve of a centrifugal steam-engine 
governor is given by 

mx + + kx — Ci{o3 — wo) 

where m is an inertia factor which accounts for the mass of the fiyballs, the 
link arms, and the sleeve, is a damping factor, k the constant of the gover- 
nor spring, CO the instantaneous velocity, wo the mean angular velocity of the 
engine, and Ci a characteristic constant of the governor, which determines 
the force acting on the sleeve if the angular velocity is different from its 
mean value. The equation of the engine is of the form; 


where I is the equivalent moment of inertia of the moving parts of the engine 
and C 2 is a characteristic constant of the engine, which determines the torque 
as function of the displacement x of the sleeve of the governor. Pind the 
condition of stability of the coupled system consisting of the engine and the 
governor. 

9. Solve the algebraic equation 

~ 9 a :3 - 5I2: + 26 = 0 

10. Solve the algebraic equation 


- 7x^ -f 22x^ - ZSx^ -h 37a: - 16 = 0 
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CHAPTER VII 


THE DIFFERENTIAL EQUATIONS OF THE THEORY 
OF STRUCTURES 

Salviati . — In this discussion I shall take for granted the well- 
known mechanical principle, which has been shown to govern the 
behavior of a bar, which Tve call a lever, namely, that the force 
bears to the resistance the inverse ratio of the distances which sepa- 
rate the fulcrum from the force and resistance, respectively. 

Simplido , — This was demonstrated first of all by Aristotle in his 

Mechanics.’* 

Salviati, — Yes, I am willing to concede his priority in point of 
time; but as regards rigor of demonstration the first place must be 
given to Archimedes. 

— Galileo Galilei, “Dialogues concerning Two New Sciences 

— The Second Day” (1638). 

Introduction, — This chapter is concerned with the equilibrium 
and with the harmonic oscillations of cords and beams. Prac- 
tically all problems of this chapter are boundary problems, 
Le., they ask for particular solutions which satisfy certain 
conditions at the boundaries. We treat in detail differential 
equations which have constant coefficients or can be reduced 
to the standard form of Bessel’s differential equation. How- 
ever, methods are shown for sohdng problems invoking arbitrary 
differential equations also. 

In the differential equations treated in Chapters lY to VI, 
the time appeared as an independent variable. In the differential 
equations encountered in this chapter the independent variable is 
a space coordinate. The unknown function is in most cases the 
deflection of a one-dimensional structure, such as a string or a 
beam. The deflection under given loads is governed by non- 
homogeneous differential equations; the particular physical 
setup, e.g., the type of support or the type of connection with 
other parts of the structure, furnishes the boundary conditions. 

The next group of problems deals with the determination of 
the natural frequencies of one-dimensional structures. In the 
oscillation problems of Chapter V we were concerned with the 
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oscillations of a finite numbe.r of masses, mass points, or rigid 
bodies, whereas we shall now consider the masses continuously 
distributed over the whole elastic structure. To be sure, we 
restrict ourselves to harmonic oscillations of structures, i.e., 
we do not treat transient vibrations which are governed by 
partial differential equations where the time and at least one 
space coordinate enter as independent variables. 

Returning to equilibrium problems, we treat the classical 
problem of elastic instability or buckling of columns — a problem 
first treated by Euler. There are two methods of approach to 
this problem. In one method the existence of equilibrium 
positions in the vicinity of the undeflected shape of the column is 
investigated, ^.e., the existence of solutions of the differential 
equation in addition to the trivial solution which represents the 
iindeflected shape. The second method consists of the investiga- 
tion of the stability of the iindeflected shape by comparison of 
the total potential energy of the system in undeflected and various 
deflected positions. This method leads to the calculus of varia- 
tions. This chapter contains a short discussion of the stability 
problem from this point of view, and we give in Chapter YIII 
a practical, so-called direct method for solving simple variation 
problems. 

The free oscillation and buckling problems lead to homogeneous 
differential equations containing unknown parameters and 
require the determination of certain characteristic values of these 
parameters for which the given boundary conditions can be 
satisfied. These characteristic values represent the natural 
frequencies^ the critical speeds^ or the critical loads of the structure. 

Several examples of forced oscillations and combined axial 
and lateral loadings of structures are included. These problems 
lead to nonhomogene ous equations, however, with a parameter in 
each equation representing either the frequency of the impressed 
force or the axial load. The character of the solution depends 
greatly on the value of this parameter. If certain characteristic 
values are approached, the structure develops resonance or may 
collapse owing to excessive deflections. 

1. Deflection of a String under Vertical Load. — We consider 
a perfectly flexible string submitted to vertical loads (Fig. 1.1a). 
Since such a string has no resistance to bending, the only internal 
force is the tension F acting in the direction of the tangent of the 
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deflection curve. Let us denote the ordinates of the deflection 
curve by w{x)^ the angle between the horizontal x-direetion and 
the tangent to the deflection curve by 6, the load per unit length 
of the horizontal projection of the deflection curve by -pix). 



Fig. 1.1. — Equilibrium of a string under a vertical distributed load. 


Then the equilibrium equations for an element between x and 
X + dx are (Fig. 1.1b) 


d 


' cos B) 


== 0 


dx 


(F sin 6) dx + p dx = 0 


( 1 - 1 ) 


According to the first equation, the horizontal component of 
the tension, H — F cos B is constant, and substituting H in the 
second equation, we have 

= —p{x) ( 1.2 

or with tan 6 = dwjdx 

= -pM ( 1.31 


Let us assume that iv = 0 and dw/dx = tan for x = 0. Then 
by repeated integration 



262 


THEORY OF STRUCTURES 


[Chap. VII 


P(f) X tan e<, (1.4) 

Integrating by parts, we have 

dk = fJxpiO di - di 

and substituting this expression in Eq. (1.4), 

w - ~ ?)p(l) d!i X tan 0o (1.5) 

If we write Eq. (1.5) in the form: 

— jETtu + Hx tan 6^ + (J — x)p(^) = 0 (1-6) 

it is easily seen that Eq. (1.6) expresses the condition that the 
resulting moment of the forces acting on the string to the left 
of an arbitrary point whose coordinates are x,w (cf. Fig. 1.1), 
is equal to zero. In fact, —Hw represents the moment of the 
horizontal component H of the tension ; the term Hx tan do 
represents the moment of the vertical reaction V, which is equal 

to H tan ^o; and finally, the integral (^ — x)p(^) represents 

the moment of the load p. 

Let us assume that a concentrated force Pi acts at the point 
X == This means that the distributed load p(x) per unit length 
has very large values in a small interval between x = — e 

and X ^ + €. Let us write ^ ; then 

T_t(f - x)pa) = Ti'^‘(?.- - x)pa) dk + fypa') d^' 

(1.7) 

If we proceed to the limit € — > 0, the first integral on the right 
side of Eq. (1.7) becomes (f* — {x ~ ^i)Pi, 

and the second term vanishes, as is of the order of €. The 
expression (Jf — x)Pi is equal to the moment of Pi with respect 
to the point x. Hence, if we include concentrated forces, Eq. 
(1.6) becomes 

— Hw -f Hx tan do d- — x)Pi + J^*(f — df = 0 


( 1 . 8 ) 
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It follows from Eq. (1.8) that the deflection iv of a string loaded 
by vertical forces — distributed or concentrated — multiplied by 
the horizontal tension H gives the value of the moment of the 
vertical forces whose lines of action are to the left of x, including 
the vertical reaction F, the concentrated forces Pf, and the dis- 
tributed load p(|). 

The string polygon method commonly used for the construction 
of bending-moment diagrams of beams is based on Eq. (l.S). 
The string polygon is the actual equilibrium configuration of a 
string under the action of the loads acting on the beam and of 



two end tensions Fa and whose horizontal component H is 
arbitrary. The integral in Eq. (1.8) can be evaluated graphically 
by replacing the distributed loads by concentrated forces whose 
magnitudes Pi are given by the areas of the corresponding sections 
of the load diagram p(x) and whose points of application are the 
centroids of those sections. 

Figure 1.2 shows the construction of the string polygon for a 
beam simply supported at the two ends and acted upon by the 
vertical loads Pi, Po, and P 3 . The ordinates w of the string 
polygon correspond to the equation (cf. Fig. 1.1.) 

w = X tan do (1-9) 

i 

The summation includes the forces acting to left of J = x. 
To construct the polygon we first draw a force diagram with an 
arbitrarily chosen value of H. The sides of the string polygon 
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are parallel to the lines connecting the pole O with the end points 
of the forces. Since the vertical reaction at x = 0 is unknown, 
we start with an arbitrary value of ^o- Then, of course, w{l) 
is not necessarily zero, and to satisfy this condition we connect 
the end points T' and B' of the string polygon by a straight 
line. Then the ordinates between the sides of the polygon 
and the line A'B' are equal to the moment divided by H. The 
vertical reactions at the supports are obtained from the force 
diagram by drawing a straight line from the pole parallel to A'B\ 
Small Deflections of a String Held under Tension. — ^Let us now 
assume that the deflection of a horizontal string is very small. 
In this case cos 1, and in Eq. (1.3) H can be replaced by the 
resultant tension F. Hence Eq. (1.3) becomes 

( 1 - 10 ) 

and the solution with ty = 0 for x = 0 is 


w 



?)p(0 


( 1 . 11 ) 


where C is a constant of integration, which is determined by the 
second boundary condition. In the case of a constant load po, 


w = 


2F 


+ Cx 


and if zz? = 0 for x ^ 1, C = poL/2F and 


W = - X) 

The maximum deflection occurs at x = 1/2 and is equal to 

In the case of an arbitrary load p(x), putting w = 0forx = I 
in Eq, (1.11), we have 

- I)P(5) + CZ = 0 

and substituting the value of C in (1.11), 
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This equation can be interpreted in the following way: Let us 
assume as the only load a concentrated load P acting at the point 
5 (Fig. 1.3). Then d^w/dx- = 0, except for x = and the solii- 




_ 

p / p L / 

E A 


^ 

— 1 

4 1 


: / J 


Fig. 1.3. — Small deflection of a string under action of a horizontal tension and 
a vertical concentrated load. 

tion tr(:r) consists of two linear functions. The deflection / 
at the point a; = ^ is given by the condition that 

F(tan ^2 + tan Bi) = P 
or 

Kl + f^) - p (>■>« 

f = ^ m - $) ( 1 - 14 ) 

Hence, the solution for rr < ? is given by 

=r0 

and for x > ^ (1.15) 

We call the function obtained by substituting P = I in 
(1.15) the influence function g(x,^) (Fig. 1.45). It gives the 
deflection at x for a unit load applied to the point J. It is a 
function of two variables x and and its derivative with respect 
to z is discontinuous for x ~ f. 

Let us now subdivide the load p(J) into sections p($) and 
replace p(Q by concentrated forces (Fig. 1.4a). Then the 
contribution of the loads between | = 0 and J = r to the deflee- 




a* 

I 


tion amounts to 


1 




and that of the loads 
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between ^ = a* and f = Z to 


F 


Proceeding 




— \ 

''fT 


I T 

r [ 



1 ! 

i t 

1 1 

1 1 


(a) 


to the limit AJ 0, we obtain 
the expression (1.12), which we 
write in the form (Fig. 1.4c): 


0 ' 

6 C 

P-/ 


L 

^ 

4-r- 

U 



IXT 

ink 







(c> 


In Fig. 1.4c the application 
of Eq. (1.16) is shown for the 
case in which the load is applied 
between two points, f = a and 
i — h. This method of solu- 
tion is called the method of the 
influence function. 

2. String with Elastic Sup- 
-We assume that the 
vertical deflection of the string 
is restrained by a large number 
of springs (Fig. 2.1) such that their action can be replaced by a 
distributed restoring force per unit length equal to kw, where h is 




Fig. 1.4. — Deflection of a loaded 
string determined by means of the 
influence function. 


Spring String 






F 


Fig. 2.1. — String held under horizontal tension and restrained elastically in the 

vertical direction. 

a proportionality factor and w is the deflection. In this case we 
must add the amount —to to the vertical load and obtain the 
differential equation 

^ —p{x) + kw 


or 


-p(x) (2.1) 

The solution of (2.1) consists of the general solution of the 
homogeneous equation, tci, and an arbitrary particular solution 
W 2 of the nonhomogeneous equation. The general solution of 
the homogeneous equation is 
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+ Be (2.2) 

If p{x) has a simple form, the particular solution can often be 
easily guessed or calculated. For example, if p(x) is equal to 
a constant pQ, then W 2 = Po/A: is a particular solution. 

As an example, we give the solution corresponding to the 
deflection of an infinite string under the action of a concentrated 



force P at the point f (Fig. 2.2). In this case, for all points 

X 9 ^ Eq. (2.1) becomes — kw = 0 . If we assume that 

ax^ 

tc = 0 for X = ± oo , we have w = Cie ^ for x > ^ and 


w = C^e for X < |. Denoting the deflection for x == | by /, 
we have 

=/ (2.3) 

or M! — forx > Sandw = for a: < J. The 

deflection / is determined by the condition that 


(2.4) 

This condition yields the relation 2f^s/kF = P. Hence, the 
deflection of the string is given by the following expressions: 


for X > 


(2.5) 


2^kF' 


for 


3. Bending of Beams. General Theory. — A beam is a pris- 
matical or approximately prismaticai body with a resistance 
to bending and twisting. A beam is called a straight beam when 
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the centers of gra^hty of all cross sections lie on a straight line 
which is called the axis of the beam. 

We give in this section a short review of the results of the 
elastic theory of straight beams. We assume that the a;-axis of a 
rectangular coordinate system coincides with the beam axis and 
the cross sections are pai'allel to the yz plane. We consider 
an arbitrary cross section and denote the components of the 
resultant and of the resultant moment of the external forces 
acting on the portion of the beam to the left of the cross section 
considered by Xj Y, Zj Mx, Myj Mz. The center of gravity of the 
cross section is chosen as base point for the moments. We call X 
the axial thrust; Y and Zj the shear forces; Mx, the twisting moment; 
My and Mz, the bending moments acting around the y- and ^-axes, 
respectively. 

Let us first assume that the cross section is symmetrical with 
respect to the xz plane and the lines of action of all forces are 
parallel to the 2 -axis. Hence, X = F = 0 and Mx = Mz = 0. 
In this case we shall call My — M simply the bending moment; 
the resultant force Z == S, the shear force. We measure the 
normal deflection w positive downward, M positive clockwise, 
and 8^ positive upward. We denote the load per unit length of 
the beam by p(a:), the concentrated loads by Pi, P 2 , . . . , Fn, 
p and the P^s are taken positive downward. 

The equilibrium condition for the vertical forces acting on 
an element dx of the beam requires that 
d Sf 

-^dx p dx = 0 (3.1) 


The equilibrium condition for the moments acting on the same 
element is given by 

dx — ' dx = 0 (3.2) 


Hence, /8 


dM 

dx 


V = 


_dS 

dx 


and, therefore, 


p - - 


dm 

dx"^ 


C3.3) 


The analysis of the deformation produced by the bending 
leads to the result that the curvature of the beam axis is equal to 


I _ M 
R El 
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where R is the radius of curvature (positive if the deflected axis 
is convex seen from below), I is the moment of inertia of the cross 
section with respect to the ?/~axis, and E denotes Young’s tnodulus. 
The curvature of the line w = w(x) is given by 


or for small deflections approximately by ^ 

rC 


dhv 

dx- 


d^w 

dx^ 


'El 


Hence, 


(3.4) 


Substituting M from (3.4) into Eqs. (3.2) and (3.3), we obtain 




(3.5) 


Equation (3.6) is called the dijflerential equation for the deflec- 
tion of the beam. The quantity El is called Yhe flexural rigidity. 
We consider the following boundary conditions: 
a. Hinged Support . — If the hinged support is at one end of the 
beam, at that point w = 0, and the moment is equal to zero, and, 
therefore, d^w/dx^ = 0. If the beam extends beyond a hinged 
support, at the support le = 0, and the moment is continuous. 
h. Clamped Support. — w = 0 and dw/dx = 0. 

c. Free End. — M = S = 0 and, therefore, El == 0, and 

dx- 

d' 


A hinged support involves a reaction; a clamped support, a 
reaction and a reaction moment. The beam is statically deter- 
minate if the total number of reactions and reaction moments 
is equal to the number of equilibrium equations. In this ease, 
the moment M can be determined from the equilibrium condi- 
tions, and instead of Eq. (3.6) we can use Eq. (3.4) for the 
computation of the deflection w. 

The elastic energy per unit length of the beam is equal to 
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In general, the resistance of a section of the beam to bending 
is determined by its two Tnoments of inertia ly = dA and 

/a = dAj and by its 'product of inertia ly^ = dA, where 

dA is an element of the cross-sectional area. If My and are 
the bending moments with respect to the y- and is-axes, respec- 
tively, if V and w are the deflections in the negative y~ and ^J-direc- 


tions, and if - 


dH , 1 


d^v) 


Re dx^ Ry da- 
deflection curve in the xy and xz planevS, we have 


are the curvatures of the 


My 

Mz 


d-w ___ d^ 

rl^2 -I 2/a ^^2 

d^w 


( 3 . 8 ) 


If lye — 0, the y- and s-axes are called the principal inertia axes 
of the cross section. In this case 


-Elr 


d^w 

dx^ 


T ^ 
"dx‘^ 


( 3 . 9 ) 


and the quantities Ely and EI^ are called the principal flexural 
rigidities of the beam. It is seen that the planes of the resultant 
moment and the resultant deflection coincide only if 

(a) Ely = EI„ 
or 

(5) either My or M^ is equal to zero. 

The influence of an axial thrust X on the bending of beams 
will be taken into account in the sections dealing with the theory 
of the suspension bridge, the theory of buckling, and the theory 
of a combined axial and lateral load. 

The twisting moment is supposed to be proportional to the 
arigle of twist per unit length of the beam. If the angle of rotation 
of an arbitrary cross section is B(x), 


dS 

dx 


( 3 . 10 ) 


where C is called the torsional rigidity of the beam. It is the 
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product of the shear modulus G and a qiiantity which has the 
dimension of a moment of inertia of the cross section. 

4. Deflection of Beams. Beams on Elastic Foundation. — We 
assume that the y- and ^-axes are piincipal axes of the beam 
and the load is acting in the xz plane. Then, according to Eq. 
(3.6), the deflection is given by the equation 


If p(x) is a given function of a*, w can be calculated by repeated 
quadratures. Several graphical and numerical methods have 








A 


i * i i i 





Fio. 4 . 1 . — -Beam 011 elastic foundation. Diagram showing the defieotiou u\ 
the load pix), and the elastic restoring force kw. 


(4.1). We remember that 
If we consider the function 


l)een developed for solving Eq. 

= -M and d"-M/dx^- = -p. 

dx~ El ^ ^ 

M /El as a load applied to the beam, we may consider the deflec^ 
tion w as the bending moment corresponding to this load. 
Hence, the construction of the string polygon explained in section 
1 can l)e applied also for the determination of the deflection. 

Let us assume now that a uniform beam B is attaelied to a fixed 
bavse A by means of a large number of springs S. We shall take 
into aecoimt their action — as was done in section 2 — by a restor- 
ing force —kw per unit length acting in a direction opposite to w 
(Fig. 4.1). The factor k is called the modulus of the foundation. 
If a distributed external load p{x) acts on the beam, the total 
load will be p{x) — kw, and we obtain from Eq. (4.1) 

d*w 
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We first calculate the general solution of the homogeneous 
equation 

= 0 (4.3) 


where = k/EI. The characteristic equation of (4.3) is X^+^4 = 0 

and we have 

X = 

Let us write — 1 = where 

k is an integer. Then it is seen that 

iv S-iri 

the four values of v^ — 1 are , 

OTTi Viri 



in the complex plane by points 
located at T, C, and D ofi the 
unit circle (Fig. 4.2). The general 
solution of Eq. (4.3) is, therefore, 




=(1+0 X 




.r(-l+0a; 


w = CieV 2 -{- C^eV 2 

or in real form 

/ 8 . B ' 

y) = £>v 2 / ^ 0 Qg — X + B sin — j=x 

V V2 ^72 , 

^ 

+ <? 


+ CaeV: 


i( — 1— Oa; 


+ (74CV2 


(1 ~i)x 


(4.4) 


'■ cos —^x + B' sin — 


/3 


V2 




(4.5) 


To find w for a given p(x), a particular solution of Eq. ( 4 . 2 ) must 
be added to Eq. (4.5). The four arbitrary constants are deter- 
mined by four boundary conditions. 

Let us in particular investigate the case of a concentrated 
load P applied at a point i.e.,'p{x) = 0 for 2 : J. We assume 
the length of the beam unlimited in both directions. Then, 
owing to symmetry, dwidx = 0 at a: = also w must be finite 
(or zero) at a* = + 00 . Tho, solution satisfying these conditions 
is given by 




rix— S') 


cos — ~(x — 

V2 


f) + 


sin — ~(x 

V2 


0 (4.6) 
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where the upper sign holds for jc < ^ and the lower sign for 
X > The constant C is determined by the condition that 
the difference between the shearing force 5 at .r = f — e and 
.X = J 6 is equal to the load if e — ^ 0. The siieariiig force is 


given by ^ = 


~EI 


d^w 

dx^' 


We obtain by differentiation 



= -V2/3*C, 



= +V^;8'C 


Hence, P = 2\/ 2ff^CEI, from which 


C = 


P 


(4.7) 


It is seen that the deflection curve has the shape of damped 
waves with a discontinuous third derivative at the point x = ^ 



Fig. 4.3. — Deflection, of an elastically supported beam under a concentrated 

load. 

(Fig. 4.3). The distance of the first zero points O' and O" of 
the deflection from the point of action of the concentrated load 
P is equal to (37r/2/3)\/2. The values of the function 

4>{z) = c““(cos z + sin z) (4.8) 

and its second derivative, which is needed for computation of the 
bending moment, are tabulated in Timoshenko’s '‘Strength of 
Materials/^ vol. II, pages 405-406. 

There are many classes of engineering problems leading to 
the equation treated in this section; among the important 
problems that can be reduced to that of the bending of a beam 
on an elastic foundation is the axially symmetrical deformation of 
a circular pipe. 
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Circular Pipe with Reinforcing Ring . — As an example of this 
second application, we consider a circular pipe of thickness t 
and mean radius r; the latter is defined as the mean value of the 
internal and the external radii. The pressures acting on the 
pipe and, therefore, the deformations are assumed symmetrical 
about the x-sixis (Fig. 4.4). We consider a strip of the pipe 
between two planes passing through the ;r-axis, with the small 
angle Aa between them. Such a strip will behave like a beam of 


Hu/i 



Fig. 4.4. — Axially symmetrical deformation of a circular pipe under internal 

pressure. 


width r Aa and height t, provided we consider the strip subjected 
not only to the pressure acting on the pipe, but also to the forces 
acting on the two sides of the strip, owing to the elastic shrinkage 
or expansion of the annular sections of the pipe. The resultant 
of these forces is directed radially and represents an elastic 
restoring force for the beam considered. Let us measure the 
radial deflection w of the strip positive in the outward direction. 
The expansion of an annular section from the radius r to r + w 

w 

produces a tensile stress in the annulus equal to E—j where E is 

r 

a modulus of elasticity of the material.* Then the forces 
acting on the side faces per unit length of the strip are equal to 
Ewt/ r, and the radial resultant acting toward the axis is equal to 
w 

E—t Aa per unit length of the strip. It is equivalent to a restoring 

* Actually E is equal to Young’s modulus divided by 1 — where ix is 
Poisson’s ratio. 
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k = 


Et 


Aa 


r 


The external load per unit length is equal to pr Not where p is 
the internal pressure per unit area of the cylindrical surfaee. 

(The exact value of the load would be (.-!> Aa; howevcu', in 

the case of thin-walled pipes t/2 can be neglected in comparison 
with r.) Finally, the moment of inertia of the cross section 

of the strip is equal to r 

With these values Eq. (4.2) becomes 


dHo , 12 12 

~ Et^ 


( 4 . 9 ) 


We introduce a = \/r^ as a characteristic length parameter 
of the problem. Its physical meaning vill be illustrated by the 
application given below. 

With this notation Eq. (4.9) becomes 


dhu I2w 12 
dx^ 


(4.10) 


Let us apply Eq. (4.10) to a pipe of infinite length subjected 
to a uniform internal pressure p and reinforced at the section 
X = 0 by a stiffener ring whose stiffness is so excessive that the 
change of the diameter of the reinforced section can be neglected 
(Fig. 4.5). Then we have the boundary conditions .?• = 0 and 
div/dx = 0 at X = 0; at infinity w is finite and dw/dx = 0. 

The general solution of (4.10) contains a particular solution 
of the nonhomogeneous equation. For this particular .solution 
we use 


Et^ Et 


(4.11) 


The solution of the homogeneous equation which together 
with (4.11) satisfies the boundary conditions at infinity and tlu* 
condition dw/dx = 0 at x = 0 can be obtained from Eq. (4.6) 
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by substituting ^ = v 12/a and ? = 0. Hence, we have 


(4.12) 


where the upper signs hold for r < 0 and the lower signs for 
> 0. The remaining constant C is determined by the condi- 
tion that ^c; = 0ata; = 0. We finally obtain 


E 


The deflection w is plotted as function of x in Fig. 4.5. The 
radial deflection at infinity is equal to = pr^/Et, i.e., to the 


p 


rrrrr- 




Ring 2r 




Cylinder Before j 
Pressure Applied 

Fig. 4.5. — Deflection of a reinforced circular pipe due to internal pressure. 


deflection that would occur at any section of the pipe without 
the stiflener ring. 

If we use the stiffener ring as a stress-relieving device it is 
important to know the length of the pipe that is materially 
affected by the ring. To estimate this length we calculate the 
load carried by the ring. This can be done by computing the 
shearing forces for x — ±e, as we have done on page 273 or by 
calculating for each section the partial pressure which is in equi- 
librium with the annular stresses in the pipe. If p is the total 
pressure, the rest of the load, 2 .e., 

P = — pi) dx = — pi) dx (4.14) 

must be carried by a unit length of the ring. The annular 

IV U)t 

stress in the pipe is equal to hence,* pi = E-- Substituting 
this value into Eq. (4.14) and taking w from Eq. (4.13), we obtain 
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^ „ r* 3 ^ . ^v3\, 

P = ^ ° \ cos — ^ h sin ) dx (4, Id) 

Carrying out the integration, we have 

P.^.2p^ (4.16) 

V3 

Hence, the pressure acting over a length 2! = 2\/ri/'>^^ is 
carried by the stiffener. Therefore, to reduce the stress in a long 
pipe materially by a series of stiffener rings, the spacing must 
be of the order of magnitude 2L It is seen that this length is 
proportional to the square root of the radius of the pipe and to 
the square root of the wall thickness. 

5. The Theory of the Suspension Bridge. — The so-called 
deflection theory of the suspension bridge considers the bridge 



Fig. 5.1. — Deflection of the truss and cable of a suspension bridge. 

structure as a combination of a string (the suspension cable) 
and a beam (the bridge truss) (Fig. 5.1). The peculiar feature 
of this combination is that, whereas the deflection of the beam 
may be considered small, the deflection of the string, i.e., the 
deviation of its shape from a straight line, has to be considered 
as of finite magnitude. However, if we assume — as is usually 
done in the analysis of suspension bridges — that the cable is 
adjusted in such a way that it carries its own weight, the weight 
of the hangers, and the dead weight of the truss without producing 
a bending moment in the beam, then all additional deformations 
of the cable and the truss due to the live load are of small magni- 
tude and can be calculated by means of linear ecjuations. 

We shall use the following notations: 

a. The dead load of the system per unit length is equal to 
q] the live load applied to the truss is equal to p. 
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6. The horizontal tension in the cable, when loaded by the dead 
weight only, is denoted by H; the additional tension produced 
by application of the live load by h. The shape of the cable 
corresponding to the initial loading condition is given by 2/ = 
y being considered positive downward from the horizontal line 
connecting the end points of the cable. The additional deflection 
of the cable is w{x). It will be assumed that the elastic deforma- 
tion of the hangers can be neglected, and the vertical deflection 
of the truss at the point x is equal to the vertical deflection of 
the cable at the same point x. It is understood that this implies, 
in addition to the assumption of rigid connection between cable 
and truss, disregard of the horizontal deflections of the cable. 

c. The moment of inertia of the cross section of the truss is 
assumed to be constant and equal to /; Young’s modulus is 
denoted by E. 

We consider a cable extended between :r = 0 and x = I 
and a beam hinged at a: = 0 and x = 1. 

The differential equation for the shape of the cable in the 
initial loading condition is, according to Eq. (1.3), 



(5.1) 


If a live load p is added, a certain portion pi of the live load is 
carried by the cable, while p — pi is carried by the bending 
stiffness of the truss. The horizontal cable tension is increased 
loH h, and the deflection w is added to the ordinate y. Hence, 
the equation for this condition is 

(H + h) 2^2(2/ + ^) = — 9 - Pi (5.2) 

On the other hand, the differential equation of the beam is, 
according to (3.6), 

T-,-r d^w 

JEI (5.3) 

Three unknown quantities occur in Eqs. (5.2) and (5.3), viz., 
the two functions w{x) and p\{x) and the parameter A. Hence, 
an additional relation is necessary to determine the parameter A. 
This is given by the following condition: obviously, if w(;x) 
is known, the change in the length is determined by the additional 
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tension h and the elasticity of the cable. Caieiihuiiig the change 
in length in both ways, and comparing the two expressions, wt* 
obtain the relation which determines h. 

Let us assume first that h is known. Then by subsTitiiting 
Pi from Eq. (5.2) into Eq. (5.3), we obtain 

r (i W It 1 , 4 

) = P + Q 0-4j 

Taking into account Eq. (5.1), this reduces to 

^ rr • T \ , , 


or substituting again ~ for 
ri 



we have 


( 5 . 5 ) 

This is the fundamental equation of the theory of the suspen- 
sion bridge. It is seen by comparison with Eq. (5.3) that the 
portion of the live load that is transmitted to the cable and not 
carried directly by the truss is equal to 


The meaning of the first term on the right side of Eq. (5.6) is 
easily expressed: The truss is relieved by a certain portion of the 
dead load g; the reduction in per cent involved is equal to the 
increase in per cent of the cable tension. 

The second term also allow's a physical interpretation. Let 
us assume that an axial force X — H + h acts along the axis 
of the truss beam. If w*e assume, that the beam is deflected into 
the shape to = wix) and its radius of curvature is equal to 
l/R ^ —drw/dx-j the action of an axial tension X is equivalent 
to that of a normal load of the amount X/R, and it represents a 
restoring force if A” is positive. Hence, the effect of the hangers 
is the same as if an axial tension of the magnitude of the cable 
tension w^ere applied along the axis of the beam. 

The general solution of Eq. (5.5) is, with /jl — ^ ^ — » 

IV = A Bx + A- De'~^- + Wpix) (5.7) 

where iOp{x) is a particular solution of Eq. (5.5). 
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Let us assume p — qjj constant. Then it is more convenient 
to choose the center of the beam as the origin of the coordinate 


d^w 


I 


0 for a: = If the 


system and assume tr = 0 and 

symmetry of the problem is taken into account, only an even 
function of w can occur in the solution. Hence, we write 


w 


Cl + C2 cosh fix — rr\-^(p ~ 


It is readily shown by differentiation that the last term in 
Eq, (5.8) is a particular solution of Eq. (5.5). The boundary 
conditions call for 


+ C 2 cosh pi/ 2 — 


Hence, 


/2 


P 




H + h 


= 0 


p - qQl/H) (y.W > 
H + h \S, ^ J 

^ V - Q(WH) ^ 

^ ' H + h cosh/x^/2 


(5.9) 


Let us now calculate the bending moment at the center. We 
find from Eq. (5.8) 


or if Ci is substituted from Eq. (5.9), 

H h 

Substituting — we have 


1 

cosh pi/ 2 


) 


(5.10) 
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It will be shown later that h H is a function of the dimensionless 
quantity HI- /El and the ratio p q. Hemce, the moment at the 
center is expressed in the form: 


"'’A,?’ ST <«'2' 

The ratio of the live load to the dead load and the dimension- 
less quantity HI-/EI are the two governing parameters of the 
problem. 

The particular solution of Eq. (5.5) for arbitrary loads p 
can be found either by superposition of concentrated loads or by 
expanding p in Fourier series. The latter method will be dis- 
cussed in detail in Chapter ^TII. The method of superposition 
is explained at the end of this chapter in eonneetioii with Prob. 6. 

The Calculation of the Additional Cable Tension . — We consider 
two cases. In the first, we assume that the cable is inextensible, 
and, in the second, we assume a certain given modulus of elasticity 
for the extension of the cable. The initial total length of the 

cable is equal to L = X VI 4- {dy/dxy^dx where y{x) is the 

deflection in the initial loading condition. (Xote that the origin 
a: = 0 is again moved to the left tower.) If we replace y{x) by 
y{x) + w{x), expand the radical in a Taylor series, and neglect 
higher terms in w, the variation of L will be* 


AT - 


j. 


V^l -f- (dy/dx) 


dx 


(5.13) 


We integrate Eq. (5.13) by parts and write y' = dy/dx, 


dx- 


Then we have 


- r dx ( 5 . 14 ) 

vl+2/'do 

The first term on the right .side of Eq. (5.14) vanishes, because 
w vanishes at tlu^ tmd points. If we now iiegltM*t y^- in compai'ison 


* We reineiiiher that -r (r — \/l + x- can he w rit ten 

1 + + e)" — 0 + EG 

_______ approxiniateiv 7=^ 

+ 6)*^ + VI + '' VI 


for small €. 
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with unity and substitute a/" = — ^ from Eq. (5.1), we obtain 

J^^dx (5.15) 

or 

HAL = J^wgdx (5.16) 

Equation (5.16) can be interpreted as the expression of the 
theorem of the conservation of energy, applied to the cable. 
In the initial loading condition the normal load on the cable is 
equal to q, the horizontal, or approximately the total, tension is 
equal to Hs If now the deflection is increased by the small 
quantity w, the expression on the right side gives the work done 
by the load q; the expression on the left side is the work done by 
the tension H if the cable is stretched by the amount AL. The 
two amounts of work must be equal, contributions of the deflec- 
tion involving higher than the first power being neglected. 

If we assume the cable inextensible, we obtain the following 
relation : 

J^wqdx = 0 (5.17) 

This means that we have to substitute in Eq. (5.17) for w the 
solution of Eq. (5.5), which itself contains the parameter A, and 
in this way, we obtain an equation for the determination of h. 
This equation is a transcendental equation, because h is involved 
also in and, therefore, in co sh yd/ 2 . In order to obtain a first 
approximation, 'we put At = '\/H/EIy neglecting h in comparison 
with H. Then, we calculate h from (5.17), correct }x, and repeat 
the calculation. It is seen that, as was said above, h/H will be 
determined in this way as function of HV^/EI and p/q. 

If the cable is extensible, we assume that AL = hL/EA, 
where .4 is the effective cross-sectional area of the cable and E 
the modulus of elasticity of the material. Then, substituting AL 
ill Eq. (5.16), we obtain 

HhL 

This relation gives again an equation for the calculation of h. 
We remember that h occurs also in this case in the expression for 
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w. In practical applications it is necessary" to take into account 
also the extension of the cable due to the change of temperatures 
6. Problems of Harmonic VibrationI Reduced to Statical Prob- 
lems. — Sections 7 to 11 will deal with harmonic vibrations of 
one-dimensional continuous systems. As a matter of fact, the 
equation of motion of such a system is a partial differential equa- 
tion with the time t and the space coordinate .r as independent 
variables. Consider, for example, the small vibrations of a 
string. We denote the deflection by f and the mass of the string 
per unit length by p. According to d’Alembert’s principle 
(Chapter III, section 10), any dynamical problem may be treated 
as a statical one by adding the appropriate inertia forces to the 
given external forces. The inertia force to be added per unit 

length of the string is equal to — p and we obtain the equation 

C/Z** 

of motion for the free vibrations by substituting this quantity 
for the load p in Eq. (1.10): 


This is a partial differential equation for the deflection 
However, if we restrict ourselves to harmonic motion by putting 

^(r,f) = w{x) sin ixjt 

the partial differential equation (6.1) is reduced to the ordinary 
differential equation 


( 6 . 2 ) 


The new variable u'(x) can be interpreted as the maximum deflec- 
tion or the amplitude of the harmonic motion and poj'ir as th(‘ 
inertia force per unit length at the instant of maximum deflection. 
To find the equation for the free vibration of a beam, wf‘ 


consider again the inertia force 



the load, and using 


Eq. (3.6), we find 


(6.3) 


This partial differential equation is reduced to an ordinary diflVr- 
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ential equation if we limit ourselves to harmonic motion by 
putting = w(x) sin o)t. We find 

= 0 (6.4) 

In the following sections we use the Eqs. (6.2) and (6.4) to 
determine the frequencies and the modes of vibration of strings 
and beams under given boundary conditions. 

7. Harmonic Vibration of a String under Tension. — Taking 
up first the problem of the vibrating string, we find the general 
solution of Eq. (6.2), assuming that p is constant, 

w= cos ^jp (7.1) 

If the string extends from x — 0 to x — I and is fixed at the two 
ends, we have the boundary conditions t(; = 0forx = 0 and 
X — 1. The condition tt? == 0 for a? = 0 requires that (7i = 0. 
We are then left with the condition 


w = C 2 sin = 0 


(7.2) 


This can be satisfied only if either (72 = 0 or — kir where 

k is an integer. Hence the problem, in addition to the trivial 
solution ty = 0 (position of rest), has an infinite number of 
solutions, each corresponding to a definite value of the parameter 
0 ). The values of co which satisfy the condition (7.2) are 

f 

The corresponding solutions of Eq. (6.2) are 

= Ck sin ^CTTp fc = 1, 2, 3, (7.4) 

where the amplitude Ck remains undetermined. The string can 
vibrate in an infinite number of sinusoidal shapes called modes of 
vibration (Fig. 7.1a); each mode corresponds to a certain frequency. 
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The lowest frequency {n = 1) is called the fiaidm^ieniai tone 
of the string, the corresponding mode of vibration is called the 
fundamental mode of vibration. The modes corresponding to 
higher frequencies are known as the harmonics, or overtones. 
Figure 7.16 shows the spectrum of the string, i.e., the distribution 

(a) 

F x^O 



Fig. 7.1. — The modes of oscillation and the frequency spectrum for a string 

under tension. 

of the natural frequencies of the string over the frequency scale. 

Let us go back to Eq. (2.1) for the string with elastic support 
and put p = 0: 

^ ^ = 0 (7.5) 

Comparing this equation with Eq. (6.2), it is seen that the sign of 
the coefficient of no has a decisive influence on the character of the 
respective solutions. In the case of a string with fixed ends and 
elastic support, w = 0 is the only possible shape of the string 
when no load is applied, whereas the equation for a vibrating 
string has additional solutions for certain definite values of the 
parameter co. The mathematical rea.son for the different behav- 
ior of the two equations is that the general solution cd the Eq. 
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(6.2) is of the oscillatory type and goes through zero an infinite 
number of times between co and + oo , while the general 
solution of Eq. (7.5) cannot have more than one zero point 
between the same limits; hence, if the solution of Eq. (7.5) has 
to satisfy the boundary condition zt? = 0 at more than one point, 
w must be zero everywhere. 

The modes of vibration of the string are analogous to the 
modes of principal oscillations of a system which has a finite 
number of degrees of freedom (Chapter V). Every mode of 
vibration is a pure harmonic oscillation. If we replace the string 
by n masses, the amplitudes of these masses would be determined 
by the coefficients of the normal modes. It is seen that the 
function w(x) which determines the shape of a mode of vibration 
replaces a set of such coefficients. 

8. Vibration of Beams. The Critical Speed of a Rotating 
Shaft. — We now take up the problem of harmonic vibration of a 



Fig. 8.1. — The four val- 


beam. We restrict ourselves to beams of 
uniform cross section. Then Eq. (6.4) 
becomes 

= 0 ( 8 . 1 ) 

Using the notation pco^JEI, we have 

== 0 (8.2) 


1109 of 

The characteristic equation of Eq. (8.2) 
is — 0, and, therefore, 


The fourth roots of unity are located at the points A, B, C, and D 
of the unit circle as shown in Fig. (8.1), and the general solution 
of Eq. (8.2) is 

w == Cie^^ + +• (8.3) 

or, in real form, 

w A cosh px + B sinh Px + C cos Px + D sin Px (8.4) 

We consider various boundary conditions. 

a. Let us assume that a vibrating beam is hinged (simply 
supported) at both ends a; = 0 and x = 1. Then we have 
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= 0 and d^w/dx- = 0 for x = 0 and x = L From the condi- 
tions at X = 0 it follows that A = C = 0, and we are left with 
the conditions 

B siiih + D sin 01 ~ 0 
B sinh |3Z - Z) sin = 0 

Elquations (8.5) are satisfied if B = D = 0 or if sin 01 sinh 01 = 0, 
The last condition leads to 01 = Arx where k is an integer. It 



(&) 




4 9 16 

CO 


w 


25 Frequency 
Spectrum 


Fig. 8.2. — The modes of oscillation and the frequency spectrum of a uniform 
simply supported beam. 


follows from (8.5) that in this case B = 0 and D is undetermined. 
There are an infinite number of possible vibrations of sinusoidal 

shape Wk — Dk sin Their angular frequencies are given by 

the formula 


krir- IBI 


( 8 . 6 ) 


It is seen that the modes of vibration of a hinged beam (Fig. 
8.2a) are identical with those of a vibrating string. However, 
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comparing expressions (7.3) and (8.6), we find an essential 
difference in the frequencies: The frequencies of the beam 
increase as the squares of successive integers (Fig. 8.25), whereas 
the frequencies of the string are proportional to the integers 
themselves. 



Fig. 8.3. The modes of oscillation, and the frequency spectrum of a uniform 

cantilever beam. 

5. Let US consider a cantilever beam of the length I clamped 
at X = 0 (Fig. 8.3). We must satisfy the boundary conditions 
w = dw/dx = 0 for a: = 0 and d-w/dx^ = d^w/dx^ = 0 at the 
free end x = L From the boundary conditions at = 0 it 
follows that ^+^" = -^ + ^> = 0, and, therefore, 

w = ^(cosh — cos ^x) + ^(sinh (3x — sin ^x) 

The conditions for x = I lead to the following relations: 
d^w\ 

cos , 

+ sin 131) = 0 (8.7) 

■“ sin pi 

-f cos pi) = 0 (8.8) 



Sec. 8] 


VIBRATION OF BEAMS 


289 


Eliminating .4 and B between (S.7) and ( 8 .S), we find the follow- 
ing condition for the characteristic values of 


or 


cosh • cos jd/ = 0 


(8.9) 


cos jSf 


1 

cosh 


( 8 . 10 ) 


There are an infinite number of values of satisfying this 
equation. These values correspond to the abscissas of the points 



Fig. 8.4. — Graphical construction for finding the natural frequencies of a 

cantilever beam. 


of intersection of the curve == 


- , and the curve 172 = cos Bl 

cosh 


(Fig. 8.4). 

The three first roots of the equation are = O.fiOOir, 1.49t, 
2.507r. Since 1 /cosh becomes infinitely small for large values 
of the higher roots are given with satisfactory accuracy by the 
equation 


cos jSZ = 0 


(S.ll) 


or 

= {k - 


( 8 . 12 ) 


The second root /SoZ = 1.49^ already differs only very slightly 
from the value I-oOtt, which corresponds to Eq. (8.12). The 
angular frequencies are given by coa-\= jd|\*’ EZ/p and, therefore, 
the higher frequencies are 


{k - i)%“ \El 

\ P 


(8.13) 
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Equation (8.13) shows that the frequencies of the higher har- 
monics increase as the squares of the successive integers. But 
this rule is not true for the lowest frequencies. 

The modes of vibration are obtained from Eq. (8.9) and either 
(8.7) or (8.8). We find 


Wk == 


Ck\ 


cosh — cos i 
cosh ^kl + cos j 


sinh — 

sinh f3kl + sin I3kl J 


(8.14) 


where Ck is an arbitrary constant. Some of these modes and the 
spectrum are plotted in Fig. 8.3, It can be seen that for the 


Ct> 

pco^wdx 

Fig. 8.5. — Whirling of a shaft. 



higher harmonics the defiection curves approach the sinusoidal 
shape. 

Let us now assume that a shaft of uniform cross section is 
rotating around its axis with the angular velocity oj. If, owing 
to lateral defiection of the shaft, the center of gravity of a cross 
section does not lie on the axis of rotation, a centrifugal force 
equal to per unit length will act on the shaft as lateral 

load, where voi^x) is the deflection (Fig. 8.5). We obtain as the 
condition of equilibrium 


(8.15) 

where is the flexural rigidity of the shaft. It is seen that the 
equation of equilibrium for a rotating shaft is identical with the 
equation for the modes of vibration of a beam. In general, 
the only equilibrium configuration will be ty = 0, but there are 
certain values of the angular velocity a? for which equilibrium 
shapes different from w = Q are possible. These angular 
velocities are known as the critical speeds of the shaft. 

9. Vibration of a Beam Carrying a Concentrated Mass. — A 
uniform beam of length I resting on two supports at x = 0 and 
X = I carries a mass m at its mid-point (Fig. 9.1). We shall 
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j&rst consider the modes of vibration that are symmetrical 
on both sides of the concentrated mass. Then it is sufficient 
to compute w for one-half of the beam, for example, for 
0 < a: < 1/2. We use Eq. (8.4) and satisfy the boundary" 
condition at the origin by putting *4 = C = 0. Thus, 

w = B sinh + D sin fix (9-1) 


The boundary conditions at x = 1/2 are: 

a. dw/dx = 0, owing to the assumption of symmetrical 
modes of vibration. 


ix-0 


1 

2 



4 ^. 


r Fundamental 


1 First Harmon'fc 



Second Harmonic 


Third tfarmonic 


Fig. 9.1. — The modes of oscillation of a simply supported beam with a concen- 
trated mass at the center. 


h. The shearing force at x — 1/2 must be equal to half the 
load, which is equal to the inertia force due to the concentrated 
mass m. The shearing force is equal to [cf. Eq. (3. a)] 


Hence, 


S - -El 


dcd' 


(9.2) 


These two conditions lead to the following expressions: 


Bl3 cosh ^ + Dfi cos ^ = Q 


(9.3) 


-Eli cosh 




D/3^ cos 


i')= 


77lU} 

__ 


' sinh ^ 


d 1 


+ Dsm|) (9.4) 
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Elimination of B and D between these two equations yields the 
following condition for jS: 

Remembering that ^ ^ pca^f El and denoting the total mass 

of the beam pi by rrih, Eq. (9.5) becomes 

2— == ^ftan ^ — tanh ^ (9.6) 

m 2\ 2 2 ^ ^ 

Equation (9.6) is a transcendental equation for /5Z/2 if the 
mass ratio m&/m is given. Since, according to (9.6), 

the left side must be small for large values of /3Z/2, and because 
tanh fil/2 — > 1 for fil/2 — ?■ oo , we have for large roots approxi- 
mately" tan fil/2 = 1, or 

^ = fcx + I (9.8) 

The frequencies of the higher symmetrical harmonics are, 
therefore, 


The shapes of vibration are found from either (9.3) or (9.4) : 

sinh ^kX sin 

cos-^y 

where Ck is an arbitrary constant. Eor higher modes the mass m 
remains practically stationary (cf. Fig. 9.1) ; we have 

i = Ck{ tanh ^ — tan ^ 

The term in parentheses converges to zero for Z: — > oo ^ according 
to Eq. (9.7), and, therefore, the deflection at a: = 1/2 tends to 
zero. As far as the higher symmetrical modes are concerned 
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the mass rn has the same effect as if the beam were clamped at 
its mid-point. 

If the mass m is very small and ^1/2 is not very large, the right 
side of Eq. (9.7) becomes large. Then we have approximately 
tan iPl/2) = cc , or /3;,Z = ( 2A' — l)x. These are the roots already 
found for the symmetric modes of a freely supported beam 
[Eq. (8.6)]; in this case the influence of the mass at the mid-point 
is negligible. 

Let us now assume that the mass of the beam is siiiall compared to the 
mass m. In this case the right side of Eq. (9.6) must be small. It is seen 
that a small value of ^1:2 can satisfy this condition. This will give us the 
lowest, so-called fundamental frequency of the system. To find 31 2 we 
expand the right side of Eq. (9.6) in a power series in ^ — 3l 2. Substituting 
the power series 


1 2 17 „ 


4- 


tanh ^ ^ 


62 

2,S35^ 

62 


2 17 

4_ fcS _ £7 _L. _ . 

15** 315“ 2,835“ 


. 1,3S2 

155,925“ 

15o,925' 


in Eq. (9.6), we obtain 


3 ^ 

711 


17 , 1,382 

4 _ ...JL £12 4. . 

105“ • 51,975“ 


(9.11) 


We want to solve this equation with respect to i.e., we want to invert 
the series and express as function of m/, m. We put Sm?, wi = rj and write 

= 77 -f- arj- -f- bij"' -{-••• i9. 12; 

Introducing this expression into Eq. (9.11), we find 



1 ,382 \ 
51,975/ 


3 . . . 


By equating the coefficients of the same powers of 77 we obtain the following 
relations for the coefficients a, 6 , etc.: 


Hence, 




16 


17 

105 


34 

1,3S2 376 



105 “ ~ 

51,975 14,553 



17/ 

^ 376 / 

1 


J ”' «5' 

\?n / ' 1,617 \m J 


(9.13) 
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Let us denote the fundamental angular frequency of the system by wi. 
Remembering that w = ^^'S/EI/p and mt == pi, we obtain from Eq. (9.13) 

I ^ li ( mb\ , oiQ ( 7rib \ 

031 


If the mass of the beam is zero, the frequency of the system is 

liSEI 


(9.15) 


This last result could have been found directly. The deflection of the beam 
under a concentrated force P is equal to / — PP/ASEI. Hence, the spring 
constant, i.e,, the force that produces a unit deflection, is /c = 4SEI /P. If 
we neglect the mass mb of the beam, we may consider m as a mass attached 
to a spring of stiffness k. Then, as shown in Chapter IV, section 2, the 
angular frequency of the oscillating mass m is equal to 



in accordance with (9.15). Equation (9.14) indicates that in order to 
take into account the mass of the beam approximately, we have to increase 
m by the factor 


1 

17 mb 


: ^ 1 + 0.486 


This gives the practical rule that if mt is small compared to m, one-half the 
mass of the beam should be added to the oscillating mass. 

10. Forced Vibration of a Uniform Cantilever Beam. — A 

vertical beam of uniform cross section is clamped in a horizontal 
base. This base is given a horizontal harmonic displacement of 
the amplitude ao and of the angular frequency w. 

According to the theory of relative motion explained in Chapter 
III, section 5, if we use the equations of motion relative to a 
moving coordinate system, we have to introduce additional 
forces equal to the negative products of the masses and the 
acceleration of the system of reference. The acceleration of 
the base is equal to — aooj^sincoL Hence, we must assume an 
additional load per unit length equal to po«ow^ sin wL If we 
assume that the deflection of the beam relative to the base is 
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= w;sin we must modify Eq. (8.1) by writing 


( 10 . 1 ) 

The general solution of this equation is (with = po^^/EI) 
w = ^4 cosh + B sinh 4- C co.s + D sin j3x — no (10.2) 

The boundary' conditions are w = dw/dx = 0 at the clamped 
end, X = 0; d-w/dx- — d^w/dx^ ~ 0 at the free end, x = L 
These conditions are satisfied hy A + C — Qi) = 0, B + D = Q 
and 


= A/3^(cosh fil + cos pi) + Bp- (sinh pi + sin pi) 

— GqP- cos pi = 0 
— sin pi) I + cos pi) 

sin pi = 0 

The determinant of these two linear equations for A and B is 
proportional to the expression I -f- cosh pi cos pi of Eq. (S.9), 
whose roots give the frequencies of the free vibration of the 
beam. The values of the coefficients .4 and B are found by 
solving the two equations (10.3) thus: 

. _ Go cos i ; sin 

2 cosh pi cos -f 1 

Go cosh pi sin pi -j- sinh pi cos pi ^ t . i 

2 cosh 81 cos dZ -4- 1 

A, B, and, therefore, w become infinite if w is one of the routs 
of Eq. (8.9), f.c., if cxj is equal to one of the frequencies of frt'r 
vibration. This result is analogous to the results ol>tained for 
systems with a finite number of degrees of freedom. The beam 
develops resonaftce when the frequency of tht‘ exciting force 
coincides with one of the frequencies of its free vibration. The 
difference between the beam and the systems treated in Chapter 
V is that the number of such frequencies is infinite in the case of 
of beam. 

11. Buckling of a Uniform Column under Axial Load. — 

consider in this and in the following sections columns loaded by 
axial forces and assume that the axial forces are so large that 
their influence on the bending must be taken into account. 
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We assume (Fig. 11.1) that a column is hinged at a fixed point 
X = I and has a support at a; == 0 which prevents lateral deflection 
but allows free rotation and deflection of the column in the 
direction of the axis. The column is under the action of an 
axial load P, which is considered positive if it produces compres- 
sion. If the normal deflection at an arbitrary point is w(x), 



Fig. 11.1. — Modes of buckling of an axially loaded beam. Only tlie first mode 
can be produced without introducing additional restraint. 

the bending moment M due to the force P is Pw. Applying 
Eq. (3.4), we obtain 


EI^,+Pw^Q ( 11 . 1 ) 

We are thus led to a second-order equation mathematically 
identical with the equation of the vibrating string [cf. Eq. (6.2)]. 
Moreover, the boundary conditions are identical with those of 
the vibrating vString. The general solution of Eq. (11.1) is 

w ^ cos + C 2 sin (11-2) 

In order that ix; = 0 at x = 0, we must have Ci = 0, and the 
condition 1 /; = 0 for x = Z implies 
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where k is an integer. 

The corresponding deflection shapes known as tiie modes of 
buckling are (Fig. 11.1) 

w, = Ci.sm~ (11.4) 

where Ck is undetermined. Each mode corresponds to a load 


Pk = 


P 


(11.5) 


jc=0- 


T 


i 


t-d\ 


t{/=csmmx 1 
X 


Since for these values of the load the corresponding mode of 
buckling represents an equilibrium position with arbitrary 
amplitude^ we say that under these loads 
the column is in 7ieutral equilibrinm. 

The corresponding values of the load 
are called critical loads. However, we 
must notice that the fact that the ampli- 
tude of the deflection curve is undeter- 
mined is due to the disregard of higher 
order terms in the equation of the elastic 
equilibrium, especially in the expression 
for the curvature. The undetermined 
character of the deflection is eliminated 
by a more exact theory. 

From the engineering point of view, 
the first critical load is of special importance, because it is the 
upper limit for the stability of the undeflected eciuilibrium position 
of the column. 

We can show that if the axial thrust P reaches its lowest critical 
value corresponding to A: == 1, 




IP \P \P 

Fig. 11-2- — Axial and lat- 
eral deflections of a column 
under axial load. 


Pi = (11*6) 

the work done by the axial thrust is equal to the work required 
for bending the beam into the corresponding buckling mode 
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The work done by the axial thrust P is equal to the product of 
P and the axial deflection 5 of the end point a; = 0 of the column 
(Fig. 11.2). Now 5 is equal to the length of the straight column 
minus the chord of the bent column. Strictly speaking, we should 
take a deflection curve whose length of arc is equal to I and whose 
chord is / — 8. However, we can take instead the difference 
between the arc and the chord corresponding to the curve (11.7); 
the error thus made is negligible. Hence, we put 



Substituting w from Eq. (11.7), we obtain 

Hence, the work Wi done by the axial thrust is equal to 

( 11 . 8 ) 


The work necessary for bending the column into the shape 
(11.7) is given by [cf. Eq. (3.7)] 


El f' fd-wV , 1 

^ . 0 7r(r , 

sm2 ^ 

0 i 

El TT^ 

(11.9) 

It is seen that 



< W 2 if 

p < 

(11.10) 

and 



Wi > W 2 if 

P > El% 

(11.11) 


This result shows that if P > Pi, which is the first critical 
load, then in the bent position the total potential energy 
W 2 — Wi of the system is smaller than in the straight position. 
Hence, forP > Pi the column is certainly unstable in the straight 
equilibrium position. [To prove that it is stable for P < Pi, it 
would be necessary to show that Wi < W 2 , not only for the 
particular deflection curve (11.7), but for arbitrary variations 
of the straight shape.] 
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It can be shown in a similar way that the column is in neutral 
equilibrium position, i.e., Wi = W 2 for all critical values P*,. 
However, the higher modes of buckling can be realized onh' by 
maintaining the straight shape be- 
yond the lowest critical value by 
additional restraint. 

Equation (11*6), which gives the 
lowest critical load, is known as 
Euler^s formula. 

12. Buckling of a Tapered Column. 

Buckling of a Column under Its Own 
Weight. — ^Let an axial load P be 
applied to a column of circular cross 
section with linear taper (Fig. 12.1). 

We take the origin of the abscissa 
X at the fictitious vertex S of the 
cone and assume that the column is clamped at its base x = b. 
The law of variation of the moment of inertia of the cross 
section is 



Fig. 12.1 




Buckling of a tapered 
column. 


I{x) 


•(D‘ 


( 12 . 1 ) 


where Ib is the moment of inertia of the cross section at the base 
X = h. The horizontal distance between the deformed beam axis 
and the line of action of P is denoted by w. Then the equation 
for the deflection of the beam becomes 


or 



d^v> 

dx^ 


*+ Pw = 0 


Pb^ w _ 


( 12 . 2 ') 


This difierential equation belongs to the class represented by 
Eq. (7.8) of Chapter II, where m = 0 and n = —4. 

The solution of Eq. (12.2) becomes [cf. Eq. (7.13) of Chapter 
II], vdth C == P¥/Eh, 


y) = 
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Now, according to section 4, Chapter II [Eqs. (4.6) and (4.8)], 
and have the form const. X Q>oszf'\/z and 

const. X sin z/\/ z, respectively. Therefore, w{x) can be written 
in the form: 


w 


{A ^ m ^ 

x[ A cos h B sin — 

X X 


(12.4) 


where = Ph^/Eh. 

The boundary conditions are = 0 at a; = a and dwfdx = 0 
at a: = 6. Hence, we have 


A cos j- H sin — == 0 

a a 



(12.5) 


Elimination of A and B between these two equations yields the 
following condition for V : 


tan 



V 

b 


( 12 . 6 ) 


With the notations b — a = I and Yl/ah = a, we obtain the 
following transcendental equation for a: 


tan a = — to 


(12.7) 


This equation has an infinite number of roots ak (see Fig. 12.2) 
given by the intersection of the curves -j?! = tan a and 772 = —aj- 
The corresponding critical loads are 



The modes of buckling are given by 


Wk{x) 


AkX sin 




( 12 . 8 ) 


(12.9) 


Let us assume that we remove the vertex of the cone to infinity 
but keep the length of the column and the cross section at the 
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base fixed, then the ratio a/b-^ 1, and the column takes on a 
uniform cross section. Since a/I cc , it is seen in Fig. 12.2 
that the first intersection of the curves occurs when ai — x 2, 
and thus the lowest critical load is found to be 

p _ tt- Elb 
4 Z- 

This result checks with the results obtained in the last section, 
for we may consider a column with one clamped and one free end 
as the upper half of a column with two freely supported ends. 



Fig. 12-2. — Graphical construction for determining the critical buckling loads 
of a tapered colunan. 

Hence, the column of length Z with one clamped and one free end 
buckles under the same load as a column of the length 21 with two 
freely supported edges. If, on the other hand, the shape is a 
complete cone, then o = 0, o^i = x, and Pi = 0. Hence, 
according to this theory a cone would buckle at an arbitrarily 
small load. However, in this case we are applying the theoiy 
beyond its range of validity because the underlying assumptions 
of the theory of bending are not satisfied near the vertex. 

Another interesting buckling problem is the stability of a 
vertical column loaded b^^ its own weight. It ocetirs as a 
practical problem in the niaiuifaeture of very thin tungsten 
filaments for incandescent lamps. 
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Let ns denote the cross section of the column by A and the 
specific weight of its material by y. In the buckled position 

(Fig. 12.3) the weight of the portion 
of the beam between the top and the 
cross section at x is in equilibrium with 
the resultant of the axial stresses and 
the shear force acting at x. Therefore, 
if the inclination of the axis of the 
column to the vertical is B, the shear 
force S is equal to 5" = jAxQ. The 

do 

bending moment is M —El 

where El is the flexural rigidity of the 
column. Therefore, the shear force 



Fig. 12.3. — Buckling of a 
uniform column under its own 
weight. 


dx dx^ 


Obviously w e 
obtain the diflerential equation for 6: 


E/g- 


or 


dz^ 


+ = 0 


( 12 . 10 ) 


If we put x^yAjEI = the differential equation (12.10) 
becomes 

d^9 

^ = 0 ( 12 . 11 ) 

This equation is identical with Eq. (7.14), Chapter II, and its 
general solution is [Eq. (7.15), Chapter II] 

■"^0 ( 12 . 12 ) 

where the symbol means the general solution of Bessel’s 
differential equation of one-third order. The general solution 
(12.12) is a linear combination of two particular solutions; 
one is of the form [(Eq. 7.17), Chapter II]: 

= ^(ao + + • • • ) (12.13) 

and the other of the form [Eq. (7.18), Chapter II]: 

02 = 5o + bie + ^2$® + • • • 


(12.14) 
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We have the boundary conditions dd/dx = ddjd^ = i) for | = 0 
since the bending moment is zero at the top cross section and 
^ = 0 for X ~ I or ^ == l\ yA/EIj if I is the height of the column 
and we aSvSume that the column is clamped normal to a horizontal 
base. It follows from the first condition that ao = 0; therefore 
[cf. Eq. (7.20), Chapter II], di == 0, and we are left with 

e = bo + + • * • (12.15) 

where [cf. Eq. (7.19), Chapter II] 

= ^0 ^ 

2 - 3 ' 5 - 6 ' 

and, therefore, 

•'-'■"(l-l+lfe- -) 

The second boundary condition is satisfied if the expression 
in the parentheses vanishes for f = l\/yA/EI. Therefore, we 
have to calculate the roots of the equation 

^ ~ 6 " 180 — ■ ■ ■ = 0 ( 12 . 1 /) 

The first approximation is = 6 or f = v 6 = 1.S17. In 
order to calculate the next approximations, we use Graelfe’s 
method (Chapter V, section 8). Let us cut off (12.17) after the 
term with and substitute = 1/z. Then we have, after 
dividing (12.17) by 

- 5 + llo - “ 

Then multiplying Eq. (12.18) by -f- g + we obtain 



Hence, the largest root (corresponding to the smallest root 
is anoroximatelv 

2 ~ 
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or 

? = ^60 = 1.98 

(The exact value of the root is 1.986.) Hence, the critical length 
of the column is 



(12.19) 


For a filament of circular cross section of radius r we have 
I /A — r-/4, and, therefore, 


Zcr 



( 12 . 20 ) 


The length L = E/y is the length of a filament which by its 
own weight would produce a tensile stress equal to E; obviously, 
ly is a characteristic length of the material. Then it is seen 
that 

( 12 . 21 ) 


By repeated multiplication of the two series, 


P £6 

g{i) ^ ~ "6 “ 

g{-k) == 1 +1 + ilo + ■ ■ ■ 


we can obtain approximations to the roots $i, I 2 , * * * of gr(f) = 0 
in ascending order. These roots would give the loads correspond- 
ing to higher modes of buckling. 

13. Buckling of an Elastically Supported Beam. — The differ- 
ential equation for the deflection of an elastically supported 
uniform beam was given in section 4: 

El^ + kw = p{x) (13.1) 


To investigate the buckling of such a beam under action of 
an axial force P, we replace the latter by an equivalent lateral 
load. AVe have seen that the moment of an axial force P is equal 
to Pw] according to (3.3) the load corresponding to a moment 
distribution M{x) is equal to p{x) = —cPMIdx^\ hence the 
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transverse load which would produce a moment Mix) = Pic is 
equal to p(x) = Therefore, Eq. (13.1) bc^comc^s 


(13.2) 


or 

dhv P dhc 

We can also deduce this equation by considering the equilibrium 
of the beam in slightly curved shape. Denoting the radius 
of curvature by R and assuming an axial force P acting on two 
cross sections a unit distance apart, we obtain a residtant force 
normal to the axis of the beam which is equal to P/E or, with 

the approximation used in the beam theory", to — P - 

The characteristic equation of the differential Eq. (13.3) is 

X* + —X- +E =0 (13.4) 

or 

A 

El 

It is seen that the two values of X- are real and negative when 
P > 0 and 

P2 > AkEI (13.6) 

In this case all solutions are trigonometric functions. 

We are especially interested in the buckling of a beam of 
infinite length; in this case we can limit ourselves to periodic 
solutions because any other solution would jield infinite deflec- 
tion either at x = or at j: = — . Writing the periodic 

solution in the form 

^ . 27r(x — a) , . . 

■w = C sin - (13-/ 

where a is an arbitrary constant and X = 2^/ 7, we obtain from 
Eq. (13.4) 

UtC P hr- . ^ 

P El P El 



306 


THEOBY OF STRUCTURES 


[Chap. VII 


+ ( 13 . 8 ) 

It is seen that in the case of the infinite beam we do not 
obtain distinct critical loads, but a certain range for the load P 
which is capable of holding the beam in a deflected shape. This 
critical range extends from a smallest value Pnun to P — oo . 
We obtain Pr,nn by differentiation of the expression (13.8) 




(13.9) 


The critical xvam length, i.e., the wave length produced by the 

smallest axial load which causes 
I buckling, is given by 

■ I / ^ tl3.10) 


Substituting (13.10) in (13.8), 
^ obtain [see Eq. (13.6)] 

(13.11) 

For loads P < Pmin the straight 
d ™ form is stable. For loads 

Fig. 13.1. — Diagram for the buck- P Pmin we obtain two different 
1 of an elastically supported lengths h and h iOT each 

value of the buckling load (Fig. 
13.1). However, these configurations do not occur unless some 
additional restraint is introduced, as the beam buckles when P 
reaches the value Pmm. 

14. Combined Axial and Lateral Load Acting on the Spar of 
an Airplane Wing- — Figure 14.1 represents schematically the 
spar of an airplane wing hinged at the fuselage at A (x = 0) and 
supported by a hinged strut at B(x — Z). The horizontal compo- 
nent of the strut force exerts an axial compression upon the spar, 
which is subjected to an additional direct bending load p. We 
denote the bending moment due to p by Mpi then the differential 
equation for the deflection w becomes* 


* The load p and the deflection w are here measured positive upward. 
The 1 sending moment on the left is positive counterclockwise. 
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El 


dhc 


+ P 


d-w 

dx~ 


(14.1) 


The total bending moment at the cross section x is equal to 
M = — Introducing M as the unknown variable, we 

obtain 



Fig. 14.1. — Wing spar of a biplane under combined axial and lateral loading. 

We assume that p is constant ; then the general solution of equa- 
tion (14.2) is 


M = Cl cos 


pEI 

P 


The boundary conditions at the hinges are AI = 0 at .r = 0 
and M = —Mo at x ~ U where I is the distance between the 
hinges and — M u is the bending moment about the hinge point B 
of the lift for(‘es acting on the cantilever part of the wing. The 
values of the constants Ci and Ca determined by the boundary 
conditions are 


r - ^ V 

- v-p 


Hence, the total bending moment acting at an arbitrary section 
of the spar is 
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M 


El 



sin ■ 


{MoP/pEI') 

)i 




1 


( 14 . 3 ) 


It is seen that when the axial load P reaches the value 
El f'P 

p = so that sin — sin -r = 0, the bending moment 

becomes infinite. Thus the deflection tends to infinity when 
the axial load approaches a critical value, as, similarly, the 
amplitude of a beam subjected to periodic forces tends to infinity 
in the case of resonance. In both cases infinite amplitudes are 
reached for certain critical values of a parameter (load or fre- 
quency) occurring in the equation. These values of the param- 
eter are identical with the characteristic values of the associated 
homogeneous equation; i.e., the values for which this equation 
has solutions different from zero. For instance, 


has solutions of the form: 



for certain given values for Pk. The smallest of these values is 
the buckling load 


Pi = 


ir^EI 

p 


For the same value of the axial thrust, the bending moment, 
according to (14.3), becomes infinite if the beam is subjected 
to a lateral load in addition to the axial force. 

If, instead of compression, the beam were under tension, the 
equation would differ only by the sign of P 


dx^ 



(14.5) 


In this case, however, the general solution involves exponential 
functions, and the value of M will never become infinite. The 
reader will remember that an equation of this type was encoun- 
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tGred in the theory of the suspension bridge (section 5). In 
fact, the load condition of the bridge truss could be described as a 
combination of a lateral load and an axial tension. 

15. Graphical Representation of the Bending Moment. — We 
put 


tan ip — 


1 - cos VjPIEDl - Mq / 
sin ViP/EI)l 


Then Eq. (14.3) becomes 


or 


M = 

P cos cp 


cos 


MP cos <p 

pET'~ ““ 


(Vfr - 


cos < 


(15.1) 


(15.2) 


We draw a circle of unit diameter (Fig. 15.1) and draw the radius 
vector OA so that the angle AO^ = <p. Then if we draw a circle 



Fig. 15.1. — Graphical construction for determining the bending-moment dis- 
tribution for an axially and laterally loaded beam. 


through A with O as center, the line segments between the two cir- 
cles are equal to the right sideof Eq. (15.2), provided the angle AOX 

represents x. It is seen that if P - and 

M ^ C50 . 

16. General Discussion of the Boundary Problems Encoun- 
tered in This Chapter. — We have dealt in this chapter with 
differential equations of second and fourth orders. Let us 
consider as two representative examples of second-order equations 
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the equation for the deflection of a loaded string with elastic 
restraint k > 0, viz.^ 

= -pW ( 16 . 1 ) 

and the equation for the harmonic vibration of a string under 
action of an external load [mathematically identical with Eq. 
(14.2)], m., 

F^^ + po>^w=-p{x) (16.2) 

We treated similar equations in Chapter IV; however, the 
physical problems with which we were concerned in that chapter 
involved initial conditions which specify the value of the unknown 
function and its derivative for one value of the independent 
variable. We found that, in general, such initial conditions 
determine a unique solution of the problem. 

In the problems of this chapter the conditions that we call 
boundary conditions have bearing on the values of tc or its deriva- 
tives for at least two values of the independent variable. For 
example, w was given at two points, a; = 0 and x = 1. We find 
that in this case Eqs. (16.1) and (16.2) behave in a very different 
manner. Before we classify the different cases, let us introduce 
the following terminology: If a boundary condition is satisfied by 
Cw{x), provided that it is satisfied by w(x), where C is an arbitrary 
constant, we call the boundary condition homogeneous. For 
example, tt) = 0 and dw/dx = 0 are homogeneous boundary 
conditions, whereas ty = 1 is a nonhomogeneous boundary condi- 
tion. We call the problem of finding a solution of a homogeneous 
equation for homogeneous boundary conditions a homogeneous 
boundary problem. If either the equation or at least one bound- 
ary condition is nonhomogeneous, we call the problem a no7i- 
homogeneous boundary problem. If we replace the right side of a 
nonhomogeneous equation and the nonhomogeneous boundary 
conditions by zero, we call the homogeneous problem obtained 
in this way the associated homogeneous proble'ni. Then we find 
the following results: 

a. Equation (16.1) has one, and only one, solution if two 
boundary conditions are to be satisfied. The only solution of the 
homogeneous problem is te; = 0. 
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h. In the ease of Eq. (16.2), w = 0 is the oniy solution of 
the homogeneous problem, except when the parameter is equal 

to one of the infinite number of charactensiic values a'f, 

If o)- coincides with one of these values, the homogeneous ]irol >]eiii 
has solutions different from zero; these are determined only to an 
arbitrary multiplicative constant. A nonhoniogeiieoiis |)roblem 
has one and only one solution if the associated homogeneous 
problem is solved by iv = 0 only. If the parameter co- is equal 
to one of the characteristic values of the associated homogcnieous 
problem, the nonhomogeneous problem has no finite solution. 
We encounter the homogeneous problem in problems of free 
vibration and buckling. The characteristic values represent 
the natural frequencies and the critical loads, respectively. The 
problems of forced vibration (resonance) and the problem of 
combined buckling and direct load lead to nonhomogeneous 
equations or to nonhomogeneous boundary conditions. 

The mathematical reason for the different behavior of the two 
equations was indicated earlier in this chapter. The solution of 
the homogeneous equation associated with Eq. (16.2) has 
oscillatory character, whereas the homogeneous equation asso- 
ciated with (16.1) has no more than one zero point. Hence, 
it is important to find criteria that determine when a differential 
equation has oscillatory solutions. 

In general, e.g,, for nonlinear differential equations and linear 
differential equations of higher order than the second, this is a 
very difficult mathematical problem. In the case of a linear 
differential equation of second order, we can state a simple 
theorem which gives a criterion for a wide class of such differential 
equations. 

A homogeneous linear differential equation of second order 
has the general form: 

^ + a{x) ^ + b(x)y = 0 (16.3) 

where a(x) and b{x) are given functions of x. Equation (16.3) 
can always be reduced to the form: 


dr- 


-h g(x)z = 0 


(16.4) 
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In fact, if we substitute in Eq. (16.3) y = e J ^ z, the term 
with dz/dx drops out, and w^e obtain the form (16.4). 

Now, if g{x^ > 0 and has a positive lower bound between 
X = a and x = oo^ it can be proved that the solution zijx) of 
Eq. (16.4) takes the value 2 : = 0 an infinite number of times 
in the interval between x — a and x = co. From Eq. (16.4) 
it follows that d^z/dx- = —g(x)z. Since g(x) > 0, this means 
that dh/dx^ and z have opposite signs, and, therefore, the 
curve z = z(x) seen from the a;--axis is always concave. All 
inflection points must lie on the a:-axis. It is easily seen that 
if we start from an arbitrary point (Xjz), the curve due to the 
sign and the bounded character of its curvature must intersect 
the a:~axis; if we pass through this axis, the sign of the curvature 
changes, and, therefore, we obtain another intersection, and this 
process continues indefinitely. 

Hence, if we assume that in the equation 

^2 + = 0 (16.5) 

the function h{x) is bounded and g(x) is larger than zero and has 
a lower bound, the solution of Eq. (16.5) has oscillatory character, 
provided that the paramater X is positive and sufficiently large, so 
that h{x) + \g{x) > 0. In other words, Eq. (16.5) has always 
positive characteristic values. 

If g{x) changes its sign, it is very difficult to decide whether 
or not real characteristic values exist. Fortunately, this is an 
exceptional case in engineering problems. 

As a representative example of an equation of fourth order, 
the equation for the deflection of beams was discussed. The most 
general form of this equation is the following: 


An equation of such form is called a self-adjoint linear differential equation. 
(A linear differential equation of second order can always be written in the 
analogous form d/dx [a(x) dy/dx] + b(x)w = p{x) and, therefore, is always 
self-adjoint.) It would take us too far into the domain of the theory of 
differential equations to explain the origin of this term. It will be sufficient 
to state that all linear differential equations that are derived from a variation 
principle belong to this class. Hence, all equilibrium, buckling, and vibra- 
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tioii problems that refer to conservative systems, i.e., to systems that have 
potential energy and are governed by linear equations, lead to equations of 
the self-adjoint class. The homogentous equations of this class have the 
property that, if one particular solution has more than one zero point, it 
crosses the x-axis an infinite number of times. 

It is difficult to find simple eoiiditioiis that indicate whether or 
not the homogeneous equation associated with Eq. (16.6) has 
solutions of the oscillatory type, and the engineer will resort to 
physical reasoning. 

17. Determ i nation of Characteristic Values by the Iteration 
Method. — For the characteristic values of differential equations 
with constant coefficients we obtained transcendental equations 
in which trigonometric or exponential functions were involved. 
If the coefficients of the differential equation are variable, the 
determination of the characteristic values (natural frequencies, 
buckling loads) can cause considerable difficulty. However, in 
many cases the iteration method can be employed with success. 

Let us assume that the differential equation has the form : 


a(r)^J + X5(a-)ic = 0 (11*1) 

We shall determine a value X for which w(jc) satisfies certain 
homogeneous boundary conditions. 

We choose a function iCiCx) in such a way that it satisfies 
the boundary conditions set for the solution but is arbitrary 

otherwise. Then we can solve the equation 


A 

dx 


A 

dx 


a(x) 


dw 

dx 


— h{x)wi(x) 


(17-2) 


by direct integration. Assume that we obtain a function 
w = w^ix). If Wlix) were the exact solution corresponding 
to a characteristic value X of Eq. (17.1), for example, one of 
the modes of oscillation or a buckling mode of the beam, etc., 
the function W 2 {x) would be proportional to icdr), viz.. 

W2{x) = {It .3) 

where X is the characteristic value sought for. If the propor- 
tionality between w^ix) and uhix) is not satisfactory, we multiply 
w^ix) by a constant so that for a suitably chosen value x = x^ 
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we make w^ixo) = and substitute the function 

reduced in this way, on the right side of Eq. (17.2): 


a{x) g] = -b{x)w,{x) (17.4) 

We obtain in this way wz^^x). If Wz{x) and w<i(x) are proportional 
to each other with satisfactory accuracy, we consider Wz{x) 
as the solution corresponding to the characteristic value: 

(17.5) 

It can be shown that by this procedure the limiting value 


£. 

dx 


X 


Wn{x) 


gives us exactly the smallest characteristic value of the differential 
equation, i.e,, the fundamental frequency, the lowest buckling 
load, or the lowest critical speed. The function w.n(x) converges 
to the particular solution corresponding to this characteristic 
value, i,e., the first mode of vibration or buckling. The process 
can be also applied to equations of fourth order. 

Let us consider, for example, a shaft of constant flexural 
rigidity El which carries so many masses that the mass distribu- 
tion can be replaced by a continuous function p(r). The equation 
for the critical speed of the shaft is [cf. section 8, Eq. (8.15)] 


El 


d^w 

d^ 


p{x)it3'^W 


(17.7) 


If we assume an arbitrary deflection curve Wi{x) and substitute 
wi(x) on the right side of the equation, putting = 1, 

El^ = p{x)w, (17.8) 

this means that we load the shaft by centrifugal forces correspond- 
ing to the shape of deflection determined by Wi(x) and to unit 
rotational speed. If Wi(x) were the correct shape of deflec- 
tion and 00 the critical speed, the centrifugal force p(x)wica)- 
would produce a deflection equal to hence, from Eq. (17.8) 
we would obtain 
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W2(a:)=-!^ ,17.10 

( 32 “ 

in accordance with Eq. (17.3). 

It is seen that the method of iteration or successive approxima- 
tions consists of correcting the deflection curve until the deflection 
produced by the centrifugal forces is exactly proportional to 
the assumed deflection. 

Let us demonstrate this method on the example of the free 
oscillations of a circular membrane held under a uniform tension 
T. We shall restrict ourselves to oscillations of axial symmetry, 
f.c., we assume that the deflection w(x) is only a function of the 
distance x from the center. We may consider a sector of the 
membrane as a string of variable cross section. Take, for 
example, a sector whose central angle is Aa. The vertical compo- 
nent of the tension is equal to TxAadw dx, and, therefore, the 
equation for the equilibrium of the membrane under a vertical 
load p per unit area is given by 

or 

In the case of harmonic oscillations we must assume a load 
per unit area equal to pu)a>“ where p is the mass of the membrane 
per unit area. Hence, we have 

^'- 12 ) 

If the membrane is supported by a circular frame of radius a, w(‘ 
have the boundary conditions duy/dx = 0 for x = 0 and iv = 0 
for X ^ a. The solution 


w = const. 



(17.13) 


satisfies Eq. (17.12) and the boundary condition for x = 0. 
The second particular solution of (17.12) is infinite for x = 0. 
The boundary condition for x = a is satisfied if 
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(x>a = oLi 

i 

where a* is one of the roots of J o(a) = 0. 

Let us determine cei by the iteration method. 



(17.14) 


We choose 


«>. = 1 - (17.16) 


and write 



- -t{i 

d/tio y doo J ^ 



aV^ 


where k^^ = p/T. 



Then we obtain 



dW2 

^ U - 45-^ 

1 4- const. 

(17.16) 


Since dw/dx = 0 for rr = 0, the constant in (17.16) is zero and 
we have 


W2 = k^a^\ 

For X = a, we must have w = 0; therefore 


.£1 4- \ 

4a2 ^ 16oV 


W2 


(- 

= 0; 

= - 2 -2 + ^ 

\16 4 16 ay 


1 - (x/ay 


We now calculate 
Wi(x) 

W2(x) *[1 - i{x/ay + i(x/a)Wa^ 

e.g., for x/a = 0, 

X ^ - 5 333 J_ 

— TO2(0) 3 k^-a^- 

Hence, the first approximation for is 

„2 = Mi? _ 5.333 M 




pa^ 


(17.17) 


(17.18) 


If we continue the above procedure, we obtain as successive 
approximations 


- 5.333, 5.526, 5.756 
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The exact value of ai = 2.405; therefore, from Eq. (17.14) 

= (2.405)- = 5.7S4 

As was mentioned on p. 314, the iteration process leads to 
the fundamental frequency. 

The iteration method sketched in this section is known in 
engineering practice as Stodolas or Vianello'i^ method. The reader 
will notice that in principle it is analogous to the matiix method 
that we used in Chapter Y for solving oscillation problems 
involving systems with a finite number of degrees of freedom. 

Problems 

1. A string of length I which extends between a: = 0 and j: = Z is held 
under a tension F and is loaded by a uniformly distributed load p between 
the points x = Z 3 and x — 12. Find the location and magnitude of the 
maxiiiLum deflection. 

2. A semi-infinite uniform beam which extends between x = 0 and x ~ 
and rests on an elastic foundation carries a concentrated load at its end 
X — 0. Find the distribution of the bending moment. 

3. Find the influence function which gives the deflection at the 

point X for a load applied at | to a beam of uniform cross section clamped at 
X = 0 and hinged at x = 1. Verify that g(x,^) = 

Hint: Use the general solutions of Eq. (4.1) for p = 0 with different 

coefficients for x < ^ and x > ^. Remember that g, and are con- 
tinuous at X = 

4. Two equal loads a constant distance a apart travel along a beam of 
span 1. Find the maximum bending moment at a given point x = $ along 
the beam. Show that the problem is mathematically the same as that of 
finding the maximum deflection at a certain point of a string of length I 
under tension when the same loads travel on it, 

6. A cantilever beam of rectangular cross section is loaded by a concen- 
trated force P at its free end. The beam has constant width; however, its 
height varies along the length in such a way that the maximum bending 
stress is constant (beam of uniform strength!. Find the shape of the 
deflection curve. 

Hint: The maximum stress is a- = — ’ where h is the width and h the 

bh “ 

height. 

6. Find the distribution of the bending moment for the simply supported 
tru.ss of a suspension bridg(* of span 1. The dead load is q per unit length. 
A live load p ynn' unit length is uniformly distributtai (>ver the lialf span 
0 ^ X " 12. Use the nuMhod of the influenct* funetions: 

a. C^'ah'ulate tin* moTuent and the detleetion eorresponding to a eoiieeii- 
trat(‘d unit load applit*d at an arbitrary point $ of a beam under axial 
tension 
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h. Calculate the moment distribution for the load distributed between 
ic — 0 and x == Z/2 by the method of superposition, 
c. Calculate the increase of the cable tension neglecting the expansion 
of the cable. 

Solution: First determine the solution of the equation 
d^wi d^wi 

for a beam under the axial tension (H 4- h) and a distributed load p(x). 
We find 




! (Z — ^)x ^ sinh At(Z — sinh mx 
EI l/x^ Elp,^ sinh 

) — x) sinh sinh jxjl — x) 

\ Ellfx^ EJfx^ sinh juZ 


for X ^ ^ 


for a: ^ $ 


with /i = 


and g{x,^) ~ g{k,x). Then we calculate the solution of 


dx* dx^ 


This solution is 


+ h 2 p.^\ cosh ixl/2 


5-.)l 


The equation for the deflection of the suspension bridge under a load p{x) 

dx^ ~~ ~ ~~ ^^<^7 therefore, by superposition 

h 

w = — ~gw 2 . The horizontal tension increment is still unknown. We 

calculate it by the condition dx = 0, or J^^wi dx = hq/H^^w^ dx. 
This relation may be simplified as follows: We write 


= f‘ d^£gix, 


^)P(^) d^ 


Because g{x,0 = 9 (^,x), we have 


£mdx = J^pix) dx£g(.x,i 
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Now q(x,^) is the value for pix'^ = 1 . Hence, it is equal to jrsand, 

ri ri h \ I pu'.dx 

therefore, I wq dx ~ I iu»p dx. Fiiuillv - —^ 7 - If wt* put 

‘ ^ q f\r,dx 

h = 0 in the integrals, this is a fii^t approximation for /?, whieli will he 
sufficiently accurate for practical purposes. 

In our particular problem p is uniformly distributed over tlie half span. 
The above formulas must be applied by carrying the integration over the 
half span. Because of the symmetry of the function we have rigorously 

1) 

h/II = p/2g. The deflection of the bridge is u' — p f — -w-ix) 

in wffiich m *= <\/-^( 1 + £: )• The bending moment is M = —EldHc dx-. 

I, Calculate the deflection of the truss and the decrease of the cable 
tension for a suspension bridge loaded by a dead load q uniformly dis- 
tributed over the span under the assximption that the cable temperature is 
raised by 55°F. and the coefficient of the linear expansion of the material is 
0.0000065, °F. Neglect the elasticity of the cable. 

The characteristic constants of the bridge are H ql = 2,5 and HP f El = 16. 

8 . Find the natural frequencies and the modes of vibration for a uniform 
beam hinged at a: = 0 and elastically supported at the end x = /. The 
spring constant of the elastic support is equal to k. Discuss the limiting 
cases k = 0 and =» 00 . Solve the same problem for the case where the 
beam is clamped at x — 0 . 

Hint: The frequency ci; appears in the dimensionless quantity 

poj^/EI = 

(cf. section 8 of this chapter). The equation for the frequencies will be 
found with pi as unknown and the quantity kP/EJ as a dimensionless 
parameter. Solve the frequency equation graphically for various values 
of kP/EI. 

9. A cantilever shaft of length I carries at its free end x = Z a disk of mass 
m and moment of inertia C. Find the equation for the critical speeds, 
taking into account the gyroscopic effect of the disk. If the slope of the 
shaft at X = / is eqxial to Oi, the gyroscopic moment represents a restoring 
moment of the magnitude Cos-di. Discuss the transition to the limiting 
case in which the mass of the beam is negligible. 

10. Find the lowest critical speed of a uniform shaft running in two bear- 
ings that are restrained elastically so that an angular deflection B of the 
shaft produces a restoring moment at the bearing equal to kd. 

II. A column is tested for buckling in a testing machine between knife 
edges tFig. P.ll). The distance between the knife edges is Z. The ends of 
the column are clamped in shoes of the length a, so that the center portion 
of the column of the length / — 2a is free, whereas a section of the length a 
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at each end may be considered as perfectly rigid. Find the correction for 
Euler’s formula (11.6). 

Solution: Taking 2 ; = 0 at the center of the column, the deflection may be 



represented by w ^ cos - x and the boundary condition is 

dw 

dx 


at X = 


This yields for the critical load P the equation 


Fig. P. 11- 





k<x 


where k = Z/2a/' P/EI and a. = 2a /I. When a = 0, the solution is A; 7r/2. 

TT 

We write, therefore, k == he- Hence, 

Jj 


tan 


Since e and a. are small, this equation is approximately 




-f- e(a 


-‘>y 


= 0 


In the first approximation, e 



The corrected critical load is 


P 




12. A cantilever beam carries a mass at its free end. The mass is equal 
to half the total mass of the beam. Find the natural frequencies of the 
system. 

13. A cydindrical steel vessel of length Z, radius r, and wall thickness t is 
subjected to an internal pulsating pressure po “h P sin coi. Find the fre- 
quency for which resonance occurs between the pressure pulsation and the 
fundamental vibration of the walls of the vessel. Assume that the cylindri- 
cal shell is clamped at both ends to circular rigid plates. Calculate the 
effect of the average pressure po on the lowest natural frequency. 

M ethod: A longitudinal strip of unit width of the cylindrical shell behaves 
like a beam under an axial tension poTrr^/2Tr = por/2 and resting on an 
elastic support k — Et/r^. The equation for the oscillations of this beam is 

Et^ d^w por d'^w ( Et 

_ _j_ I __ p^2 ~ Q 'where p is the mass of the shell 

12 dx^ 2 dx^ \r^ 
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per unit area. With the origin x — 0 at the center, the .solution !\>r the 
fundamental mode must be of the form ic = A cos fxx ~r B rosh \x w ith the 
boundary conditions iv = dw dx = 0 for x = I 2 and with real values for 

jj. and X. Putting a = and d = \-7“, we had a = — -r 

^ a la^ CyporP , ^ I2pu,‘-f^ 12/^ ,, 

2 \ 4 EP EP PP 

boundary conditions we find —V atari \ a, 2 = \ d tardi \ d 2 1 If a 
is considered as a parameter, this is an equation h>r h. Tiie lowest nH»t b 
yields the fundamental frequency. 

To determine b as function of a, plot the left and right sides of 1 . Points 
on the two curves that have equal ordinates and 
abscissas differing by a determine <x and d as functions ] ..-0^ 0 ; 

of a. Then b — ad. 

14. The temperature distribution along a cooling L J ' 

fin of unit width is governed by the differential 
equation 

d/,de\ 

k^t] = a(e 6>o) 
dx\ dx / 

where 9 is the temperature of the fin at the cross 
section rc, t the thickness of the fin, k the coefficient 
of the heat conduction of the material, a the coefficient 
of heat transfer between the fin and the surrounding 
air, and the temperature of the air. Find the temperature distribution 
and the total heat transferred: 

a. For a fin of length I and a constant thickness i Fig. P. 14a . 
fe. For a fin of triangular shape, whose thickness is given by 



(Fig. P.14h), provided in both cases the temperature at the root x = 0 is 
equal to di and we assume dd 'dx — 0 at x = /. 

Take as unknown 0 — du = i/ and as indepeiident variable ^ = I — x. 

16. A cylindrical vessel of an inner radius r = 12 in. and outer radius 
18 in. contains inolten zinc of 900"F. temperature. Calculate the amount 
of heat transferred from the inner to the outer wall per unit area of tlie outer 
surface if the temperature of the outer wall is held at 300^F., and the coeffi- 
cient of thermal conductivity of the material is equal to 

A: = 26 B.t.u. X^F.)i>r.) M.) 

16. A heat exchanger between two fluids is made of two coaxial pipes. 
.4 fluid of specific heat Ci per unit volume flows with an average volume rate 
of flow Vi through the inner pipe; another fluid t»f spt‘(‘ifie heat c-i flows in 
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opposite direction with the volume rate of flow vz between the inner and 
the outer pipe. The total length of the heat exchanger is L Find the 
temperature distribution of the two fluids along the exchanger, assuming a 
uniform temperature distribution in a cross section. The first fluid enters 
the pipe at the temperature do (for a; = 0), and the temperature of the 
second fluid at the entrance section (x = 1) is e[ where 02 < The 
external surface of the exchanger is perfectb^ insulated. The coefficient 
of heat transfer between the two fluids is cc per unit length of the exchanger. 

Hint: If we set up the equations of heat balance for a section of the 
exchanger of length dx, we find 

t^ici ddi = 02 — 0i) dx 

V 2 C 2 d 02 = 02 — 0i) dx 

17. Find the fundamental frequency of a beam hinged at its two ends 
and loaded by an axial thrust P. Discuss the influence of the sign and 
magnitude of P on the frequency. Calculate the frequency for the case 
that P approaches the critical buckling load, 

18 . A homogeneous circular column of uniform diameter and length I 
supports a weight W. The column is rigidly clamped in the ground. Find 
the lowest natural frequency of the system. Neglect the mass of the column. 
Plot the frequency as a function of the weight. 

Soluiio7i: Calculate the deflection u)o at the top of the column {x = 1) 
produced by a horizontal force F applied at that point by means of the 
d^w 

equation El — W{wq — w) = P(Z — x) and the boundary conditions 
dx^ 

W 1 

iL> = dw/dx = 0 at 2 : =0. We find Wq — F /k with fc = ~ ~ ^ 

I (l/ g) tan a - 1 

and l'\/WJEI. The frequency is given by o> ~ \/gk/W. Plot 

s function of <x. Compare with Prob, 17. 

19 . Find the lowest natural frequency of the cantilever beam of uniform 
.strength, described in Prob. 5, by the iteration method. 
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CHAPTER VHI 

FOURIER SERIES APPLIED TO STRUCTURAL PROBLEMS 


Fourier’s Theorem is not only one of the most beautiful results of 
modern analysis but it may be said to furnish an indispensable 
instrument in the treatment of nearly every recondite question in 
modern phj^sics. 

— ^Lokd Kelvin and Peter Guthrie Tait, 
“Treatise on Natural Philosophy.” 

Introduction. — In this chapter the notion of the infinite 
trigonometric series is introduced and the methods for the expan- 
sion of arbitrary functions in such a series are given. The 
trigonometric series are*used for finding particular solutions of 
nonhomogeneous differential equations with constant coefficients. 
In this way the Fourier series serve in structural problems for the 
computation of deflection and moment curves under arbitrary 
static and periodically alternating load distributions. Finally, 
the application of trigonometric series in the Rayleigh-Ritz 
method (energy method) is demonstrated by a few examples. 
Section 6 deals with Fourier integrals and presents the Fourier 
integral theorem. 

1. Solution of the Differential Equation of a Beam with Elastic 
Support by Trigonometric Series. — ^Let us consider the problem 
of the uniform beam with elastic support treated in Chapter VII, 
section 4. We found that the deflection of the lieani under a 
given external load p{x) is given by the equation of that section 


dhP 


= pi^r) 


The general solution of the homogeneous equation was easily 
found and was used for the determination of the deflection caused 
by a concentrated load. If the load is constant or the load dis- 
tribution function is a linear or a quadratic function of the coordi- 
nate X, we also easily find a particular solution of fl.l). For 
instance, if p(x) = po, where po is a constant, ic = p(^/k is such a 
particular solution. If p{x) is a polynomial in x, there will always 
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be a polynomial in x of the same degree which represents a par- 
ticular solution. However, if p{x) is a more complicated function 
or is given graphically, it is impossible to guess the particular 
solution needed. In this section we give a method, which can 
be used for an arbitrary function p{x) and which leads to a good 
approximation in a simple w^ay. 

We notice that if is a trigonometric function of i.e., of the 
form w ~ A sin Ikx or w = B cos \x, where A, B, and X are con- 
stants, the fourth derivative will also be proportional to sin \x 
or cos respectively. Hence, if p(x) is a trigonometric func^ 
tion, say p ~ pi sin 'Kx, whore pi is a constant, it is easy to find 
a particular solution of (1.1). In fact, by substituting w = 
Ai sin \x in Eq. (1.1), we find 

^i(.£'JX^ + k) sin Xa; = sin \x 

and, therefore, 




Pi 

EI\^ + k 


( 1 - 2 ) 


JLJLCllUC;, iJl wc; jj\^j O' CiCilCD IJUXlipUOCU- VJi UJLlgU- 

nometric functions, -we obtain a particular solution of (1.1) 
approximated likewise by a trigonometric series. 

In order to simplify the calculations, we try to find directly 
the particular solution which satisfies the boundary conditions 
of the particular problem considered- This can be done by 
proper choice of the constant X. Let us assume as an example 
that the beam is supported by hinges at the points rr == 0 and 
X ^ 1. Then the boundary conditions are 

w — ^ and T-v = 0 
ax- 

for X = 0 and x = 1. It is seen that every term of the form 

‘YIXTV 

An sin -y- satisfies these boundary conditions. 

XVe write p{x) = sin Lc., we approximate the load 

n = 1 

distribution function by a trigonometric series. Then substitut- 
ing for w in Eq, (1.1) the expression w = An sin with 

n= 1 
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undetermined coefficients An, it is seen that the coefficients are 
determined by the relation 




+ 


k) 


(1.3) 


and the approximate solution of the differential equation is given 

by 


= 2 


Vn 

Elin^T^/U) + k 


sin - 


(1.4) 


The problem is, therefore, reduced to the determination of the 
coefficients pn for the approximation of the load distribution 
function. For this purpose, we shall consider in the next section 
the development of an arbitrary function in an infinite trigo- 
nometric series, in a so-called Fourier series. The coefficients 
Pn are then given by the so-called Fourier coefficients of the 
function p(x). 

2. Fourier Series and Fourier Coefficients. — ^Let us consider a 
function f{z) of a real variable in the interval 0 < .2 < 27r. We 
assume that f(z) is finite in this interval. It might be continu- 
ous or discontinuous at certain points; however, we assume that 
the number of points of discontinuity is finite. Then it is pos- 
sible to determine an infinite series of the form 


sin nz -f ^hn cos nz 

n=l n=0 

such that the sum of this series converges to the value of the 
function f(z) at every point of the interval with the exception of 
the points of discontinuity and with the possible exception of 
the end points of the interval. The mathematical proof of this 
statement will be discussed later. 

Hence, we write 

□o =c 

fiz) = sin 713+ cos nz (2.1) 

71 = 1 7i = 0 

We call the series on the right side of (2.1) the Fourier expansion 
of the function /(£:) and call the coefficients On and bn the Fourier 
coefficients of the function /( 2 ). 
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In order to determine the coefficients and 6„, we use the 
relations 


J -2ir . 
0 


sin nz sin mzdz ^ 0 


n 9^ m 


r2Te , 

Jo 


sin nz cos mzdz 0 


cos nz cos mzdz ^ 0 


n 9^ m 


These relations can be easily proved by means of the addition 
formulas for trigonometric functions. For instance, in order to 
prove (2.3), we substitute 

sin nz cos mz ^ ^ sin (n + m)z + sin (n — m)z 
and obtain, provided n 9^ m, 


sin nz cos mz dz 


cos {n + m)z 
n m 


cos (n — m)z 


The expressions on the right side vanish because of the periodical 
character of the cosine function. If n = w, sin nz cos nz 
= -I sin 2nz, and the integral between the limits 0 and 27r vanishes. 

Keeping the relations (2.2), (2.3), and (2.4) in mind, we 
multiply both sides of (2.1) by sin mz and integrate between the 
limits 0 and 27r. Then, 




sin mz dz 


-«-r 


sin 2 mz dz = amir 


because all other terms on the right side vanish. Hence, 


=-r 

TTJO 


/(z) sin mz dz 


If we multiply both sides of (2.1) by cos wz, assuming that 
m 5 *^ 0 we obtain, as above, 


-If 


~ I /(2) cos mz dz 
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Finally, integrating both sides of (2.1), we easily obtain 


dz = dz = 2x50 


= lf 

27rJo 


/(s) 


(2.7) 


f(x) 


271 


Let us apply the results (2.5), (2.6), and (2.7) to certain simple 
cases : 

a. A function f{z) shall be given in the interval 0 < 2 < 2x 
by the following rule: /(^) takes only 
two values, +1 and “1 (Fig. 2.1), so 
that f(z) = 1 for 0 < 2 : < x/2 and 
3x/2 < 5 : < 2x; whereas f{z) = —1 
for Tr/2 < z < 3x/2. The function 
f{z) is, therefore, discontinuous at the 

points s = x/2 and s = 37r/2. ^ 2.i .— a discontinuous 

Computing the Fourier coefficients function having only two values, 
for this function, we find that = 0 

for an arbitrary value of m because Jiz) = /(2x — z) and sin 
mz = — sin m(2x — z) and, therefore, 

sin mz dz = — sin mz dz 

Thus, the integral on the right side of (2.5) vanishes. 

In the calculation of the coefficients of the cosine terms, we 
must discriminate between odd and even values of m. For all 
values of m we have cos mz = cos m(2x — z), hence, 

cos mz dz — cos mz dz 

and, therefore, from (2.6) 


bm = 2/x cos dz 


Now for even values of m, we have cos mz = cos m(7r — z), and, 
therefore, since f{z) = — /(x — z), the coefficient bm is equal to 
zero. For odd values of m, cos mz = — cos m(x — z) and 

cos mz dz = cos 7nz dz. Hence, 

ir/2 


= - 
^Jo 


f(z) cos mz dz 


=^r 


cos mz dz 
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4 sin mz 5 


xl m Jo Trm 


Taking into account that for odd values of m, sin - 


m— 1 

(- 1 ) ^ , 


we obtain 


where m = 1, 3, 5, • • 
function /(2) is given by 


m— 1 

( 2 . 8 ) 

Thus the Fourier series for the 


cos z — ~ cos 32:+- cos 52: 
o o 




Substituting 2 = 0 in (2.9), it follows that 


1 = - 1 - 


— i + . . . 

^ j- Q ~ p; 7 ~ 

For i t/2 and 2: = 37r/2 the series on the right side of (2.10) 

has the value zero. This is equal to 
t j the mean value between + 1 and — - 1 . 

1 ■ yK b. Let us now assume a function 

y/ I cj>{z) having the shape of the broken 

X ttX 37^ line shown in Fig. 2.2. We take, for 

^ \!/ example, <^(2) = 2 for 0 < 2 < 7r/2, 

2 <5{)(2:) — TT — zioT x/2 < 2 < 3x/2, and 

Fig. 2.2. — Example of a func- <^(z) = 2 — 2x for 3/2 < 2 < 2x. 

whose deriv’-ativ-e has dis~ 
uities. 

hence, the coefficients bm all vanish, 

and we are left with 


.If 


4>{z) sin mz dz 


^ f m 

rjo 



Sec. 2] 


FOURIER SERIES 


329 


Now <^{z) = 4>{'iv — z) and sin mz — sin m{Tr — z) for odd values 
of and sin mz = — sin m{Tr — 2 ) for even values of m. There- 
fore, ttm = 0 for even values of m and 


_ 4 r 

I 

TJ-JO 


sin mz dz 




for odd values of m. Carrying out the integration, we find 

( 2 . 11 ) 


m— 1 

4 . mir >(~1) ^ 

am = ^ sin = 4- — — 

7r?n.- 2 7rm.- 


The Fourier series for 4>{z) is, therefore, 


4>{z) = -( sin z — sin Zz -f sin 5z 


0“ 




( 2 . 12 ) 


Substituting z ~ 7r/2 into (2.12), we have 


TT 

2 


or 


■3 


^ 32 ^ 5“ 7 ^ ^ 


Comparing the two functions /(3) and we easily find that 
f{z) is the derivative of (f>{z). We also find that the series (2.9) 
for f(z) can be obtained by differentiating the series for < 5 &(r) 
(2.12) term by term. 

c. Finally, let us define a function \p(z) by the equation 
\l/{z) = z{'ic — z) for 0 < z < TT and by the relation ^(tt + z) 
— ioTir < z < 27r. The shape of the function is shown in 

Fig. 2.3. The derivative of \l/{z) is represented graphically by the 
dotted line, which can be expressed b^^ the function ^{z). We 


find that {z) = s j and, therefore, 

^(z) = 2 1 *^ <t>(^ + dz 


Replacing in equation (2.12) 2 by ^ 2 :, we obtain 

-h = "^COS ^ ^ cos 32 + “ cos 52 + • • • ^ 
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and carrying out the integration term by term, we have 






or 


sin ™ sin 82 + sin 5z + 


sin nz 




) 


■ (2.13) 

(2.14) 



Fig. 2.3. — Example of a function composed of parabolic arcs; its second deriva- 
tive is discontinuous. 

Substituting z = 7r/2 in (2.13), we find 



It is interesting to note that the Fourier expansions for the 
three functions f(z), <^(2), and furnish three different 

infinite series that can be used for the computation of the 
number t. 

3. Approximation of Arbitrary Functions by Fourier Series. — 

Let us investigate the following problem. Given an arbitrary 
function of the real variable z with the only restriction that f(z) 
is finite and integrable in the interval 0 < 2 < 2'ir. We consider 
a finite trigonometric series of the form : 

n n 

o.k sin kz + cos kz 

1 0 


(3.1) 
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with undetermined coefficients and 5 a-. Our problem will 
consist of the determination of these coefficients in such a way 
that the integral 


B = ^ - S.{z)fdz (3.2) 

is a minimum. The expression E is the measure of the delation 
between the function f{z) and the function defined by the finite 
series Sn{z), If we consider /(s) — S^{z) the error of the approxi- 
mation, E gives the mean square of the error averaged over the 
interval between 0 and 27r. 

The quantity ^ is a function of the parameters cii, . . . , 
On and ho, ... j hn- Hence we obtain the best approximation 
if these coefficients satisfy the conditions 

doi da2 dhn 


Differentiating the right side of Eq. (3.2) with respect to a 
certain coefficient we obtain 


dE 

dCLm 





dcu 


dz ^ 0 


or substituting Sniz) from Eq. (3.1) 


""J [^/(^) “ 2 ^^ ~~ 2 ^^ 


cos kz 


sin mz dz ^ 0 (3.3) 


Carrying out the integrations, we find that because of the rela- 
tions (2.2), (2.3), and (2.4), Eq. (3.3) is reduced to 


or 



— Om sin mz] sin 7nz dz = 0 



sin mz dz 


in accordance with Eq. (2.5). 

Similarly, we obtain for the coefficients of the cosine terms the 
values given by Eqs. (2.6) and (2.7). 
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The meaning of this result is the following: If we cut off the 
infinite series obtained in the last section after the terms con- 
taining sin nz and cos nz, the finite series obtained in this way is 
the best approximation possible for the function f(z) by any 
trigonometric series with the same number of terms. Further- 
more, if we increase the number of the terms in the series, the 
coefficients calculated for the previous approximation enter 
unchanged into the new approximation. 

Because of this behavior of the successive approximations, 
we easily prove that the least value of the mean square of the 

error, given by ~ | [f{z) — Sn(z)Y dz^ decreases with every 

^'TTjo 

new term added to the approximation. Let us call En the mean 
square of the error corresponding to the approximation Sn and 
En+i the error corresponding to Then, we have 

^ [/(^) ““ ^niz) — cin+1 Sin {n + l)z 

— hn^ri COS {n -|- 1 ) 2 ]^ dz 
or 

1 

En+\ = En [f(z) — Sr^{z)] [ttn+l SlU (u + l^Z 

TTJO 

1 

-h bn+i COS (n -b 1 ) 2 :] dz 2 ^ [an+i sin (n -f l)z 

+ hn-j-i cos (n -b l)z]^ dz 

Carrying out the integration and taking into account the rela- 
tions (2.2), (2.3), and (2.4), we obtain 

En+l = ^ ( 3 . 4 ) 

Hence, En-\-i En if = bn-^i 0, and En-\~i ^ En if 
and hn+i are different from zero. 

Let us call /So = ho the zero a'p'proximation where ho is equal to 
the mean value of the function /(; 2 ). Then the mean square of 
the error of the zero approximation will be : 
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Therefore, if we use Eq. (3.4), the mean square of the error of the 
first approximation will be 

Continuing this procedure, we obtain for the nth approximation 

n 

~ 

k = l 

We remember that En is an integral of a squared quantity and, 
therefore, is always positive. Hence, we obtain the following 
inequality for the sum of the squares of the coefficients: 

oo 

fco + i + It) ^ dz (3.6) 

k = l 

From relation (3.6) it follows that the sum on the left side 
cannot increase beyond an upper limit if n — » cc . It can be 
shown that if the function f{z) is continuous and /(O) = /(Stt), 
the left side of (3.6) converges to the value of the integral on 
the right side, i.e., the mean error En converges to zero. 

We calculated in the previous section the Fourier coefficients 
for a discontinuous function (the so-called meander function) and 
found that the series is convergent. Hence, these questions arise : 
what class of function can be developed in convergent Fourier 
series, and if a function is discontinuous at a certain point, 
what value is approximated by the Fourier series? 

Fourier’s first paper dealing with the series that carries his 
name was presented to the French Acadern^^ in 1807. His most 
famous contributions on the subject of the conduction of heat in 
solid bodies were written in 1811 and printed in 1824 to 1826. 
Poisson and Cauchy further developed the theory of Fourier 
series. The fundamental investigation concerning the conditions 
under which an arbitrary function can be expanded in a conver- 
gent series was carried out by Dirichlet in 1829 to 1837. Since 
those classic times an extended scientific literature has developed 
around the central subject of the pro})erties and applications of 
trigonometric series and the properties of functions that can be 
expanded in such series. 
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It was shown by Dirichlet that if an arbitrary function is 
finite in a given interval and has a finite number of maxima and 
minima, the Fourier series associated with fiz), i.e., the trigo- 
nometric series whose coefficients are given by the Eqs. (2.5), 
( 2 . 6 ), and ( 2 . 7 ), is convergent, and its sum is equal to the value 
fiz) if f(z) is continuous at the point z. If the function f(z) is 
discontinuous at the point z and has two different values /(s: — 0 ) 
and /(2 H- 0), the sum of the Fourier series converges to the mean 
value 4 [f{z — 0) -f -/(2 + 0)]. We have observed this behavior 
of the Fourier series in the special examples given in section 2. 

Dirichlet also investigated functions that are infinite for a 
finite number of values of x. He found that if the function 
satisfies the above condition, with the exception of an arbitrarily 
close neighborhood of the points of infinity, and if, in addition to 
that, the integral /|/(^)1 dz taken over the whole interval is 
finite, the Fourier series is still convergent and gives the value of 
f(z) at every point of the interval with the exception of the points 
of infinite discontinuity. 

It is seen that these conditions cover a very wide range of 
functions, and, therefore, one will seldom encounter in engineer- 
ing problems functions that cannot be expanded in a convergent 
Fourier series. The restriction that the function in question 
must have a finite number of maxima and minima in a finite 
interval is of little importance for practical applications since 
functions wdth an infinite number of maxima and minima will 
hardly occur in engineering problems. A well-known example 
of such a function is sin I/ 2 , which has an infinite number of 
oscillations in an arbitrarily small interval including 2 : = 0. If 
a function behaves at 2 = 0 as 1 /z^ the associated Fourier series 
will not converge because the integral dz is divergent. 

If at a point z = a, the function /(s:) 00 like log (z — a), the 
Fourier series might be convergent, but it probably will be of 
very little use since, in general, in the neighborhood of such 
irregiilar points a very large number of terms will bo needed 
for a fair approximation. 

If the function 7 ( 2 :) is continuous in the interval considered and 
also /(a) = f(h), the convergence of the Fourier series is iinifor7n. 
This means that if we fix a certain amount E, as the allowed error, 
we are able to determine a certain niim])er n, such that if wo 
stop at the nth term of the Fourier series, at no point of the 
interval will the error exceed the fixed amount E, The coeffi- 
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cients of the Fourier series will converge to zero at least as fast 
as 1/n- if fiz) is continuous everywhere, and as fast as \/n if 
fiz) has discontinuous points. 

There is a peculiarity of the Fourier series of discontinuous 
functions that is interesting enough to be mentioned. It was 
discovered in a special case by the famous American physicist, 
Josiah Willard Gibbs, in 1899 and is 

called Gibbs’s phenomenon; its general /fzj } [ | 

theory is due to M. Bocher. It has 
been mentioned that if the function 
f(z) has a finite ju7np at a point z, 
so that/Cz — 0) ^ f{z + 0)j the sum 
of the Fourier series converges to the 
mean value i [f(z + 0) + /(z — 0)]. 

However, if we plot the curve obtain- 
ed as the nth approximation, i.e., the 
sum of the first n terms of the series, and proceed to n — ^ ac , the 
curve, instead of approximating the line consisting of the discon- 
tinuous curve f{z) and the vertical line that connects the points 
/(s + 0) and/(z ~ 0), overshoots the jump at both ends by a length 
proportional to the jump. In Fig. 3.1 the jump occurs between 
B and C; the Fourier approximation converges to the line 
ABB'C'CD, where the portions BB' and CC' of the vertical line 

are ( (lual to - [f(z -j- 9) — f{z — 0)] 

T 

of this definite integral is ^ “ —0.2808, the segments 

BB' and CC' amount to about 9 per cent of the jump. Gwing to 
Gibbs’s phenomenon, the approximation of discontinuous func- 
tions by Fourier series immediately near the discontinuity will 
not be very satisfactory. 

4, Numerical, Graphical, and Mechanical Methods for the 
Determination of Fourier Coefl5.cients. Harmonic Analysis. — 

The determination of the Fourier coefficients of a given function 
is often referred to as the har-yyionic analysis of tlu^ function. 
If we extend the function /(z) beyond the interval bet wetai 0 and 
2*^, by the assumption f{z) — f(z + 2k7r), where k is an integer, 
we obtain a periodic function of z. Then the Fourier expansion 
approximates this function by the superposition of a trigono- 
metric function with the fundamental period 2x and of an infinite 
number of harmonics. The coefficients determine the amplitudes 


x ^ 


Since the vahu' 



Fig. 3.1. — Gibbs’s pheiiomeuoii. 
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and phases of the harmonics. For this reason the expression 
harmonic analysis is used for the evaluation of the Fourier 
coefficients. 

a. Numerical Methods , — Assume that the function f(z) is 
given by graph or by tabulation. Then the simplest method for 
the computation of the first few Fourier coefficients is to choose 
a certain number of equidistant values of the independent varia- 
ble z and to determine a finite trigonometric series in such a way 
that the mean square of the differences between the value of the 
function and the value of the trigonometric series at these points 
is a minimum. 

Let us assume that we divide the interval between 0 and 2^ 
in r equal parts, the values of the coordinate z of these points 
being 0 , Zi, . . , , Zr-u Zr = 27 r. Let the corresponding values 
of the function be denoted by /o, /i, . - . , /r- (We assume that 
/o — fr- If this is not the case, we deduce a linear function from 
f(z) and calculate the coefficients for this linear function sepa- 
rately, using the method shown in section 2.) Then we consider 


as the mean square of the error the sum — SkY where 

k = i 

Sk is the sum of the trigonometric series obtained by substituting 

r 

z = Zk."^ If we determine the condition that is 

a minimum, we obtain for the coefficients of the series 


S = ai sin z a2 sin 2 z - • • + sin nz +60 + 61 cos 2: 

+ 6200322:+ ' • • +6nC0sn^ ( 4 . 1 ) 


the values 


dm = sin mzk 

k^l 

hm = f 2/-^* 

T 

* The sum 1 may be considered as an approximation of the 
fc = t 

integral in Eq. (3.2). We take the sum since we use only discrete values 
of the function f{z). 
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where m = 1, 2, . . . , n and 

r 

fc=l 

The expressions (4.2) and (4.3) replace the expressions (2.5), 
(2.6), and (2.7). 

The minimum problem is sensible only when the number of 
coefficients in S is not greater than the number r. If the num- 
ber of the coefficients is equal to r, it is evident that we can deter- 
mine them so that the approximation passes through the points 
taken, and, therefore, the error is zero. If the number of coeffi- 
cients is larger than r, w^e can even make the error disappear in 
an infinite number of ways by suitable choice of the coefficients. 

We shall assume that r is an even number. It is an advantage 
to choose T a multiple of 4, since in this case the number of different 
values of sin mz^ and cos mzk is greatly reduced. 

The following scheme is laid out for r = 12. In this case only four 
different values of the trigonometric functions occur in the sums to be 
calculated, viz., sin 0° = 0, sin 30° = sin 60° = \/Z/2 = 0.866, and 
sin 90° = 1. 

1. First Step. Write down the values of the given function/(3) according 
to the following scheme and build sums and differences: 


/i /a fz fi fs /e 
/i 2 /ii /lo /g fs /t 
S ums So S 2 S 3 S4 S5 Se 

Differences di dz dg 


2. Second Step. Write down the sums s and differences d according to 
the following scheme and build sums and differences again: 


Sq Si §2 S3 

S $ Sa 54 

Sums O-Q CTi 0-2 crs 

Differences 5o 5i So 


di do dg 
dg d4 

di (To CTs 

So 


3. Third Step. The quantities ao, tn, 0 - 2 , o-.*?, 5o, 5i, 82 give the coefficients 
of the cosine terms, the quantities di, do, dg, 5i, S 2 the coefficients of the 
sine terms, by multiplication by sin 30°, sin 60°, or sin 90° and addition 
according to the following computing form : 
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Multiply hy 

Sine terms 

0.500 

<7i 






0.866 


d" 2 


^2 



1.000 

<73 




<?i 

<73 

Sum 

I 

II 

I 

II 

I 

II 

I + II 

6a 1 

6a 2 



I ~ II 

Oas 

6a4 

6a s 


Multiply by 

Cosine terms 

0.500 



§2 


““0-2 

(Tl 



0.866 




5 i 





1,000 

(To + cr2 

-f as 

. 5 o 


<70 

—as 

5o 

S 2 , 

Sum 

I 

II 

I 

II 1 

I 

II 

I 

II 

I +II 

1260 

66i 

662 



I - II 

1256 

^ 665 

664 

663 


A number of similar schemes for different special cases are found in 
^‘Graphical and Mechanical Computation/’ YoL II, by T. Lipka. 

6. Graphical Methods . — Graphical methods are not very often 
used for harmonic analysis. Figure 4.1 shows the application 



Fig. 4 . 1 . — The Ashworth-Harrison method for harmonic analysis. 

of the so-called Ashworth-Harrison method. This method is 
based on the vectorial addition of the values of the function 
to be analyzed. Assuming again a 12-ordinate scheme, wo have 
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nz. j* I f jCirri/Jr . . ^ 

oOm = Ji COS -g — }- /a COS — g h * * ' + /i2 COS 2mx 

^ . . mx , . . 2 ?nx , , ^ 

Ddm — fi Sin -g- --f” f 2 sin — g — “4“ * ‘ * H~ fi 2 sm ^tnir 

Hence, if we consider the quantities /i, /s, /s, . . - , /12 as 
vectors in a plane, inclined to the horizontal axis at an angle of 
wx/ 6 , 2 mx/ 6 , etc., the quantities dbm and will be equal to 
the components of their vectorial sum. In Fig. 4.1 the construc- 
tion of 6 ai and 661 is shown. In order to obtain 6 a 2 and 662 , 



Fig. 4.2. — Mixed graphical-mechanical method for harmonic analysis. 

the angle between two consecutive vectors will be equal to 60®, 
and so on. 

c. Mechanical Methods. — For mechanical evaluation of the 
coefficients we may use either the common planimeter or the 
integraph, after doing some intermediary drawing work. Also, 
special mechanical harmonic analyzers are available. 

For the computation of the first, or the first few, coefficients 
the following mixed graphical-mechanical method is very useful 
(Fig. 4.2). Let us consider the coefficient of the first sine term, 
which is given by 

1 ^ r 2 . 

I f{z) sin z dz or Ui = I /(z) d{cos z) 

ttJo '^Jo 

If we draw a unit circle in an xy plane and put the angle tan”^ y/x 
equal to z, then evidently for the points of the a-axis between 
— 1 and +1, X = cos z and dx = d(cos z). Consequently, if wt‘ 
draw a curve y = cl>(x) whose ordinate y at the point x is equal to 
/(z), the area enclosed by this curve gives us the value of tlie 
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integral f{z) d(co8 z). In order to carry out the computa- 

tion, we choose a number of values Zx^ 5 : 2 , . . . , and mark 
on the a:-axis the corresponding values of cos z. We obtain in 
this way the points Xi, 3 : 2 , , Xr, Then, we choose the corre- 

sponding ordinates pi, 2 / 2 , . . . ^ 2/r equal to fi, f 2 , . . . , fr and 
draw a smooth curve through the points obtained. The area 
enclosed by this curve can be determined by the common 
planimeter. 

Obviously, bo can be determined by a quadrature of the given 
function. For h and for the higher coefficients, the above 
method can be easily modified. However, for drawing the curves 
for coefficients of high order, we need a relatively large number of 
ordinates. The method is, therefore, practical only when the 
orders of the coefficients to be determined are small in comparison 
with the number of ordinates used. 

A great number of mechanical harmonic analyzers have been 
designed, and quite a few types are available commercially. 

5. The Problem of a Uniform Beam with Elastic Support 
(Continued). — ^Let us return to the problem treated in section 1 
and to the solution of Eq. (1.1). 

We must express the load distribution function p{x) in the 
form: 


= 2 

71 = 1 


Pn sin 


nxTT 

~ir 


This is easily done in the following way: We introduce as the 
new^ variable z = xtt/I and extend the function p{x) — f{z) to 
the interval Q < x < 21, wffiich corresponds to 0 < ; 2 : < 27 r. 
Forx > we assume p(2Z — x) —p{x),i.e.,f(2T ~ z) — —f(z). 
Then developing f(z) in a Fourier series, we find that the coeffi- 
cients of the cosine terms all vanish, so that the sine terms give 
the development of p{x) in Eq. (5.1), where 


2 n 


. V . nx'jT 

pi^x) sin 


(5.2) 


Substituting w — Wn sin in the equation 
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we obtain 


El 


d^w 


+ hw ~ pn sin 

n = 1 


Wn — 


Vn 


El 




(5.3) 


(5.4) 


Let us now assume that we are solving the equation for the same 
beam without elastic support (k = 0) in an analogous way. If 

this solution is given by ivq sin we obtain for 

n—l 


the formula 


Let us now compute the difference between w and w. Using 
(5.4) and (5.5), we find 


w ~ w 


00 

2 ^’'(^EI{n^*/ 


/I*) + k EI(n^- 


^V^)) 


Sin - 


nxTT 


W — IV 


Pn 


sin (nx7r/l) 


iEl(n^^/U) EI{n^T^/kP) +- 1 


(5.6) 


w — w 


--2 


Wn sin {uxt/I) 
EI{n^ir^/kP) -{- 1 


Equation (5.6) allovrs an easy computation of the influence of 
the elastic support if the deflection of the beam without such 


support is known. 


If the dimensionless quantity i^"^ i^C)t 


very small, the denominators of the terms on the right side 
increase very fast; in most cases it will be sufficiently accurate to 
retain one or two terms in Eq. (5.6). Then the problem is 
reduced to an ordinary deflection problem, which requires only 
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the evaluation of quadratures in the usual numerical or graphical 
way and the computation of one or two correction terms corre- 
sponding to (5.6). 

The bending moment is equal to ikf = —El d^w/dx^. If we 
denote the bending moment computed without elastic support 
by M, it follows from Eq. (5.6) that 


M = M-^ 

n = l 


Mn sin (nxic/V) 
EI{n*Tc^/U*) + 1 


(5.7) 


where are the Fourier coefficients of the function M{x), i.e., 


Mix) = 2 ^ (5-8) 

W= 1 

Let us apply these results to the case of a beam loaded by a 
concentrated load P at its center {x ~ Z/2). The moment 
function M (x) is in this case a triangular function, the maximum 
moment M(l/2) being equal to PI/ A. We have 

M = ^ for 0 <x 

and 

M = for <l (5.9) 

Using z = XT /I, as independent variable and the function 4>{z) 
as defined in section 2 of this chapter, the moment M can be 
written in the form: 


a - 

Now according to Eq. (2.12), 

<l>{z) = ~^sin 2 — p sin 32 + ^ sin 5z — 


(5.10) 


•) 


consequently, 

Ml = 


2Pl 


Mz = 


2Pl 

■(Stt)^ 


Ms = 


2Pl 


(5.11) 
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Substituting M from Eq. (5.9) and Mi, Mz, etc*., from Eq. ( 5. 11) 
in Eq. (5.7), we obtain 

sin (xTr/l) sin (Sxtt/ Z) . 

{EiTT^/kF) ‘ ^ 

for X < 1/2, The same expression is valici for x > 1/2, if we 
replace x hy I — x. 

In Chapter VII, section 4, we found that in the case of an 
infinite beam the distance of the first zero point of the deflection 
curve from the point of action of a concentrated load is equal to 
37r/2/5'\/2- Denoting this length by h and taking into account 
that =k/EI, we can write 

Eiii ^ {i.y - 
kP \0lj \3lJ 

^et us assume, for example, that lo/l = f. Then the max 
noment, which occurs at the point x = Z/2, is equal to 



It is seen that the three terms calculated from the Fourier series 
represent corrections to the value of PZ/4, amounting to 65, 
3.8, and 0.5 per cent, respectively. It appears that for the 
accuracy usually required in such calculations, it is sufficient 
to retain the first two terms of the trigonometric series. 

6. Beam of Infinite Span. Solution by Fourier Integral. — 
Let us now consider an elastically supported beam extending 
indefinitely from x = — oo to x = + ^ with the only boundary 
condition that the deflection vanishes at infinity. We assume 
that the beam is subjected to distributed load pix); we also 

assume that at infinity p — 0 and that the total load 

is finite. The load distribution function might be continuous or 
discontinuous. 

The question arises whether the method of the Fourier series 
applied to the beam of finite span can be extended to the case of 
an infinite span. 


2 TT- 
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In order to investigate this question, let us assume an arbitrary 
function /(a::) defined between the limits rc = ±Z and try to find 
out what happens to the Fourier series when I is increased to 
infinity. 

We introduce the variable xtt/I — z and identify the end points 
of the interval x — ±: I with 2: = ±7r. The Fourier series for 
f{x) = /(Iz/tt) = f(z) will be 

f(z) = 60 + ^bn cos nz + ^ansinnz (6.1) 

n — l n = 1 

where 

"" " sX/w * - 

bn = 7(25) COS nz dz = jJ* ^ f(^) cos —tt (6.2) 

an = f(z) sin nzdz === jJ ^/(|) sin 

The variable ^ is used in the definite integrals in (6.2) to avoid 
confusion with x. 

Substituting the expressions (6.2) in Eq. (6.1), we obtain 
fix) = 

I j'f y\ ( nx . . . nx \ , 

+ j /(I) I cos -yTT cos -J-TT + sm -JT SlU y X 1 

or 

oo 

/W = di + eos ‘^{x - I) (6.3) 

7 ^= 1 

.Let us denote mr/l by and X„ ~ = tt/Z by AX, Then 

the second term in (6.3) takes the form 


n = 1 
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If we approximate the sum by an integral and proceed to I — » 
i,e,, AX —> 0, we obtain in the limit 





We assumed in this deduction that /(|) is finite. There- 
fore, the first term on the right side of Eq. (6.3) vanishes in the 
limit. 

The relation (6.4) is called the Fourier integral theorem, * Writ- 
ten in the following form: 


fix) 


dK eos 'Kx^ /(f) cos Xf 

1 ^ 00 ^00 

4“ - I dX sin \x I /(O sin (6.5) 


it represents the generalization of the Fourier expansion for an 
infinite interval. The quantities 


- I /(I) cos X^ and - [ /(O sin 

TVj — 00 — so 

can be called again the Fourier coefficients 6(X) and a(X). They 
are now, instead of sequences of discrete values, functions of a 
parameter X. Then the expansion of the function f(x) can be 
written in the form; 


f(x) = cos Xx -H a(X) sin X:r] (6.6) 

Let us apply the Fourier integral theorem to the problem of 
the elastically supported beam. The differential equation for 
the deflection w is 



^ + to = p(x) 

(6.7) 

Let us write 



P(x) = 1 f” 

dX cos Xx p(^) cos XJ 


rjo 

J - =0 



4- - 1 dX sin Xx ( p(S) sin XJ dj 

(6.8) 


* For an exact proof of the Fourier integral theorem see Refs. 1 and 2 
at the end of the chapter. 
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Furthermore, we use as an expansion for w(x) a Fourier integral 
with undetermined functions b{\) and a(X) 


w(x) = dX covs \x b(X) “F dX sin \x a(X) (6.9) 

Substituting (6.9) in the differential equation (6.7), we obtain the 
following relations: 

(jE'jTX^ — {- fc)6(X) ” “ p(^) cos X^ 

, ( 6 . 10 ) 
(EIX^ + k)a(X) = i I p(0 sin 

Hence, the solution of (6.7) is given by 

k f- 

Let us apply Eq. (6.11) to the simple case of a beam loadec 
by a uniform load p per unit length between x = —a and x — t 
with no load for x > a and x C. —a. 

Then 

sin X^d^ = 0 

J p($) cos XJ ^ sin Xa 

Substituting these expressions in Eq. (6.11), we obtain 


w(x) 


2p 


i: 


dX sin Xa 
X(jiS/7X^ — b ^) 


cos Xr 


(6.12; 


As the general solution of the differential equation for a beam 01 
an elastic foundation consists of trigonometric and hyperbolic 
functions, it is obvious that the integral on the right side it 
equal to a combination of such functions. However, in manj 
(‘ases the integral representation of Eq. (6.12) will he easier tc 
handle. For instance, the deflection at x = 0, i,e., at the centei 
of the load, is given by 


. . _ 2p r dX sin Xa 

irk jo X[(ElX^/k) 4- 1] 


(6.13] 
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This value can be computed easily by plotting the integrand and 
integrating by means of a planimeter. If a — > 0 and we must deal 
with a concentrated load P = 2pa, we put sin \a ^ Xa and 
obtain 


w(0) = 


PC" d\ _ P ^[k r* df 
7rA;Jo lElxyk) + 1 ttW Elj ^ + 1 


where f = El /k. 


The definite integral 


f” _ _jr_ 

Jo + 1 Vs’ 


SO that we have 


14?(0) = 


1 P /eiY 

VsM k ) 


in accordance with Chapter VII, section 4 [cf. Eq. (4.7)]. 

7. Forced Vibration of a Beam under Harmonic Load. — Let 
us consider a uniform beam subjected to a load that is a harmonic 
function of the time. The motion of the beam in this case will 
consist of a free vibration and a forced vibration. The ampli- 
tude of the free vibration is determined by the initial conditions. 
However, if a small amount of damping exists, the free vibration 
practically disappears with the time and the forced 'idbration 
remains. We try to apply the method of the Fourier series to 
calculate the forced vibration. 

The differential equation for the deflection f of a vibrating 
beam with uniform cross section, according to Eq. (6.3), Chapter 
VII, is given by 


FJ -L „ - 0 


when there are no external forces. If the load per luiit length is 
equal to p(x) sin u>t, the equation of motion will be 

+ P = P(x) sin U (7.1) 


It is seen that Eq. (7.1) admits a solution of the form 

f = w{x) sin cct 
Therefore, w must satisfy the equation 


(7.2) 
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Our problem is to determine the function w(x) in such a way that 
the particular boundary conditions that depend on the type of 
support of the beam are satisfied. 

a. Let us assume hinged ends at a; = 0 and x ^ 1. Then solu- 

tions of the form w = const, sin ~~j~ satisfy the boundary condi- 
tions, and we can apply the method developed in the previous 
sections. We write 


. . . nxTT 

PW = Pn sin -y- 


n*=l 


and 


w(x) — Wn si 


sin ‘ 


nxT 

I 


(7.3) 


(7.4) 


where the values of pn are determined by harmonic analysis of 
the function p(x) and the Wn are undetermined constants. 
Substituting (7.3) and (7.4) in Eq. (7.2), we obtain 


Wn == 


Pn 


or 


Wn = 


(Eln^TT^/V) - /)C02 
Pnl^ 1 


Eln^TT^ 1 - {pc^H^/EIn^^) 

Now, according to Eq. (8.6), Chapter VII, the natural angular 
frequencies of the beam considered are given by the formula 


nV lEI 

\ p 

Introducing into (7.5), we obtain 

Pnl^ 1 


Wn 


(7.6) 


(7.7) 


1 ~ (coVa)2) 

The physical meaning of this result can be explained in the 
following way: 

Let us first solve the deflection problem of the beam for the 

oo 

2 71/Qjir 

Pn sin — y-* 

n=» 1 
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- 'V.' - • /f-m 0\ 

W = Wn sm -J- 0 -S) 

n = 1 

where 

— Id 

(7.9) 


Then the deflection curve for the forced vibration can be obtained 
ficom (7.8) by multiplying the individual terms of the expansion 

by the so-called resonance factors ^ ’ 

1 — (£ 0 -/<) 

It follows from (7.7) that if the frequency of the load coincides 
with one of the natural frequencies, the corresponding term in the 
series (7.9) becomes infinite. This holds, of course, only for 
infinitely small damping. 

b. Let us now consider a cantilever beam whose end conditions 
are w = dw/dx = 0 for a; = 0 and dhjo/dx^ = d^w/dx^ = 0 for 

X — 1. 

It is seen that in this case the development of p{x) in a Fourier 
series is not of great practical help because solutions of the form 

w = const, sin do not satisfy the boundary conditions. 

Solutions that satisfy these conditions were found in section 8, 
Chapter YII. Equation (8.14) of that section gives the following 
modes of vibration: 


w^^^{x) — const. 


( cosh ^nX — cos 
cosh + cos ^nl 


sinh — sin 

sinh + sin / 

(7.10) 


where the are roots of the characteristic equation 


cos cosh jSZ == — 1 


(7.11) 


They are connected with the natural angular frequencies of the 
beam by the relations : 


Wn 



(7.12) 


Let us denote the function in parentheses on the right side of 

(7.10) by (pn{x). Then it is seen that if we choose a load distribu- 
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tion given by p = Pn<Pn(x), a function of the form w = Wn<Pn{x), 
where Wn is an undetermined constant, will satisfy both the 
differential equation (7.2) and the boundary conditions, since 
the function (Pnix) represents a mode of vibration, and therefore 
satisfies the equation 

EI^-pc.%w = 0 (7.13) 

where is the natural angular frequency of the beam cor- 
responding to this particular mode. Consequently, we have 

EI^ = f,0^l<Pr. (7.14) 

Substituting w = Wn(Pn{x) in Eq. (7.2), we obtain 

and, therefore, 


(7.15) 

It is seen that this method of solution requires the expansion 
of the load distribution function p{x) in a series of functions 
<Pn{x). Each of them corresponds to a mode of vibration, and 
in this case they replace the simple trigonometric functions 
used for the Fourier expansion. If the load distribution is given 
in the form : 


pW = ^P»¥»n(a:) (7.16) 

then the solution for the deflection appears in a similar develop- 
ment of the form: 


or 


w(x) = 2 


Pn (^) 

p £dj - 6)2 


(7.17) 




1 






(7.18) 
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Equation (7.18) admits a physical interpretation similar to 
that given for Eq. (7.7) for the case of a beam supported at the 
ends. The equation for the static deflection, is 


n— 1 


Substituting w — and making use of the relation 

n = l 

(7.14), we have 


and, therefore, 


= p„ 



n«l 


Hence, we can write Eq. (7.18) in the form 


(7.19) 


w{x) = _ (tvcog) (^-20) 

n = l 

In other words, we obtain the shape of the deflection curve for a 
forced vibration with the frequency co by multiplying every term 
of the static deflection function given in Eq. (7.19) by the 

resonance factor 

1 - (ojV^^D 

This method of calculation of the forced vibrations is analogous 
to the method given in Chapter V for a system with a finite 
number of degrees of freedom. We remember that the calcula- 
tion of the amplitude ratios became easy after we resolved the 
external forces into normal components, i.e., into components 
that maintain normal modes of oscillations. This corresponds 
to the expansion of the load into a series of the form (7.16). The 
coefficients Pn of this expansion can be determined in a manner 
similar to that by which we determined the coefficients of a 
Fourier expansion. It can be shown that the functions (pn{x) 
satisfy relations similar to Eqs. (2.2), (2.3), and (2.4) for the 
trigonometric functions. For example, we have 

dx = 0 
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when n m. These relations are analogous to the orthogonality 
relations which prevail between the coefficients of the normal 
modes of systems with a finite number of degrees of freedom 
[cf. Eq. (4.8), Chapter Y]. Hence, such functions as <pn{x), 
which represent modes of oscillations of an elastic system, are 
known as orthogonal or normal functions. 

8. Application of Trigonometric Series for the Determination 
of Characteristic Values. The Energy Method. — Up to this 
point the trigonometric series were used for the construction of 
particular solutions of differential equations with constant coeffi- 
cients. However, they can be successfully applied to a much 
broader field of mechanical problems, viz., for approximate 
solutions of equilibrium and of vibration and buckling problems 
which are not necessarily governed by equations with constant 
coefficients. The method is especially successful if the problem 
is formulated as a minimum problem or a problem of vanishing 
variation and is of great practical value for the determination 
of the characteristic values discussed in Chapter VII, section 16. 

We have shown in Chapter III that the equations of equilibrium 
and of motion can often be formulated as statements concerning 
the vanishing of the variation of certain energy or work expres- 
sions. For example, the equilibrium of an elastic system is 
determined by the fact that in the equilibrium position the 
variation of the difference between external work and internal 
energy is zero. If we apply d’Alembert’s principle to an oscillat- 
ing elastic system, we can state that at every instant of the' 
motion the variation of the elastic energy due to certain virtual 
displacements is equal to the work done by the inertia forces in 
the same virtual displacements. If we formulate the laws of 
equilibrium and of motion in this way, it is not necessary to 
consider the equilibrium of forces, and it is sufficient to vary the 
expressions for the energy and the work. 

Now in the case of a continuous system, e.g., a string or a beam, 
these expressions are integrals, and, therefore, we must vary 
the functions under the integral sign. Hence, the exact analysis 
of the ideas indicated above leads us to the calculus of variations, 
which does not fall within the scope of this volume. However, 
if we approximate the shape of the deflection curve or the mode 
of vibration of a beam by a finite trigonometric series, the expres- 
sions for energy and for work will be approximated by sums, and 
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will be functions of a finite number of coefficients, which we may 
consider as the coordinates of the system. Instead of the exact 
minimum of the potential energy we might then determine 
the smallest value that can be reached if the variation is 
restricted to that of a few parameters, e,g., to the variation of the 
coefficients of a trigonometric expansion. Of course, the expan- 
sion must be chosen in such a way that every term complies with 
the boundary conditions, so that by variation of the coefficients 
the boundary conditions are not violated. 

It is seen that by this method the variation of the energy 
of a continuum is reduced to the variation of the energy of a sys- 
tem determined by a finite number of parameters. The variation 
of an integral is replaced by the variation of a function of a finite 
number of variables. In the case of elastic systems with linear 
relation between force and displacement and, in general, in the 
case of small oscillations, the expressions to be varied are quad- 
ratic functions of the parameters; hence, the problem requires 
the solution of linear equations only. Therein lies the great merit 
of this method; all the rules and algorisms developed for systems 
of linear equations {e.g., Chapter Y) can be immediately applied. 

The method will be clear when demonstrated by a few' 
examples. It is sometimes called the Rayleigh-Ritz method, for 
it was extensively used by Lord Rayleigh in his theory of sound, 
and it was further developed and its convergence proved by Ritz. 
It is also referred to as the energy method. It is not restricted 
at all to the use of trigonometric expansions; series of any class 
of functions may be employed. However, the use of trigono- 
metric functions often makes the calculations very simple, and, 
therefore, we explain the method in connection wdth trigonometric 
series. 

Let us consider the problem of the critical speed of shafts. 
The critical speed is determined by the condition that the w'ork 
of the centrifugal forces for an arbitrary virtual displacement, 
i.e., for an arbitrary variation of the deflection curve satisf3dng 
the boundary conditions, is equal to the increase of the elastic 
energy, given by the work required for the bending of the shaft. 
The centrifugal force per unit length of the shaft is equal to 
p{x)w(x)q)'^, where p(x) is the mass per unit length, w{x) is the 
deflection, and co the speed of rotation. Hence, if we vary the 
deflection by 8w, the work done by the centrifugal force is given 
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by pwo)^ Sw and for the whole shaft by pwco^dw dx. It is seen 
that this work is equal to the variation of the expression 

T=i£pw^io^dx ( 8 . 1 ) 

T is equal to the kinetic energy of the shaft if we assume that 
the mass p is concentrated on the axis of the shaft and the axis 
whirls around the rr-axis with an angular velocity oj (cf. Fig. 8.5, 
Chapter VII). 

The elastic energy per unit length of the shaft is given by 
^EI (d^w/dx^)^j where El is the flexural rigidity of the shaft. 
Hence, the elastic energy of the whole shaft is equal to 


The critical speed is given by the condition that the variation 
of the difference 


L = T - U (8.3) 

vanishes for arbitrary variation of the deflection curve as long as 
the boundary conditions are complied with. The boundary 
conditions are the only geometrical restraints, and every dis- 
placement complying with them is a virtual displacement. 

Let us assume now that the deflection can be approximated 
by a finite trigonometric series of the form 


w{x) = Ai sin A 


, 2tvx , . 

2 sm — = {- Az sin 


+ An sin 


riTX 


(8.4) 


We notice that every term of the series satisfies the boundary 
conditions w = d^wfdx^ = 0 for x = 0 and x = I, where Z is 
the distance between the two hinged supports. Therefore, we 
can vary Ai, A 2 j . . . , An arbitrarily, and the critical speed is 
determined by 

dL __ dL __ dZ/ __ _ dL 

dAi dAz dAz dAn 


(8.5) 
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Let us assume that the shaft has uniform cross section but 
carries heavy masses distributed uniformly over the section 
between x = 0 and x = 1/2. Then the kinetic energy is given by 

o j f o > /Q an 

= — ^ J w- dx d — ^ J w- dx (8.6) 

where pi is the mass per unit length of the shaft proper and p2 
is the mass per unit length due to the additional masses. Sub- 
stituting expression (8.4), the first integral in (8.6) becomes 

jy dx = liA\ + + - . . + ^2) (8.7) 

whereas the second integral is equal to 


ri/2 

Jo 


dx 


r — l 1 


1/2 


. rirX . Stx , 
sm sin -p dx 


22 


ArAs 

2 


sin (r — s)^ sin (r + s)^ 
r — s r + s 


( 8 . 8 ) 


If r = s, the coefficient of Af is equal to Z/4. The terms for 
which r — s is an even number drop out. Thus, the expression 
for T becomes 


T 


^ + * • ' + Al) 

+ — 25 ^ 1^4 + 354^1^6 — • • • + j^AiA 

- ^A,A, + ■■■) 


(8-9) 


The expression for the elastic energy of the bending is given by 
ET 

U = ^ + 16Ai + 81.41 + ■ ■ ■ ) (8.10) 


Let us first cut off the series (8.4) after the first term. Then 
we have 



dU ^ 

dAi 2 P ^ 


( 8 . 11 ) 
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and the condition 


gives 



El TT^ I 

T Fj 


J.1 = 0 



( 8 . 12 ) 


We can obtain this first approximation also by putting T == U. 
Hence, to obtain a first estimate for the critical speed we‘ can 
proceed in the following way: We substitute a function w(x) of 
plausible shape into the expressions for the kinetic and the 
elastic energies and determine the speed oj for which the two 
energies are equal. 

Taking two terms of the series (8.4), we have 


and 

rpT 4 

C7 = ^^(A! + 16^i) (8.14) 

Using the notation for the dimensionless quantity, 


Pi 

we obtain by differentiation of U — T the following two linear 
equations for Ai and A 2 - 


(1 — X)Ai + 


8 


P2 


~A2 = 0 


Bx 2pi + p2 

j- o + (1 - 16X)42 = 0 

Stt Zpi -h P2 


The characteristic equation becomes 


(X - 1)(16X - 1) 




+ p2, 


P2 




(8.16) 


(8.17) 


For p 2 = 0 we have X = 1 and X = ^. The larger value of X 
corresponds to the lowest critical speed. We can put X = 1 + ^ 
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and expand Eq. (8,17) in powers of rj. We obtain, by neglecting 
terms of the order 


97r^\2pi + p2 

Hence, we have 

. . 64 


or 



It is seen that the approximation 


El 


n 4 - 

Pi +_ 


(8.19) 


( 8 . 20 ) 


is very satisfactory for small values of p2/pi. If P2 Pi, we obtain 

El 

6)2 = 1.91 ^ ^ (8.21) 

^ P2 

The total mass carried by the shaft is in this case m = P 2 Z/ 2 . 
Introducing m into Eq. (8.21), we have 


0.995 



( 8 . 22 ) 


We remember (Chapter VII, section 9) that the critical speed 
of a shaft carrying a mass m concentrated at its center is equal 
to [cf, Eq. (9.15), Chapter VII] 


, _ 48EI 


(8-23) 


Hence, if the mass is distributed over one-half of the length, the 
critical speed is increased by the factor 1.39. 

To find good approximations for the higher critical speeds, 
it is necessary to take into account more and more terms of the 
expansion (8.4). The method applies without essential change to 
arbitrary oscillations of beams or to more complex elastic struc- 
tures. It is important to notice that the influence of con- 
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centrated masses can be taken into account by adding their 
kinetic energy to the kinetic energy of the elastic system. The 
total energy appears also in this case as a quadratic form in the 
coefficients Ai, A^, . . . , A„. 

To find the critical loads in buckling problems (cf. Chapter 
YII, section 11) we must vary the difference U — W, where 
U is the elastic energy of the system (ie., the work required for 
the bending of the beam) and W is the work done by the external 
forces. The expansion for W must include the quadratic terms 
in and its derivatives. For example, if a beam is loaded by 
an axial thrust P, the work done by P is equal to where 5 
is the relative axial deflection of the two ends between which 
the thrust is applied. The deflection 5 corresponds to the bend- 
ing of the beam and is given by the difference of the integrals 

^^•\/l + {dw/dxy dx and dx. Hence, 


= Jo = i/o (M) 


Therefore, to find the buckling load, we must vary the expres- 
sion 



(8.24) 


It is seen that, for example, an arbitrary distribution of the 
flexural rigidity over the length does not cause extraordinary 
difficulties for the Rayleigh-Ritz method, whereas the exact 
integration of the corresponding differential equation 


d^w 

dx^ 


+m^ = 0 


(8.25) 


is feasible only if P/EI is a simple function of x. If we use as a 
first approximation for w{x) the term 


w{x) — A I sin 


I 


( 8 . 26 ) 


and substitute this expression in (8.24), we obtain 

^ , PAllir^ 

U-W = 


(8.27) 
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The condition d{U — W)/dAi = 0 in this ease is identical 
with U — W — 0 and yields the following expression for the 
critical value of P: 


Per = 


(8.28) 


This result can be interpreted physically in the following 
w^ay. If we substitute a function w(x) of plausible shape into the 
expressions for the elastic energy, i.e., the work required for the 
bending and the work done by the axial thrust, the value of 
the axial thrust that makes these two items equal gives a first esti- 
mate of the smallest buckling load. 

The Rayleigh- Ritz method gives also an approximation for 
the modes of vibration and the modes of buckling. However, a 
fair approximation of these characteristic functions requires, in 
general, more terms than the approximation of the characteristic 
values - 

9. The Rayleigh -Ritz Method Applied to the Equilibrium of a 
Loaded Membrane. — One of the merits of the Rayleigh-Ritz 
method is the easy w^ay in which it can be applied to problems 
involving more than one independent variable without the need 
of solving partial differential equations. 

Let us calculate, as an example, the equilibrium surface of 
a membrane or soap film held under tension over a rectangular 
frame and subjected to a uniform normal pressure p. It is known 
that this problem plays an important role in the theory of elas- 
ticity, because of the so-called soap-film analogy for the torsion 
of beams. The sides of the rectangular frame are denoted by 
a and h, the uniform tension of the membrane by T. The 
potential energy of the memhrane or soap film is given by the 
product of the tension and the surface area. If the deflection is 
denoted by w, the surface area is given by the double integral 


I I -v 1 "h 1 ^ I + { I 
Jo Jo \ / \dy J 


or with sufficient accuracy by 


Jo jo L ^2Vax/ ^ 2\dy/ 


dx dy 
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In the equilibrium position the variation of the potential energy 
is equal to the virtual work of the external pressure. Therefore, 
we have 


*{r/oX [(£)' "^ (i^) ] ‘'"I - X X p -ii/ «" =■ 0 


or 


(9.1) 


‘{?X.X [(£)'+ ' XX " * ‘‘''I - “ 

the eoutions A - X„X [(S) + <*'' 


Let us use 


and J 2 = s:£ w dx dy and substitute for the deflection 

2n - 1 2n - 1 


A = 1,3 Z = l ,3 


By this choice of the expansion the boundary conditions 
^^? = 0 for X = X = a, y — and y = b are satisfied for each 
term. Because of symmetry k and I can have only odd values. 
Substituting w from (9.2) into /i and and carrying out the 
integrations, we obtain 


2n -- 1 271 ~ 1 

2 2<¥+¥)t 

A: = 1,3 Z=l,3 

2n — 1 2?! 1 

(9.3) 

4 ab 

fc=l,3 Z=l,3 

(9.4) 


The simplicity of the result is due to the relations (2.2) to (2.4) 
between the trigonometric functions. 

According to (9.1), 



T 

Hence, differentiating F = -^h — pi 2 with respect to cm, 
we obtain 
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, IV\ 4 ll 


ab == 0 


_ 16p 

T Tr*{k%“‘ + l-a~)kl 

Let us consider two examples: the case of a square frame 
(a = b) and that of a rectangular frame of very large aspect 
ratio (a/h — > oo ). 
a. If a = b, 

_ 16p a- 1 
- -f xi kl(k- + 1-) 

Hence, the solution is given by 

•„ , 1 ^ Try 


w(x,y) = - 7 ^( sin — sin — + — sin sin 

\ Ttt^V a a lb a 


, 1 . TTX . S-nry , 1 . Swx . Siry . 

+ —= sin — sin — - + ST sin sin h 

15 a a SI a a 

For example, the deflection at the center (x = y = a/2) is equal 
to 


a a\ S'pa^ 


^ + i._ 

15 ^ 81 


The deflection at the center of a circular membrane of the 


diameter a is equal to 0.0625 
h. If a :::$> 5, 


and the double series for v){x,y) can be written in the form of 
the product of two single series 


sin (kirxfa) \( sin {hry/h) 
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The reader will verify without difficulty, using Eqs. (2.10) 
and (2.14), that for n — > oo , except for a: == 0 and x a, 

sin (kirx/a) __ ir 
k 4 

* = 1,3 


and that 


sm 


Iwy 


~ y) 

8 62 


Therefore, 


Z = 1.3 


w(a:,2/) == - P) 


(9.7) 


Equation (9.7) can be obtained directly by assuming that w 
is a function of y only. Then every strip of the membrane 
parallel to the ?/-axis acts as a string of length 6. We have, 
therefore, the differential equation 


T— = 

dy^ 


-V 


(9.8) 


and (9.7) is the solution of (9.8) which satisfies the boundary 
conditions that ii? = 0for^ = 0 and y — h. 


Problems 

1. Determine the coefficients of the infinite trigonometric series, 


. Trx . ^ttX 

ai sm — + az sin — h 


such that the sum of the series is equal to unity for 0 < x < 1. 

2. A simply supported uniform beam carries its own weight and is sub- 
jected to an axial compressive thrust. Find the maximum bending moment 
by using the method of expansion in Fourier series. 

Hint: Use Eq. (14.2) of Chapter YII. 

3. A suspension bridge of span Z with a simply supported truss carries 
a live load p per unit length uniformly distributed over the half of the span 
between a; — 0 and x — 1/2. Find the Fourier expansion for the deflection. 
Assume the cable to be inextensible. 

Solution: The increment of cable tension is found as in Chapter VII, 
Prob. 6. We find h/H = p/2q. The expansion of the live load in a Fourier 


series is p{x) — 


2p 


/ . TTX , 27ra;\ 

, 1/ 

Sira: 

. 67ra:\ 


+sm— j 

+ 3( 

sm —~ 
\ ^ 

+ sm — J + ■ ■ 



while the expansion of the constant 


hq 

a 



TT 



TTZ 

T 


1 . SttX 


)■' 
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A good approximation, for tlie deflection will be 

I pi si 

" 2^ HI + ij>/2q) ■ 

4 . A beam of infinite span and flexural stiffness El rests on a continuous 
elastic foundation whose modulus is equal to k. A uniform load p is applied 
between x = — a and x — a. Calculate the maximum bending moment 
by means of a Fourier integral. Plot the maximum bending moment as a 
function of the dimensionless parameter 



= a 


6. Solve the problem treated in Chapter YII, section 14, by expansion 
of the deflection in Fourier series. Calculate the bending moment. 

Solution: The bending moment due to the uniform load p and the moment 


px 

Mo acting at the base of the cantilever is ~(Z 

Ji 


x) - Mo 


The equation for the deflection when we add an axial compression P is 


(Pw vx 


approximately 
moment is 


pP . TTX 

"T T 


x) + Afoy The right-hand side may be written 

2 / tX 1 2iTrx\ 

+ -Mo [ sin — - - sin —- )• The bending 

TT \ I 2 ^ / 


px If oX px 

— +p«, = -(z 


• x) 


X P 
■ Afo'^ •+ p“ 


(f -;•«•) 


sin (ttx/I) 


2 sin (2irx/Z) 
+ -Mo - 




with Per = -2 7?r/72 

6. Find the expression for the displacement of the piston in Chapter 
III, Prob. 14, as function of the angle 6 of the crank with 
the horizontal. Find the Fourier expansion for the displace- 
ment as function of 6. 

Hint: The elliptic integrals encountered can be most easily 
evaluated by expanding them in power series in r Jl. 

7. The vertical cylindrical water tank shown in Fig. P.7 

is filled with water. The constant wall thickness is equal 
to t. Plot the bending moment, considering a section of 
unit width of the wall as an elastically restrained beam p.y. 

(cf. Chapter VII, section 4), assuming that the points A and 

B cannot move horizontally but that the inclination of the wall is not 
restrained. Use the method of Fourier expansion. 
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8- Assume that the wall thickness of the water tank in Prob. 7 is a linear 
function of the height where the thickness at the bottom is to and at the 
top to/Z. Calculate approximately the bending moment using the Rayleigh- 
Ritz method. Solve the same problem assuming that the tank has a free 
edge at B, {x = Z), and that the Avail is clamped at the bottom A, {x = 0). 
Assume l/to — 6, l/d = 

Hint: In the case where the Avail has a free edge at B and is clamped at A, 
Ave represent the deflection by the expression 

TTX SttX BttX 

w = a o cos c cos — — h e cos 

^6 JiL 2iL 

This satisfies the condition dAwjdx^ = 0 at a; == Z and dw/dx == 0 at x — 0. 
We must also satisfy the condition w = 0 at a; =0 and d^wjdx^ = 0 at a: — 1. 
Hence tt+6-bc + e = 0 and h — 27c + 125e = 0. This leaves two of 
the constants a, b, c, e still arbitrary. They will be determined by the 
condition of minimum potential energy. 

9. Solve approximately Prob. 19 in Chapter VII, by the Rayleigh~Ritz 
method. 
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CHAPTER IX 


COMPLEX REPRESENTATION 
OF PERIODIC PHENOMENA 


The imaginary number is a fine and wonderful recourse of the 
divine spirit, almost an amphibian between being and not being. 

— G. W . Leibnitz 
(1645-1716). 

Introduction. — Whereas in Chapter VIII Fourier series were 
applied to structural problems, in this chapter they are applied 
to periodic processes occurring in mechanical and electrical 
systems. The main objective of the methods presented in this 
chapter is to find the amplitude and phase distribution of coupled 
systems in so-called steady-state oscillations. We make ample 
use of the complex representation of periodic phenomena and 
especially of the notion of the complex impedance. The methods 
discussed in this chapter are, in general, restricted to systems 
that are governed by linear differential or integral equations 
with constant coefficients. 

1. Steady and Transient States. — ^Let us consider first the 
example of a single mass with elastic restraint and with damping 
under the action of a periodic force. This problem was treated 
in Chapter IV, section 7. The equation of motion for such a 
system is 

+ kx = FQSinoit ' (1.1) 

where m = mass, /? = damping factor, k = spring constant, 
Fo = amplitude of the external force. We found that the solu- 
tion consisted of a damped free oscillation of the system and of a 
forced oscillation given by 


^1 = 


Fo 


{k — mw“) sin ^o) cos oot 
{k — moo-)- + 13-00- 


( 1 . 2 ) 


The free vibration is given by the solution of the homogeneous 
differential equation associated with Eq. (1.1). If for example, 
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J02 4:^7)%, the expression for the free oscillation is 

= Ce cos .y/— — j 
\ m 4 

The constants of integration are determined by the initial 
conditions. Assume, for instance, that the mass is at rest for 
^ g 0 and the action of the force Fq sin oot starts at ^ = 0 . Then C 
and D are determined by the condition that at i — 0 , 


As the time increases, X2^ 0 so that only xi remains. The 
period during which X2 is not negligible is called the transient 
state. The remaining periodic motion rci is called the steady-state 
motion. 

The equation for the steady-state motion can be written in 
the form: 


Xx 


Fq sin (ast — (p) 
-y/ (A; — 


(1.4) 


where (p is the phase angle, defined by tan <p = ^ 

iV IIVU}- 

2. Vectorial Representation. — ^The expression (1.4) for the 
steady-state motion can be derived in a more elegant way by 
using complex exponentials as defined in Chapter I, section 8. 

We consider the equation 


m 


dH 

dt^ 


+ + = Foe^‘ 


( 2 . 1 ) 


Since Foe^* = Fq cos c^t + iFo sin cot, the real part of x will give 
the solution for a periodic force Fq cos cot, and the imaginary 
part of X that for Fq sin cot Putting x proportional to we 
obtain 


^ ~ [m(ico)^ -h ^io + k] x 

We shall denote the complex expression m(icoy -|- ffioo -f ^ by 
Z(ico). Then we see that x can be written in the form: 

_ Toe*"* __ F 


where F = 
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Hence, the complex quantity x appears as a ratio of two com- 
plex quantities F and Z. 

Now complex quantities can be represented as vectors in a 
plane (Fig. 2.1). We take the horizontal axis as the real axis 
and the vertical axis as the imaginary axis. Then the l ength o f 
the vector a + called the modulus, is equal to v a“ + 

the angle between the vector and the real axis, a. = tan“^ 

is called the argume^it or the phase of the vector. 



Fiq. 2.1. — Geometrical represen- 
tation of a complex quantity. 



Fig. 2.2. — Vectorial 
representation of an 
impedance. 


In this representation, F is a vector of constant modulus Fo, 
rotating with the angular velocity w. The vector representing 
Z(ico) has the constant modulus r (k — and 

its phase angle is given by <p = tan~^ t — — — 2 2.2). We 

divide two complex numbers by dividing their moduli and 
subtracting their arguments. Hence, the modulus of the ratio 
X — F JZ is also constant and is equal to 


'\/ {k — 


Its phase angle is equal to u}t — <p, i.e., 

FoC* 

^ V(^ - -f 


(2.3) 


It is easily verified that the imaginary part of Eq. (2.3) is identical 
with Eq. (1.4). The vectors x and F constitute a rigid figure 
rotating with the angular velocity w in the complex plane; the 
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ratio of their moduli |i^l/|^| and their phase difference ^ are 
entirely defined by the complex expression Z(zaj) (Fig. 2.3). 
A different notation is sometimes used by putting p = ioi 
and writing Z{p) instead of Z(io)), Then Eq. (2.2) becomes 
X = FJZ(p). We notice that this equation can be derived 



Fig. 2.3. — Vectorial representatioa of a periodic force and corresponding dis- 
placement. 


directly from the equations of the problem by a formal process 
replacing the operator d/dt by a number p in the differential 
equation (2,1) thus: 


becomes 


(mp^ + + h)x == F 


Solving this equation as a linear equation for x, we obtain 


D“ + , h 

or with Zip) = 4- 


F 

Zip) 


(2.4) 


Then we obtain Eq. (2.3) by substituting F — and putting 

p = to in 2(p). 
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Let us consider now the oscillations of an electric circuit (Fig. 
2.4). In this case we have two simultaneous equations for the 
current I and for the charge Q (cf, j 

Chapter VI, section 3) : ^ _ 

Jj 

at c C -: ] 1— 

and (2.5) 

^ = j 

dt Fig. 2.4. — Schematic diagram for 

an electric circuit upon which an 
where h = inductance, R = re- alternating electromotive force is 

sistance, C = capacity, and E = 

electromotive force. We assume that E — and denote ius 

by p. If we put I and Q proportional to for example, I == 
and Q = we find, from the second equation (2.5), 


pQ = I or Q = - 
V 

Instead of the relation dQ/dt = I, some authors write Q = dt. 

It is seen that if Q and I are proportional to the integral 
sign can be replaced by the symbol 1/p. Applying this rule, we 
obtain, from Eq. (2.5), 


Let us define the function Z(p) by 


Z (p) — Lp + R + ■ 


Then we have 


The same result can be obtained by differentiating the first 
Eq. (2.5). Thus we obtain the differential equation for I: 


and replacing d/dt by p, Eq. (2.7) is immediately obtained. 
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We notice that the equation Zip) = 0 is identical with the 
characteristic equation of the homogeneous equation associated 
with Eq. (2,1) or (2.8). 

In the vectorial representation outlined in this section the 
alternating electromotive force and the alternating current are 
considered as vectors rotating with the angular velocity w. 
In electrical engineering practice it is more usual to use a repre- 
sentation in which the rotation of the vectors is eliminated and 
only their magnitudes and phase differences are indicated. This 
method has great usefulness as it gives a graphical picture of 
the behavior of electrical vsystems when one or more of the 
parameters are variable. For example, for the case of an 
electric motor it is usual to draw the impressed electromotive 
force as a fixed vector along the imaginary axis and to plot the 
current, which is a function of the torque delivered by the motor, 
in the phase relationship corresponding to different values of the 
torque. The curve described by the end point of the variable 
current vector gives the 'Toad diagram^^ of the motor. 

3. The Concept of Impedance, a. Electrical Systems . — In the 
previous section we found that the current I in an electric circuit 
is expressed in the form (2.7) : 

I = ^ (3.1) 

The expression which is the complex ratio between the 

electromotive force and the current, is called the impedance of the 
circuit. In this sense the impedance of a coil of inductance L is 
equal to Lp, that of a resistor is equal to R, and that of a capacitor 
is equal to 1/Cp. The expression Z{p) given by Eq. (2,6) is 
then the resulting impedance of the coil, resistor, and capacitor 
in series. 

If we have a network consisting of a number of circuits, the 
concept of impedance can be extended to express the ratio 
between an electromotive force applied to arbitrary points of 
the network and the current flowing through an arbitrary branch 
of the network. 

Consider as an example the network shown in Fig. 3.1. We 
denote the currents flowing through the first and second meshes by 

ii = Iie^^ and U = 

respectively, and assume that an electromotive force e\ = Eie^\ 
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is applied to the terminals of the first mesh. Then we have the 
integrodifferential equations 



Fig. 3.1. — Double-mesh network upon which an alternating electromotive force 

is impressed. 


Substituting the above values for ii and carrying out the 
differential and integral operations, and dividing all equations by 
the common factor we find 

/ 1 \ 1 V • ) 

We solve this system for and 1 2 ^ The determinant of the 
system is 


A(2>) = 


Up + R, + 


1 

Cl2p 


1 

C12P 


Lip + ^2 + 


1 

C 12 



(3.4) 


and the expressions for h and !> are 


/i 

h 


El 

A(p) 

El 


L2P 4 " ^2 + 
1 


^(P) CnP 



(3.5) 


We shall now define the impedance Zii(p) as the ratio between 
the electromotive force £*1 acting between the terminals *4 and 
B and the current Ii which flows from A to B, Zii{p) is some- 
times called the total impedance of the network or the driving- 
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point impedance at AB. We shall call the ratio between the 
electromotive force Ei and the current 1 2 , which flows through 
the second branch of the network, the impedance Z 12 - Since the 
electromotive force and the current refer to different branches 
of the network, Zi^ip) is called a transfer impedance. Hence, 
we have 


Besides considering electric networks in the proper sense, it is 
usual in electrical engineering practice to investigate the behavior 
of electric machines and devices, such as generators, motors, and 
trsnsformcrs, by replacing them by 
5 . equivalent networks. In the actual 

machines two or more separate circuits 
p are electromagnetically coupled. How- 

I ^ I ever, if the electromagnetic coupling is 

— pi . 2 a so-called perfect coupling, one can 

» ^ y=l g ^ assume that a constant proportionality 

^kj 2 exists between the currents flowing 

1 1 m 2 ~1 through the electromagnetically coupled 

I ^ I branches, for example, through the 

^ primary and secondary windings of a 
? ^ transformer. This proportionality 

Fig. 3.2.— The mechanical makes possible the replacement of the 

equivalent of the double- system by a single network, where the 
mesh network in Fig. 3.1. i -i i 

voltage drops occurring in the coupled 
branches can be taken care of by inserting appropriate resistances 
and inductances in the network. A few examples of equivalent 
networks of motors and transformers are given in the problems 
at the end of this chapter. The reader interested in the subject 
may consult ref. 3, given at the end of the chapter. 

b. Mechanical Systems . — The concept of the impedance can be 
transferred to mechanical systems using the analogy which exists 
between electric networks and coupled mechanical systems (cf. 
Chapter VI). In this analogy inductance corresponds to inertia, 
resistance to damping, capacity to elastic resilience. The ele- 
ments — coils, resistors, capacitors — which constitute a closed 
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circuit in the electric network — correspond to masses, dash-pots, 
and springs acting in the mechanical system. Then it can be 
shown that if we replace the alternating electromotive forces by 
periodic external mechanical forces, the current flowing through 
a certain branch of a network and the velocity of the correspond- 
ing point of a mechanical system are governed by the equations 
of the same form. 

Consider, for example, the mechanical system shown sche- 
matically in Fig. 3.2. The reader will verify easily that this 
system is in the above sense analogous to the electric network 
shown in Fig. 3.1. The equations of motion for the two masses 
mi and m 2 are 

dcox 

— Tu — h ^1X1 + hxXx + hx 2 {xi — Xi^ = F I 

dL 

m2 — h 1^2X2 + ^2X2 + ki 2 (x 2 ^ Xi) = 0 

It is seen that Eqs. (3.7) become identical with (3.2) if we replace 
mi and m 2 by Li and L 2 ; Pi and 02 by i?i and R 2 ; hi, ko, and A '12 by 

1 /Ci, I/C 2 , and I/C 12 ; and ±2 by ii and 12 ; xi and X 2 by dt 

and j"^i 2 dt; and finally Fi by ei. 

Consequently, the solution of (3.7) wdll be, according to 
(3.5), 


X 2 


JL' 1 A/ 12 


(3.8) 


or 

L P P I 

= y ~2 [^2P“ + P2V + (^'2 + ^12)] (3.9) 

Fi ki2 _ Fi 

We notice that A(p) has the form G{p)/p~, where G{p) is a 
polynomial of the 4th degree; hence, A(p)p- is a polynomial of 
the 4th degree in p. 
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We can now cali either the ratios Fi/xi and F 1 /X 2 or the ratios 
Fi/xi and Fi/xo mechanical impedances. The first definition 
corresponds strictly to the electrical analogy and is used in 
acoustics in that manner. The ratios Fi/xi and Fi/x^ can be 
called force-displacement impedances; in this book we shall use 
them preferably and denote them by the symbol Z{p^. For 
example Fi/a:i = Zii{p) and Fi/a :2 == Zi 2 (p)- 

The electrical impedance is a generalization of the concept 
of the electric resistance for an alternating current. The 
mechanical impedance as defined above is a generalization of 
the spring constant for a periodic motion. This will be clarified 
by a few examples in the next section. 

The following table shows the impedances of the various 
electrical and mechanical elements : 


Element 

Electrical 

Element 

Mechanical impedance 

i _ 

impedance 

Force/velocity 

Force /displacement 

Coil 

Lp 

Mass ...... 

mp 

mp^ 

Resistor. . . . 

R 

Dashpot . . . 



Capacitor. . . 

1/Cp 

Spring 

hip 

k 


Characteristic Equation and Characteristic Exponents . — The 
impedances defined in this section are obtained by solution of a 
system of linear equations, where the coefficients are functions 
of p. Hence, in all expressions that represent impedances, the 
determinant of the system A(p) appears in the numerator. The 
equation A(p) = 0 is identical with the characteristic equation of 
the coupled system defined in Chapters V and VI. If we denote 
the roots of A(p) = 0 by pk = ak + i(3k, the solutions of the 
homogeneous equations associated with the problem, i.e., the free 
oscillations of the system, will have the form 

rr = (3.10) 

wffiere the Ak& are undetermined complex constants. The pfs 
are called the characteristic exponents. If the system is undamped 
all a^r's are equal to zero; if the system is damped, all must 
be negative. 
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4. Rules for Calculation of the Impedances of Electrical and 
Mechanical Systems, a. Electrical Systems . — If we are con- 
cerned with oscillations in a network composed of circuits, labor 
can often be saved by calculating the impedanees by certain 
combination rules. In this way we can avoid the setting up of 
the differential equations. For example, the current flowing 
between the terminals on which the electromotive force is 
imposed, is given by the ratio of the electromotive force to the 
total impedance of the network. The main rules for the calcula- 
tion are the following: 

1. The resulting impedance of two impedances in series is 
equal to the sum of the impedances (Fig. 4.1). If the impedances 


-Ei- -Ez ■ 

-E- 

Fig. 4.1. — Two electrical imped 
ances in series. 

Zi and Z 2 are in series, the same current passes through both of 
them, and, therefore, the electromotive force acting at the 
terminals is equal to 

E = (4.1) 

2. The reciprocal of the resulting impedance of two impedances 
in parallel (Fig. 4.2) is equal to the sum of the reciprocals of the 
composing impedances. If and Z^. are in parallel, the electro- 
motive force between the terminals of Zi and Z 2 is the same, and, 
therefore, 

E = T\Z\ = I2Z2. 
or putting (Ii + / 2 ) = E/Z, 



Zi 


(4.2) 


For example, if the impedance of a coil is Lp and the impedance 
of a capacitor is equal to l/Cp, their total impedance when 
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(1/Lp)> Cp 

Applying this rule to the successive branches of the '' ladder type 
network (cf. Fig. 4.46), we obtain the continued fraction 

Z{v) = L^v (4.4) 


L2P + 


6. Mechanical Systems . — If we have a mechanical system 
consisting of masses, springs, and damping devices, we can 
replace it by the equivalent electric network, calculate the 



Fig. 4.3. — Schematic diagram illustrating the concept of mechanical impedance. 

resulting impedance of the electric system, and translate the 
result back into the language of mechanics. 

However, there are a few useful rules for the calculation of 
mechanical impedances which, without involving the electrical 
analogy, can often be employed with advantage. 

Let us assume that an alternating force F is acting at the point 
A and that a mass mi is attached to the point A by a spring whose 
spring constant is ki (Fig. 4.3). Then the force acting at the 
end B of the spring is equal to mip^xs, where Xb is the displace- 
ment of B. The difference between the displacements at A 
and B is equal to Xa — xb = F/ki. Since the forces acting on 
the two ends of the springs are equal, mip^Xs = ki(xA — xb) 

and therefore, 


or Xb = 
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We call Ki = 


dynainic spiing constant of 

the spring-plus-mass combination. If p = 0, = 0, Le., the 

spring-plus-mass combination does not offer resistance to the 
force. If Kx = ki, i.e., the mass m acts practically as a 

fixed base. Taking into account that p = zco, where co is the fre- 
quency, we see that i^i — > oo if a? = in other words, 

an arbitrarily small force produces an arbitrarily large displace- 
ment (resonance). The dynamic spring constant is obviously 
the impedance of the spring-plus-mass combination. Hence, the 
mechanical impedance appears as a generalization of the spring 
constant, as was indicated in the previous section. Assume now 
that a second mass m 2 is attached to the end A of the spring. Then 
the force is increased by and we have 


F = m^p^A + KiXa (4.5) 

Hence, the resulting impedance of the combination consisting 
of the two masses and the spring is equal to 


Z{p) = 4- Ki 


(4-6) 


It is verified easily that if the force F exerts its action on the mass 
m 2 through a second spring of the spring constant the resulting 
impedance of the system will be given by the relation 


1 

Z{p) 


1 

I TT 



(4.7) 


We may consider the impedance of this system as a dynamic 
spring constant K<>, and obtain 


i?2 


1 + ^2/ ( 


(4.8) 


Equation (4.8) can be extended to the case of a chain consisting 
of an arbitrary number of masses. The X’s can be expressed by 
a recurrence formula. 

For systems undergoing torsional oscillations, a shaft 

carrying disks, the displacements x of the masses are replaced 
by the angular displacements d and their masses by the moments 
of inertia I of the disks. The spring constants k are in this case 
the moments required for unit relative angular displacements of 
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two neighboring disks. Assume that a shaft carries three disks 
(Fig. 4.4a) whose moments of inertia are and I3. The spring 

constants for the two sections of the shaft are ki and An 
alternating torque T acts on the disk h. Then the ratio T/Bi, 
where is the angular displacement of the disk Zi, is equal to 

Z{p) = ZiP^ + j (4.9) 


^2 

The equivalent electric circuit shown in Fig. 4.46 has been con- 
sidered above. 


it. 


fa) 


I'rlj 



Fig. 4.4. — Mechanical system consisting of three elastically connected disks and 
the equivalent electric network. 


The frequencies of the free oscillations of the shaft are given 
by the roots of ZQp) = 0, as was mentioned in the last section. 
The reader will verify that p = 0 is a root of Z(p) = 0. The 
physical meaning of this root is that the shaft is free to rotate 
with uniform angular velocity (cf. Chapter V, section 9). 

5. Superposition of Periodic Motions. — So far we have con- 
sidered the response to a force which is a harmonic function of 
the time. If the force is given by a series of harmonic functions, 
the response can be obtained by superposition of the elementary 
solutions. The principle of superposition can be applied to all 
cases in which the effect of simultaneous superposed actions 
is the sum of the effects of each individual action. It can be 
applied, therefore, to linear systems, i.e., to physical systems 
governed by linear differential or integral equations. Hence, the 
principle is valid for the small oscillations of elastic systems and 
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for electric circuits if the impedances of the elements can be 
assumed to be constant. 

Let us assume that the force is given by a series of the form: 

m 

( 5 . 1 ) 

and the impedance of the system is Ziiol) ; then the displacement 
x{t) is given by 


Let us apply the principle of superposition, as expressed by Eq. 
(5.2), to one example of a mechanical system and one example of 
an electrical system. 

Example 1. — Consider the steady-state motion of a mass with elastic 
restraint and small damping under the action of the periodic force 

P(t) = fo^sin U + j (5.3) 

We assume that, owing to the damping, the motion after a sufficient 
time is independent of the initial conditions and that the effect of the 
damping on the steady state can be neglected. Then the steady-state 
motion is given with fair approximation by the equation 


d^x 

w [- Jcx 

dt^ 


^o^sin ^ sin 


(5.4) 


The steady-state motion corresponding to the force Fi — Fo sin u>t is given by 
Eq. (6.4) (Chapter IV) 

Fo sin oii 

k 1 — (a»/&>o)® 


where = k/vi. Correspondingly, the steady-state motion produced 
F 

by the force ” sin Scot is given by 

O 


Zk 1 — (Sco/coo)® 

Sin(‘c the j: = xi -}- Xi is a solution of Eq. (5,4), we obtain the result- 
ing displacement by superposition of the displacements X\ and x»: 
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^0 

k 


sin oit 1 sin ^cat 

1 — (co/coo)^ 3 1 — (3w/wo)^ 


(5.5) 


If, for instance, w = coo/2, 


sin cat — sin Beat 
15 


) 


(5.6) 


The force Fo(sin cat + k sin Zcat) is plotted in Fig, 5.1, the displacement 
X in Fig. 5.2. In the vectorial representation both x and F are given by 


rrtj\ 



Fig. 5.1. — Vectorial representation of the periodic force 
F(t) — Fq (sin cof + I sin 3coO- 


the vertical components of the resultants of two vectors, one rotating 
with the angular velocity co, the other with the angular velocity 3co. Note 



Fig. 5.2. — Forced oscillation of a mass with elastic restraint under the action of 
the force represented in Fig. 5.1. 


that the response to the force whose frequency is So? has a phase difference 
of 180°. We note that the two periodic functions representing F and x may 
have very different appearances. 

Example 2. — In order to illustrate the application of the principle of 
superposition to electric circuits, we consider a circuit composed of a resist- 
ance R and an inductance L in series (Fig. 5.3). An alternating current 
generator G supplies to the circuit a periodic voltage given by 
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E{t) — .^o(sin (A 4- 3 sin Ziat) (5.7) 

The expression (5.7) is the imaginary part of The current 

corresponding to the voltage is equal to [cf. Eqs. (2.6) and (2.7)] 

E 

Zip') lA^ + R 

The current corresponding to is given by 

3 ZIAu, + R 

The current corresponding to the voltage -P can be obtained 

by superposition of (5.8) and (5.9) thus: 


Lio3 4 ” R ' S{ZLi(x3 


(5.10) 


The imaginary part of (5.10) gives the current corresponding to the voltage 
E given by Eq. (5.7). In order to separate the real and imaginary parts 



Fig. 5.3. — Vectorial representation of the current produced by a periodic voltage 
impressed on a circuit composed of a resistance and an inductance. 


of (5.10), we introduce the phase differences ipi = tan”^ ' <^2 = tan" 
Then we obtain for the expression (5.10) 
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Therefore, the actual current is equal to 

f sin {(at — tpi) 1 sin {Z<at — 

* + '^3 

We see that the current / is equal to the sum of the vertical components 
of two vectors. One vector has the modulus Eq/ “v/ - f- and rotates 
with the same angular velocity as the voltage vector but trails the 

voltage by the constant phase difference <p\. The other vector has the 
modulus \E^/\/ H- R‘^ and rotates with the angular velocity Zco with 
a phase lag <p 2 behind the voltage vector The two vectors and the 

resulting current / are shown in Fig. 5.3. 

6. Response to an Arbitrary Periodic Force. The Complex 
Form of Fourier Series. — So far we have considered forces 
given by a finite trigonometric series. Let us assume now that 
the function F{t) which represents the force acting on a mechani- 
cal system or the voltage imposed on an electrical system is an 
arbitrary periodic function of tj i.e., F{t + T) = F(t), where 
T is the period. If the function F{t) satisfies the conditions given 
in Chapter VIII for the convergence of the Fourier expansion, 
we can write Fit) in the form: 

F{t) — sin nost + cos neat (6.1) 

n = 1 n = 0 

where co — %tlT . 

If the function Fif) is given analytically, numerically, or 
graphically, we can determine the coefficients of Eq. (6.1) by 
means of the relations developed in Chapter VIII, Eqs. (2.5), 
(2.6), and (2.7). We obtain 

= ■P’(0 sin 

bo = Fit) dt (6.2) 

2 

bn = ^ J F(t) cos ?Kot dt, = 1, 2 , . . . 

We notice that since F{t) is a periodic function of t with the 
period T, we can take any values U and + T as limits of the 
integrals in Eq. (6.2). The coefficient bo is equal to the mean 
value of the function taken over the period T. 
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The results obtained for the Fourier series representing a 
function defined in a finite interval apply also to the series 
representing a periodic function. For example, the finite sum 

>Sm = ^ sin n<at + ^ cos nwt (6.3) 

n ==1 n =0 

whose coefficients are the coefficients of the infinite series (6.1), 
approximates the function F{t) with less error than any other 



Fig. 6.1. — The saw-toothed function. 


sum of the same form. It follows that if we want to approximate 
hy a sum of trigonometric functions of the form: 

TO + l m-hl 

I cos 

n = 0 

the terms of (6.4) remain unaltered, and the additional two terms 



Fig. 6.2 — Approximation of the saw-toothed function, by the sum of the first two 
terms of a Fourier series. 

merely improve the approximation. The mean square of the 
error of the approximation Sm is given by 


hi) - h% 
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Using Eqs. (6.2), we find, for example, the following expansion 
for the so-called saw-toothed function shown in Fig. 6.1 : 


I" — 1)” . 2Trnt 
SI 


(6.5) 


Figures 6.2 and 6.3 show the approximation obtained by taking 
the first two terms and the first five terms, respectively, under 
the summation sign. 



Fig. 6.3. — Approximation of the saw-toothed function by the sum of the first 
five terms of a Fourier series. 

For many applications it is convenient to write the Fourier 
series (6.1) in complex form. We remember that 

sin noit = ~ 

cos noit = 

Substituting these expressions in (6.1), we obtain 

CO CO 

F(t) = ^2 - ^-2 («n - (6.6) 

n = 0 

We shall write Eq. (6.6) in the form: 


(6.7) 


where the coefficients Cn are defined by 
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Co = ha (6-8) 

2 ? 2 

Substituting and hn in Eq. (6.2), we obtain 

Cn — ^ Fit) {cob noot — i sin n<at) dt = (6.9) 

and it is easily seen that Eq. (6.9) holds also for n = 0 and 

n < 0. 

We call Eq, (6.7) the complex Fourier series for the real func- 
tion F{t), and Eq. (6.9) the complex Fourier coefficient formula. 

If a mechanical or electrical force is given in the form (6.7), 
we find the response by the formula 


As an example, let us assume that the alternating voltage 
impressed on a circuit is given by a complex Fourier series 

E = 

n = — ao 

where the EnS are complex coefficients. Then the current cor- 
responding to the voltage E is given by 


Z{nio>)" 

71 ss — OO 

If the circuit consists of an inductance L and a resistance i?, 
then (6.11) becomes 



inL 


Problems 

1. A periodic electromotive force E — A'olsin oit — I sin So3t) is applied 
to an inductance L. Plot the valium of the p(‘ri()<lic current and compare with 
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0.2i 



Fig. P.2. 


the curve representing E. Plot the current when E is applied to a capaci- 
tance C. 

2. The equivalent electric circuit of an induction motor is shown in 
Fig. P.2. The numbers on the figure indicate impedances corresponding 
to a 60-cycle current. The real numbers are resistances in ohms; the imagi- 
nary numbers are equal to 27r60Z/z, where L is 
the corresponding inductance in henry s. One 
of the resistances is given as function of the 
slip y, which is proportional to the velocity 
difference between the rotating magnetic field 
and the rotor (y = 0 when the motor is un- 
loaded, y — 1 when the load brakes the rotor 

to a stop). The voltage applied is 577 volts a.c. Draw a vector diagram 
in which the voltage is represented by a fixed vector along the imaginary 
axis and the current vector varies with y. Show that the end point of the 
current vector describes a circle and that this is a general property for induc- 
tion motors independent of the particular numerical value of the circuit 
parameters. Draw the circle by calculating three points for y = 0, y ==0.1, 
and y = oo. 

3. An elastic shaft carries three equidistant disks of equal moment of 
inertia I. The spring constant between disks is c. A periodic torque 
M — ilifo(sin co/ + I sin Zc^t) is applied at one of the end disks. Calculate 
the motion of the disk at the other end. Indicate the frequencies at which 
the amplitude is infinite. 

4. An elastic shaft carries four equidistant identical disks. Find the 
dynamic spring constant for a torque 
applied to one of the end disks. Es- 
tablish the frequency equation by put- 
ting the dynamic spring constant equal 
to zero. Derive the same frequency 
equation starting from the equations 
of motion of the disks. 

6. Show that the two networks in Fig. P.5 have the same impedance 
between the terminals o, h if 

1 1 1 



Fig. P.5. 


Li 


L, 


JL ^ 

DiLaCiCo - L^L^CzC, 


6, The equivalent network of a transformer is shown in Fig. P.6. All 
impedances are given for 60 cycles /sec. in ohm units (cf. Prob. 2). (u) Cal- 

culate the imput current when a voltage of 130 volts a.c. is applied at tiu' 
terminals A,B and a resistance of 3 ohms is connected across the terminals 
C,D. (b) Calculate the current for a frequency of 500 cycles /sec. when ib 
terminals C,D are short-circuited. 
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7. Prove that the network in Fig. P.7 is equivalent to a pure resistance R 
between the terminals AyB ii R = L/C. 

0.01 0.04i 0.0! 004i 



Fig. P.6. Fig. P.7. 
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CHAPTER X 

TRANSIENT PHENOMENA. OPERATIONAl CALCULUS 


“Shall I refuse my dinner because I do not fully understand the 
process of digestion?'' 


— 0. Heaviside. 


Introduction. — In the preceding chapter we were concerned 
with the steady-state oscillations of mechanical and electrical 
systems. In this chapter we consider the transient state, i.e., 
the state of motion that is essentially determined by the initial 
conditions. Problems with given initial conditions have been 
treated in Chapter IV by calculating the constants of integration 
in such a way that the initial conditions are complied with. 
This procedure becomes very cumbersome for complicated 
systems. The methods presented in this chapter avoid such 
lengthy calculations. They are especially suitable for a quick 
and tearless determination of the particular solution needed for 
special practical problems. In addition, methods using the 
principle of superposition are given for determining the response 
of mechanical and electrical systems to arbitrary mechanical 
and electromotive forces imposed on them. The investigations 
of this chapter are also restricted to linear systems. 

1. Application of the Fourier Integral to Nonperiodic Phenom- 
ena. — To establish the transition from periodic to nonperiodic 
phenomena, we consider the motion of a damped system in the 
time interval between t = —T/2 and t = T/2 under the assump- 
tion that the force F(t) is zero for — T/2 <t<0 and is only dif- 
ferent from zero for 0 < t < T/2. For simplicity’s sake we 
consider a system which is fully determined by one coordinate x. 
However, the results hold for any number of degrees of freedom. 
We assume that at t = —T/2 the system is at rest, i.e., the dis- 
placement X and the initial velocity dx/dt are equal to zero. 
Let us determine the motion of the system corresponding to 
these initial conditions. 
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We expand the function F{t) in the interval — T/2 S t ^ T 2 
in a complex Fourier series [cf. Chapter IX, Eq. (6.7)]: 

Fit) = ( 1 . 1 ) 

where coq — 27r/T. The Fourier coefl&cient Cn is given by the 
formula [cf . Chapter IX, Eq. (6.9)] : 



We denote the impedance of the system by Z{p), the two charac- 
teristic exponents of the system by 

Pi = ai + z/3i, and P 2 = 0^2 +- f/52, 

where (since the system is damped) ai and are negative. 
Then the solution of the problem can be written in the form: 


x{t) = Aie 










+ 




Z (inoio) 


(1.3) 


and the constants Ai and Ao can be determined so that the initial 
conditions for t = —T/2 are satisfied. 

Let us now increase the period T and investigate what happens 
when we proceed to the limit T ■—> oc , 6)0 0. Since 0:1 and ao 

are negative, the first two terms become vanishingly small for all 
positive values of t and also for ^ < 0, provided we keep t finite 
in the limiting process. Hence, only the last term contributes 
to the limit, and we have 


x{t) — lim 


0 pina'of 

Z(incoo) 


(1.4) 


The expression for the force F(t), Eq. (1.1), becomes, similarly. 


F{t) = lim V (1.6) 

coo * ' ' 

71 =: — ac 

We carry out the limiting process first in Eq. (1.5). We 
denote ncoo by w and consider C„ as a function of co or of z'co. To 
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be sure, Cn is defined only for values of w corresponding to integral 
values of n. Denoting the difference between no^o and {n + l)coo 
by Aco {i.e., Aw — wo = 2 t/T), and putting Eq. 

(1.5) becomes 


or 


F{t) = lim V AwG^(zw)e'“ 

AciJ— >0 

n s= — CO 

F(t) = f dca 

*/w= — 00 


( 1 . 6 ) 


(1.7) 


Cn T 

Since according to the definition of G(ico), G(m) = — = Cn 7 r^ 

Wo Ztt 

from Eq. (1.2) we obtain for <» 

G{io>)=Lf Fir^e-i-^dr (1.8) 

T = — 00 

Carrying out the same limiting process as above in the expres- 
sion (1.4), we have 




(1.9) 


Equation (1.8) is analogous to Eq. (1.2) which gives the 
coefficients of the complex Fourier series. Substituting (1.8) 
into Eq. (1.7), we obtain 

Equation (1.10) is the complex form of the Fourier integral 
theorem given in Chapter VIII. Separating the real and imagi- 
nary parts of (1.10), we see that the latter part vanishes, since 
sin w(^ — r) is an odd function of w, and the integration is 
extended from co=— oo toa3=-t-oo. The real part of the 
integrand when integrated between — oo and 0 and between 
0 and 00 gives identical values. Therefore, 


J' dr (1.10) 



F(t) cos co(^ — t) dr 


( 1 . 11 ) 


which is in agreement with Eq. (6.4) of Chapter VIII, if the time 
coordinates are replaced by length coordinates and the variable 
w is replaced by X. 
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We notice a certain duality in the form of the expressions 
(1.7) and (1,8). Equation (1.8) may be considered as solution of 
Eq. (1.7), for the unknown function G(t<j)) if F{t) is given, whereas 
Eq. (1.7) gives F{t) for a given G{i(jy). We say that Eq. (1.8) 
solves Eq. (1.7) by inversion. 

Let us now consider the physical significance of these results. 
According to (1.6) or (1.7) the force F{t) is built up by super- 
position of forces which are harmonic functions of the time. 

Then the quantity (?(i<o) dca is the contribution of those 
harmonic components of the force whose frequencies are included 
in the frequency interval between a? and co + dw. 

Equation (1.9) gives the response of the system to the force 
Fit), provided the system is at rest from t = — ^ to i == 0. 
According to Eq. (1.9) the response is also composed of the 
superposition of pure harmonic motions, whose frequencies are 
distributed over the total frequency interval — co < < oo . 

The contribution of the harmonic components, whose frequencies 

are between co and co + dco, is equal to dco. 

^ [loo) 

We obtain, therefore, the following rule for the determination 
of the response of a system which is initially at rest and subjected 
to the action of a force starting at a certain instant: We resolve 
the force into harmonic components by means of the Fourier 
integral (1.8) and divide the amplitude of every component by 
the impedance. This gives us the amplitude distribution of the 
harmonic components of the response. If these harmonic compo- 
nents are summed by means of the integral (1.9), we obtain the 
final solution of the problem. The integral is zero for t < 0. 

This method holds for any number of degrees of freedom and 
for electrical or other physical systems, provided they are 
governed by linear equations with constant coefficients and are 
damped. 

To apply the method the integral in (1.8) must be convergent. 
If we separate the real and imaginary parts of (1.8), we obtain 


2xJ - 


Fir) COS QJT dr : 


F{t) sin WT dr (1.12) 


Since F{r) = 0 for r < 0 , we can replace the lower limit by zero. 
It appears that the method is restricted to the case where the 
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integrals cos cor dr and J^”F(t) sin oir dr converge. It 

is seen that, if F(t) does not vanish for r — > oo, the integrals are 
divergent. In some examples treated later we shall show how 
in certain cases this difficulty can be avoided. 

If we are concerned with oscillations of a system composed 
of a finite number of harmonic components, we say that the 
discrete frequencies of the system constitute the spectrum of 
the system. In an analogous way we assign to the force F{t) 
and the response x(t) a continuous spectrum of harmonic compo- 
nents. The interval do) is called a spectrum interval. In the 
case of a discrete spectrum we generally plot the amplitude 
as ordinate and use the discrete values of the frequency as 
abscissa. In the case of the continuous spectrum we plot the 
variable w as abscissa and the real and imaginary parts of the 
amplitude distribution functions G(io)) and 0{ioi) / Z{i(xi), respec- 
tively, as ordinates. 

Sound vibration in general contains so many discrete fre- 
quencies that they can be replaced by a continuous frequency 
spectrum. The quality of sound transmission depends on the 
difference between the amplitude and phase distributions of the 
functions Giioi) and G{io:>)/Z{i(F) in the audible range of the fre- 
quency oi. 

We assumed for the deduction of (1.9) that the system is 
damped, f.e., the roots of Z{p) — 0 are real negative quantities 
or complex quantities with negative real parts. If Z{p') — 0 has 
pure imaginary roots, i.e., if the system is capable of carrying 
out undamped harmonic oscillations, the integral in Eq. (1.9) 
in general becomes an improper integral. In this case we can 
proceed in the following way: We introduce a damping term in 
the equations of the system, calculate the response of the damped 
system, and carry out the limiting process to zero damping in the 
resulting Eq. (1.9). This can be done by replacing the impedance 
Z{p) by the function Z{p + jS), where /3 is a positive constant. 
It is seen that if the root ph of Z{p) = 0 is pure imaginary, the 
corresponding root of Z(p -|- iS) = 0 will be equal to — /? + pk, 
and will have a negative real part. Then we obtain the response 
to the force F{t) from the equation 

G{ioi)e^^^ , 

Z(2CO + /3) 


(1.13) 
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This procedure will be claimed by examples in the next 
sections. 

Example. — Let us assume that F(t)\^ 0 for t < 0 and F{t) = for 
t > 0 (Fig. 1.1a). 



Fig. 1.1. — a. The function P(t) = 0 for t <, 0, F{t) — for i > 0. (The 
notation used in the figure is explained in the next section.) b. The real and 
imaginary parts of the amplitude distribution Giico). c and d. The even and 
odd parts of F(t). 

The formula for the amplitude distribution Giico) gives [cf. Eq. (1.8)] 



Figure 1.16 shows the real part of Giico), ~ and the imaginar\^ 

as functions of w. Substituting in the Fourier 

integral (1.7), we obtain 

l3 -- io' . . 

(cos cd H- z sin ot ) 


(1.15) 
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or, since the imaginary part vanishes, 

Fit) = — I cos (atd(^ A- TT \ ^ (1-16) 

27r^ — soi3- A 00^ — eo/3^ + 

The first integral is an even function of the time. We can easily verify 
that it is equal to for t < 0 and for ^ > 0 (Fig. 1.1c). The second 
integral is an odd function of t and is equal to — for t <0 and for 
f > 0 (Fig. l.ld). Hence, the sum is equal to zero for i < 0 and equal to 
for / > 0. 


2. The Unit-step and the Unit-impulse Punctions. — The 

method given in the last section requires the evaluation of the 

function G(tap) or of the spectrum 
of the external action. We carry out 
the calculation for two especially 
"I important cases. 

I Example 1 . — ^Let us assume that 


i F(t) = 0 for 35 < 0 . . 

Fig. 2.1 — The unit-step function. F(t) = 1 for ^ ^ 0 ^ ^ 

This function is represented in Fig. 2.1. We shall denote such a 
function by the symbol l{t) and call it the unit-step function. 
If we apply expression (1.8) to this function, we find that 


- if 

is not a convergent integral. It is possible, however, to find a 
Fourier integral representation for the unit-step function by the 
following artifice already mentioned in the last section. We can 
apply the formula (1.8) without difficulty to the function e~^^ 1 {t) 
where /3 is real and positive. This function is obviously identical 
with the function F{t) shown in Fig. 1.1a. We have 

L 

Then, according to Eq. (1.7) w6 have the Fourier 
representation 


(2.3) 

integral 


If we go to the limit /S 0, we obtain 
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I r * 

= 75- lim I — r- dco (2.5) 

Zt 0^0 J _ . - 2a> 

If we put 0 ~ 0 in the integral (2.4), we obtain an improper 
integral. However, we may avoid this difficulty by separating 
the real and imaginary parts of Eq. (2.5) as we did in section 1 
[cf. Eq. (1.16)]: 

= sj_" 

By means of the substitution co/jS — f we have 

1 f “ ^ iS cos co^ _ 1 f “ 

27rJ_. V + ~ 27rJ^. 

We can now substitute (3 = Q, and the value of the integral 
becomes 


In the integral 


difficulty. Thus, we obtain 


we can substitute /3 = 0 without 


JL f “ sin , 

27rJ 


(2.7) 


The integral in Eq, (2.7) is known as Dirichlefs integral. 

Example 2 . — As a second example, w^e take a function F{t) 
which is zero for t < and t > e and which in the interval 
between — € and e is equal to F (Eig. 2.2a). This is the case, for 
instance, if a constant force F acts during a certain time 2^. We 
notice that 2Fe is the total impulse transmitted to the system. 

The Fourier representation of F{t) is given by Eqs. (1.7) and 
(1.8). In the present example F{t) is equal to zero if ^ < — e, 
whereas in section 1 it was assumed that F{t) — 0 for t < 0. 
However, it is obvious that a shift of the zero instant does not 
alter Eq. (1.8). Hence, we write 



or 


G(ic^) 


F sin ( 
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Equation (2.8) gives the amplitude distribution of the force Fit) 
and is plotted in Fig. 2.26. 


F\ 




0 

/ (ct) 



-eJ 




Fig. 2.2. — A function representing a constant force acting over a short time 
interval and the corresponding amplitude distribution. 

The function Fit) is given by 
F(i) = - doi (2.9) 

TTJ - , 

The same result can be obtained 
by the use of the principle of super- 
position. We superpose two func- 
tions Flit) and ^ 2(0 defined by 

Flit) = 0 for < -e, Fiit) == 

1 for t > —e, FaCO = 0 

for t < € and 
so that Fi + F 

fied above (Fig. 2.3). Obviously, 

Fi + F 2 = lit + e)F - lit - e)F (2.10) 

Then, applying Eq. (2.7), 



Frt)\ 

h-€- 

Fa)\ 


1 ■ 

F 

\p ~T 

\ ,F(t) 


.FtdhFsd) 


-e -H 


a pos 
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F{t) = Fi(0 + F«{t) = - f doi (2.11) 

which is equivalent to Eq. (2.9). 

We remember that F{t) is zero outside of the interval between 
“€ and e. Hence, if we put F = 1/2^ in this interval and make 
6 tend to zero, we obtain a function which is zero everywhere, 
except for ^ = 0, where it has an infinite value such that the 

integral F(t) dt = 1. 

The function obtained in the limit e = 0 is called the unit-' 
impulse function and is denoted by S{t). It is seen from Eq. 
(2.10), upon substituting E = that 

S(t) = lim i [1 (« + «)- - «)] (2.12) 

We can express S(t) also by the limit of a Fourier integral. 
From Eq. (2.9), it follows that 

S{t) = lim^ f dci (2.13) 

27r6 J _ 00 CO 

3. Indicial Admittance and Response to Unit Impulse. — The 

theory of the transient state motion to be presented in the follow- 
ing sections applies the notion of the unit-step function and the 
unit impulse. The response of the system to arbitrary forces 
or impulses will be built up by superposition of responses to 
sudden increases of the force by unit steps or responses to unit 
impulses. The main problem is, therefore, the determination 
of these responses when the parameters of the system are given. 
There are two methods for this purpose: One method uses the 
expansions in Fourier integrals given in the last section; the other 
employs special so-called operational rules. 

Before discussing these methods we give in this section a few 
examples to show how the responses to a unit step and a unit 
impulse can be determined in an elementary way by integration 
of the differential equations of the systems. 

a. Single Mass with Elastic Restraint. — Let us assume that a 
mass m is attached to a fixed base by a spring whose spring 
constant is h (Fig. 3.1). Up to the instant if = 0, the mass is 
at rest; at the instant ^ = 0 a constant unit force begins to act 
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and persists for t > 0. Hence, the force is given by l{t). The 
equation of motion for ^ > 0 is 

hx = I (3.1) 

The initial conditions are x = dx/dt = 0 for ^ = 0. The 
general solution of (3.1) is 


The constants of integration determined by the initial conditions 
are Ci = 0^ C 2 = —l/k. Then Eq. (3.2) becomes 

y( 1 — cos — 
k\ \m 

We call the function x(t) the response to the unit-step function 
1 (0 or the indicial admittance of our system. To indicate that 
X = 0 for i < 0, we write 


oos^-, (3.3) 

The term indicial admittance was originated in the theory of 
electric networks to designate the current due to the sudden 




Fig. 3.1. — Indicial admittance. The response x = A (t) of an elastically 
restrained mass to a unit force applied for ^ > 0. 

application of a unit voltage. It is denoted by A(0- In the 
following discussion we shall use the same expression and notation 
to designate also the displacement due to the application of a 
sudden unit force on a mechanical system. The function A (t) 
for our case, as given by Eq. (3.3), is shown in Fig. 3.1. 
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Let us now calculate the response to a unit impulse. In this 

dx 

case the initial conditions are a: = 0 and ni -r- = 1 for <? == 0. The 

dt 

dx 

quantity m ^ is the impulse transmitted by a force acting over a 

small interval At In fact, if m ^ 

dt“ 

Hence, if we go to the limit ^ 0, 

X At 

F dt remains 

finite, and we obtain as the initial 
dx 

condition m 1 for i = 0 + e. 
dt 

The contribution of the force —kx 
to the impulse is negligible during 
the time interval At. 

With the initial conditions x = 
and dx/dt = 1/w, W’-e obtain 


\/ mk 



sia. -i (3.4) 

Fig. 3.2. — The responae x = h(,t) 
of an elastically restrained mass tu 

We call x{t) m this case the response a unit impulse applied at / = o. 
to a unit impulse. In general, for 

the response to the unit impulse Sit) we shall use in the follow - 
ing considerations the symbol h{t) (cf. Fig. 3.2). Hence, in our 
case, 


1 


's/mk 


sill 




tHt) 


(3.5) 


b. Electric Circuit . — An electric circuit (Fig. 3.3) consists of a 
coil of inductance L, a resistance and a capacitor C. By closing 
the switch S a constant electromotive force can be suddenly 
impressed on the circuit. By quickly closing and opening the 
switch, a voltage impulse, so-called short rectangular pulse, can 
])e sent through the circuit. If we consider as the unknown func- 
tion the charge Q accumulated in the capacitor, the differential 
equation for Q is 



+ R 


dt 
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Let us now assume that E = 0 for ^ < 0 and E = 1 for ^ > 0. 
The initial conditions for ^ = 0 are Q = 0 and dQ/dt ~ I — 0 . 
The general solution of (3.6) when E — 1 is then 


Switch 

E 


Q = C + sin fit + cos pt 

where a = R/2L and 


P = 



(3.7) 


R 

Fig. 3.3. — Electric circuit on 
which a constant electromotive 
force is suddenly impressed by 
closing a switch. 


The initial conditions lead to 
Q = <7( 1 — cos sin i 


We are especially interested in the current, which is equal to the 
first derivative of Q, viz., 


1 

Lp" 


' sin j 


(3.9) 


If there is no capacitor, i.e., if 0 = 
and sin jSt becomes ^ sinh Hence, 


iB 

2L 


is imaginary 


“ e (3.10) 

Equations (3.9) and (3.10) give the indicial admittance A(i) 
resulting from a sudden application of constant unit voltage. 

To indicate that i4(<{) = 0 for i < 0, we write Eq. (3.9), for 
example, in the form 

A {t) = sin (3.11) 

Let us now consider the response to a unit voltage impulse 
^ E d^ = 1. Since E? = 0 for / > 0, the general 
solution of Eq. (3.6) is in this case, 

Q = Aje-^^ sin + A 26 -^^ cos jSt 
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The initial conditions are Q = 0, and from (3.6) 


If we determine and ^2 so that they comply with these condi- 
tions, we obtain 

Q = s™ j 

and by differentiation. 

■f = 

We call this function /i(t) and write 

HO = sin /3i + je-“‘ cos /3fj 1(0 (3.12) 

For the special case (7 = oo , 


1 

(3.13) 

Relation between A(t) and h(t ). — We shall now show that, in 
general, h(t) is the derivative of with respect to the time. 
It was shown in section 2 of this chapter, Eq. (2.12), that 

S(0 = lim ^[lit + e) — Hi - e)] 

Using for 2e the symbol A^, 


By the principle of superposition, the same relation must prevail 
between the respective response functions. Hence, 


hiO = lim — 
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or 

(3.16) 

Figure 3.4 illustrates the derivation of the function h{t) from 
the function A{t). It is easily seen, for example, that the expres- 
sion (3.5) can be obtained from (3.3), and (3.12) from (3.11), by 
differentiation. 

The deduction leading to Eq. (3.16) is not valid for i = 0. 

in the neighborhood of ^ = 0 
requires special consideration . 
For ^ < 0 both ^(0 and h{t) 
are equal to zero. If A(i) is 
discontinuous at ^ = 0, ^.e., 

24(0) = lim A(0 + €) ?«^ 0 

£ — ^'O 

the function h(t) behaves for 
^ = 0 similar to S{t)] its value 
jumps to infinity and then de- 
creases to zero or a finite value, 

whereas lim di 

e-s-O Jo-e 

mains finite and is equal to A (0) . 

Substituting i = 0 in (3.15) 
and taking Eq. (3.14) into 
account, we obtain 

(3.17) 

We can formally combine Eqs. (3.16) and (3.17) in one 
equation : 

hit) = AiO)Sit) + ^ (3.18) 

For t ^ 0, S{t) = 0 and Eq. (3.18) is reduced to Eq. (3.16); 
for i = 0, the first term is infinite; therefore, the second term is 
irrelevant and we obtain (3.17). 

Consider, for example, a circuit consisting of a resistance R 
and a condenser of capacity C, and having zero inductance. 
The response to a suddenly applied unit voltage is 

A(t) = 


The behavior of T(0 and h(t) 



to a unit impulse by superposition of 
two successive indicial admittances. 
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Hence A (0) = 1/i^, i.e., the unit voltage produces instantaneously 
a current of finite magnitude. The response to a unit impulse 
is, according to Eq. (3.18), 


Fm\ 


The unit impulse, an infinitesimally short infinite pulse, 
produces a fiash of infinite current, which charges the condenser. 
This is expressed by the first term ; 
the second term represents the 
gradual discharge of the con- 
denser. 

4. Duhamel’s Integral. — The 

response to a unit impulse and the Ffo) 



indicial admittance can be used to 
obtain the response to a force that 
is an arbitrary function of time by 
application of the principle of 
superposition. We pointed out 
that the principle of superposition 

canbeappUedtoanyUnear sys- 4.i.-iUustration L Du- 

tern, to a system described hamel’s integral. — Application of 

by linear differential equations, the indicial admittance. 

However, the application of the following method is subjected to 
another restricting condition. Let us assume that a unit impulse 
is applied at the time t, and that we observe the response at the 
instant t] then we also assume that this response is only a func- 
tion of the elapsed time t — r and does not depend either on t or 
on T separately. This will be the case if the coefficients of the 
differential equations of the system are constants; it will not 
be the case, in general, if the coefficients are functions of the time. 

Let us now consider the force applied to the system at the time 
r to be given by a function F(j), We advance along the time 
axis by steps At. Then, we approximate the action of the 
force F by application of steps AF at equidistant instants 0, Ar, 
2At, 3Ar, . . . (Fig. 4.1). If F = 0 for r < 0, the step AF cor- 
responding to T = 0 is equal to F(0). Then, if the indicial 
admittance is A(^), we obtain. 


x{t) = F(0)A(0 


AFA(t - r) 
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If we write AjP = — Ar, we have 
At 

x{t) = F(0)A(0 - t) Ar 

or in the limit At — > 0, 

x{t) - - r) 1 (4.2) 

The expression on the right side of Eq. (4.2) is known under the 
name of the French mathematician DuhameL An equivalent 
form of DuhameVs integral is obtained by integrating by parts 
in Eq. (4.2). We obtain 

x{() = F{t)A{Q) + £‘F(r)A'(t - t) dr (4.3) 

If A(0) = 0, the first term in Eq. (4.3) drops out, and [cf. 

Eq. (3.18)] A'(t - r) = h(t - r), 
where h(t) is the response to a 
unit impulse. Then the second 
term can be interpreted in the 
following way: We approximate 
the action of the force F by 
discrete impulses equal to F At 
(Fig. 4.2). The response at the 
instant t will be equal to the sum 
of the responses to all impulses 
which have taken place from 
r == 0 to T = t. Hence, if we 
denote the response by x(t), then 


x{t) = - t) (4.4) 

Fig. 4.2. — Illustration for Du- 
hamel’s integral. — Application of the 
response to a unit impulse. Or II At > 0, 

X{t) = J^‘F(r) hit - r) dr (4.5) 

Let us apply Diihamehs integral to the mechanical system 
considered in the last section. Let us assume that the action of a 
periodic force whose frequency is equal to the frequency of the 
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free oscillation coo = ^kfm starts at the instant r = 0. We 
write 

F{t) = Fo sin coor l{r) 

Then the response at the instant t is given, using Eq. (4.5), by 
X = sin o)oT h (t — r) dr 

and substituting h{t — r) from Eq. (3.5) 

Fo 

X = — — = I sin COOT sin a3o(^ — t) dr 

Vmhjo 

Carrying out the integration, 


X 


Fo f sin (j3ot 
— \ t cos COc 


This result can be obtained from Eq. (6.10), Chapter IV, by 
direct computation of the constants of integration if we put 
rc = 0 and dxjdt = 0 for ^ = 0. 

5. Application of Fourier Integrals to the Determination of the 
Response to Unit Step. Bromwich’s Integral. — Let us return 
now to the problem of the determination of the indicial admit- 
tance A{t). The elementary method used in section 3 becomes 
very cumbersome for complicated systems. However, the meth- 
ods explained in section 1 show a direct way for the calculation of 
the response to any force or other external action that can be 
expanded in a Fourier integral. The expansion for the unit-step 
function l{t) was given in section 2. We shall now apply the 
equations of these two sections. 

We found for the unit-step function the expression [Eq. 
(2.5)]: 



If we denote the impedance of the system by .2'(zw), the response 
A(t) to the force l(t) is given by [cf. Eq. (1.9)] 


(5.2) 
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Consider, for example, the response of an electric circuit of 
resistance R and inductance L to 2 b constant voltage of unit 
magnitude applied at ^ = 0 and kept constant for t > 0. The 
impedance of the system is Z{p) = Lp + and, therefore, the 
response is given by 

^ if- - + + ^ 

By expansion in partial fractions we obtain 

+ E) "" B +ico^ 

~ R - L^J - » Lio,+R 
According to Eq. (2.4), we have 

if" ^ 

On the other hand, 



Hence, substituting these expressions into Eq. (5.4), we obtain 
1 

, (^ + fco)(Lfa) + B) R -Lp- 
Proceeding to the limit » 0, we find the response 

^(0 = |(l - (5.5) 

It is seen that this result is in accordance with Eq. (3.10). 

If the system is not damped, we have to apply Eq. (1.13), and 
Eq. (5.2) becomes 



(5.6) 
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In the literature on the subject is replaced by the symbol p, 
and Eqs. (5.2) and (5.6) are written in the same form, viz., 

A(0 = ^ l 4 t A 

27njc-i^ pZ(p) 

This relation is known as Bi'o-mwich's integral forvnila. 

The. notation used in Eq. (5.7) is based on more advanced 
methods for the evaluation of improper integrals by means of 
integration of analytic functions of a complex t'ariable. 

Equations (5.2) and (5.6) ^ueld explicit values for T(/) if 
we know the impedance. However, the evaluation of the 
integrals by elementary methods is generally rather tedious. 
Their efficient treatment requires the use of the more advanced 
theory of complex variables and integration in the complex 
plane. In the next section we shall find another relation between 
Z{p) and A(i). This relation does not involve complex integra- 
tion and will help us to establish simple operational rules which 
in many cases lead directly to the determination of the response 
to a unit step. 

6. Carson’s Integral Equation. — In Chapter IX we considered 
the response of linear systems to a force F that is proportional to 
giwi ^0 found that the following procedure leads to particular 
solutions of the equations which govern the system: In the 
expression for the force we replaced c'"* by the differential 

operator d/dt by p, the integral operator dt by 1 /p. By this 

substitution we obtained algebraic linear equations for the 
unknown quantity sought. The solution of the linear equa- 
tions could be written in the form x = F/Z{p), where Zip) is 
the impedance. Substituting p = ico, we obtained a periodic 
solution for x, proportional to 

If we assume that the force F is equal to where p is a 
positive real quantity, then the formal procedure remains 
the same as described above, and we obtain a particular solution 
of the form x = e^^jZi^p), wffiich satisfies the equations governing 
the system. Let us now assume that F = i.e., F is equal 

to zero for t < 0, and F = for t > 0. The response to this 
force for ^ > 0 will have the form: 

W) 


x{t) = G{t) -|- 


( 6 . 1 ) 
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where Gif) is a solution of the homogeneous differential or integral 
equation associated with the problem, i.e., G{t) represents 
free oscillations of the system. On the other hand, if we start 
to apply the force at the instant if = 0 and calculate the 
response by Duhamel’s integral, we find 

G(0 + ^ = A(i!) + J^pe^^A(i - r) dr (6.2) 

We introduce ^ — r as a new variable Then dr = and 

“ Mv) ' 

The integral contains the factor Dividing both sides of the 
equation by this factor, we find 



Now G{t) and A {t) remain finite when ^ ^ oo , provided the system 
is not unstable, i.e., its free oscillations are not of the type that 
have an increasing amplitude. Hence, proceeding to if oo 

in Eq. (6.3), 0, 0, and we obtain the relation 

ife) =pJo (6.4) 

Equation (6.4) holds also if is a complex quantity, provided its real 
part is positive. If, for example, p = qj 4- the force will have the 
form e^qcos I3t 4- i sin (it) and all conclusions we used above hold as long 
as a > 0. We also note that for a damped system G{t) and A(t) vanish 
for i — > 00, and, therefore, the relation 

ePt 

= I peP'^Ait - r)dr 

AiV) Jo 

holds also for ^ co if remains finite, i.e., if 7? is a pure imaginary quan- 
tity, for example, p = ioi. Hence, in the case of a damped system, Eq. (6.4) 
holds as long as p has no negative real part. 

We shall replace the variable f in the definite integral (6.4) 
by r, and write 

z55-4c 


(6.5) 
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Equation (6.5) is a so-called linear integral equation of the 
first kind for the unknown function A(t), provided the left side 
is a given function of p. It is known in the literature as Carson's 
integral equation. 

The function A(p) defined by the definite integral 

A(7)) = rfr (6.6) 

is sometimes called the Laplace transform of the function /(r). 
Hence, to solve Eq. (6.5) for A(r) means to find the function /(r) 
whose Laplace transform is l/pZ{p). 

Bromwich integral formula actually solves this mathematical 
problem. However, as we mentioned bef ore , t he evaluation of inte- 
grals of the type (5.2) requires rather lengthy calculations or the 
use of complex variables. Therefore, for engineering purposes it is 
often preferable to apply methods that do not involve this type of 
analytical work. The rules of the so-called operational calculus, 
first invented by Heaviside, permit the unknown function in Eq. 
(6.5) to be calculated directly in many cases. The heuristical 
discovery of such rules was a great and useful achievement of 
the famous British electrical engineer. He was not able to give 
mathematically rigorous proofs for all his formulas, but mathe- 
maticians later found them to be correct. 

Example. — ^Let us verify that the response of an electric circuit of resist- 
ance R and inductance L to a unit-step voltage satisfies Carson’s equation. 
The response A(i) was found to be [Eq. (3.10)] 

1 

Mi) = t(i - « ^ )Ht) 

K 


Substituting this expression into Eq. (6.5), we have 







1 

Lp R 


The right side of Eq. (6.7) is equal to the reciprocal value of the impedance 
Z{p) = Lp -1- 72 of the circuit, as is required by Eq. (6.5). 

7. The Notion of Operators- — We have shown in the last section 
that the determination of the response A{t) to a unit step requires 
the solution of an integral equatit)n of the form: 


1 

Z{p) 



e-i>iA(t) dt 
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where p is either a positive real quantity or a complex quantity 
with positive real part. The determination of A(^) is merely 
a mathematical problem, independent of the physical significance 
and derivation of Eq. (7.1). However, the physically inspired 
mind of Heaviside was not satisfied with the treatment of physical 
problems from a purely mathematical point of view. He tried to 
visualize the meaning of the mathematical operations. To follow 
the general lines of his reasoning, we start with the steady-state 
motion. We remember that the response to a periodic force is 
obtained by dividing the imposed force by the impedance 
Z{p). Let us denote the reciprocal value l/Z{p) by 
then we obtain the response to a force by multiplying it by ^(p). 
The multiplication by Q(p) transforms the force into the response. 
Heaviside suggested that to obtain the response we perform 
an operation or impose the operator 12(p) on the force. Let us 
take, for instance, the simplest electric circuit, whose impedance 
is a constant resistance R, Then Q(p) = l/R and the operation 
that transforms the electromotive force E into the current I 
(‘onsists of a mere multiplication by l/R. Then let us take tht‘ 
next simplest case of a coil whose impedance is equal to Lp. 
Let us assume that L = 1, then the impedance is Z{p) = p and 
12(p) = 1/p. Therefore, the current I = E/p = ll(p)E. Let 
us see now what the operation 12(p) = 1/p means physically. 
We know that L dl/dt = E, or with L = 1, dl /dt = E. There- 
fore, the division by p is equivalent to an integration with 

respect to time; if E = 0 at i = 0, then / = E/p = E dt. 

Let us transfer these ideas to the theory of the transient 
stat(;. We remember that A{t) is defined as the response to 
tlu' unit step l{t). Consequently, if the step is imposed on a 
system whose impedance is -^(p), we say that the operator 
9.{p) = l/Z{p) transjonm 1 (t) into A(t). We express this idea 
by the symbolic equation 

O(p)i(0 = A{t) (7.2) 

The problem now is to learn the meaning of the operation 
Q(p) when it is no longer applied to a periodic force but is applied 
to a suddenly applied unit force. We derive the meaning of 9(p) 
from the simple operators p and 1/p by the operational rules 
which we shall present now. The rules are verified by Carson’s 



Sec. 8] 


OPERATIONAL RULES 


411 


integral relation, since the symbolic equation (7.2) is equivalent 
to Carson’s integral relation (7.1); therefore, a solution A{t) is 
correct if it satisfies Carson’s relation. 

8. Operational Rules. 

I. Addition of Operators , — ^If 

= ^i(0 

Q2(p)l{t) = ^2(0 

and we write 0(p) = Qi(p) + ^ 2 {p ) ; then, 

” ^i(0 4“ 

We prove (8.2) by using Carson’s equation (7.1). The 
integral relations equivalent to (8.1) are 

i^i(p) = pffe-<’‘Ai(t) dt 
5^2 (p) = dt 

Therefore, Oi(p) + fiaCp) = pf’°e~^^[Ai{t) + .42(^)] di. which is 

equivalent to the symbolic equation (8.2). 

II. Multiplication by a Constant. — If f2(p)/(^) = A{t) then 
aQ.{p)l{t) = aA(Jt)^ where a is a constant. This follows from 
the linearity of Eq. (7.1). 

III. Multiplication by p. — If 

Q(p)l(t) - A(t) (8.3) 

and A (0) = 0, then, 

pn{p)Ht) = (8.4) 

This follows from (7.1) in the following way: Assume that 
^2(P) = pf^~e-p‘Ait)dt 

then, 

pQ(p) = pJ^°°pe-’“Ait) dt 
Integrating by parts, we obtain 


( 8 . 1 ) 

( 8 . 2 ) 
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The expression in the brackets vanishes since > 0 for i — > oo , 
and it was assumed that A{i) vanishes for t — 0. The rest is 
equivalent to the symbolic equation^ (8.4). 

If A(0) 9 ^ 0, we obtain 


r * rJA 

pO(p) = p^(0) 4- 

This equation is equivalent to 


dt 


(8.5) 


The meaning of the operator 4L(0)p will be discussed in the 
next section. 

IV. Division by p. — If 


then. 


Q(}?)i(«) = A(t) 


P 


{p)i (0 


=X' 


A (^) dt 


( 8 . 6 ) 


(8.7) 


This follows again from 


If we divide both sides by p, we have 


V Jo 

+ p I dt I , 

Jo Jo 



The expression in the brackets vanishes, since 0 for 

CO and A{t) is finite. The rest is equivalent to Eq. (8.7). 

V. Multiplication of p by a Constant . — If 


then, 


== A{t) 


( 8 . 8 ) 



(8.9) 


where a is a positive real constant. 
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We start with Eq. (7.1) 



Then, substituting a new variable p' defined by p = ap\ 
O(ap') = dt 

Now we substitute at = t' and obtain 


If we change the notations from p' to p and from t' to t, 

(ap) = pj^ dt 

in accordance with (8.9). 

This rule means that if we change the time scale of all fre- 
quencies, the time scale of the response is reduced correspondingly. 
VI. Addition of a Constant to p. — If 

Q(p)l(t) = .4(0 (8.10) 

then, 

p ^ ( 8 . 11 ) 

where a is an arbitrary constant whose real part is positive or 
zero. This restriction must be imposed since Carson^s integral 
equation was proved under the assumption that the real part 
of the factor multiplying t in the exponent is not negatWe. 
According to Carson's integral (7.1), 


Hence, after replacing p by p + a, 

ir~K = I df 

(p + a)Z(p -h ^i) Jo 
or 

^ 1 f “ 

— -T = p I c”P^[e~‘"h4(0] dt 
- «) Jo 

This is expressed symbolically by (8.11). 
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9. Some Fundamental Operators, a. The Operator l/p ^. — If 
we apply the operator 1 to I (i) we obtain 1 Q) since pj^ e~^^l (t) dt 

= 1. Then applying rule IV re- 
peatedly (Fig. 9.1), we obtain 


AW\ 


Adh^lUhtm 


a: 


AUh^mhjKt) 


and, in general, 

1 . 


1 • 2 


Fig. 9.1.— The functions deter- The Operator - 


-Apply- 


mined by the operational expres- . i ttt P + 

1,, , , 1 , , mg rule VI to the equation 

sions '-f (0 and 

^ ^ = 1(f) (9.2) 


we obtain (Fig. 9.2a) 


P 


p + a 


Ht) 




(9.3) 


Let us assume that a is purely imaginary, say a = icoo, then 
we have 


1 ^ 

p + a + 


= cos ojot — i sin ( 


and separating the real and imaginary parts on both sides of Eq. 
(9.3), we obtain two operational formulas, which are used very 
frequently (Fig. 9.25 and c), 


coop 


i l(t) = cos coi 
) 


I l{t) = sin 


Using rule IV, we obtain from Eq. (9.3) 



(9.4) 


(9.5) 
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= -sincooiiCO 

^ ““ , (9.6) 

P* 4- ^0 «o 

The reader will easily verify the results of section 3, especially 
Eqs. (3.3) and (3.5) by this method- It is seen that the opera- 



Fig. 9.2. — The functions determined by the operational expressions 

p -f a 


tional method gives directly the particular solutions that fit 
the initial conditions. 

c. The Operator p . — The solution of the symbolic equation 

pi it) = A(«) (9.7) 

has to satisfy the relation 

(9.8) 

It is seen that the unit impulse function S(i) satisfies this equa- 
tion. For if we write 

dt = dt dt 

the first integral is equal to di = 1 and the second integral 

vanishes, .since S{t) = 0 for f > 0 -|- e. Hence we have 

pi it) == Sit) 


(9.9) 
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We are now able to interpret rule III as given in Eq. (8.5). 
Substituting for the operator p according to Eq. (9.9), this rule 
becomes 

S A 

pQ(p)l(t) = A(0)S(t) + ^ (9.10) 

or, according to Eq. (3.18), 

pQ(p)l{t) = h(t) (9.11) 

where h(t) is the response to a unit impulse. Equation (9-11) 
can be used for calculating h(t) directly from Z{p). 

10. Expansion Methods of the Operational Calculus. — The 
rules I to VI furnish two efficient methods for handling more 
complicated operators. 

a. We expand 0(p) in a series of ascending powers of 1/p, 

= “o+|+p+--- (10.1) 

Then applying rules I and II we have 

, p -?(0 ( 10 . 2 ) 


Then applying Eq. (9.1), we obtain 


- ao + ^ + p + ■ 


00 

)l(«) = 2«^|l(0 (10-3) 

k = 0 


Let us apply this equation to the response of a circuit whose 
resistance is R and whose inductance is L, assuming that a unit 
constant voltage is applied starting from ^ = 0. The impedance 

of the circuit is Z(p) = Lp + R. Expanding 0(p) = ^ 


in a series of ascending powers of 1/p, we have 


Lp + R 




(10.4) 
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00 



Using the known expansion for the exponential function, 


00 



Eq. (10.5) becomes 


Ait) =^[l-e ^ ) lit) (10.6) 


This result is in accordance with the Eq. (3.10) obtained in 
section 3 by means of integration of the differential equation and 
'with Eq. (9.5) of the last section. 

6. Let us now assume that Q(p) = 1/Z{p) can be expressed 
as the quotient of two polynomials: 


1 _ M(p) 

Z(p) ~ N(p) 


(10.7) 


where the degree of M(p) is lower than the degree of N(p). 
If N(p) has n roots, all distinct, pi, p 2 , ps, - - • , Pn, it is known 
that M(p)/N{p) can be expanded in the form: 


where 


M(p) 

N(p) 


Bj. = 


Bk 
— Vk 

(lO.S) 

Jfc=l 


M(pk) 

N’iPk) 

(10.9) 


and N^{p) is the first derivative of N{p). 

We call the sum in Eq. (10.8) an expansion in partial fractions. 


Equations (10.8) and (10.9) can be verified in the following way; If tlie 
coefficient of in N {p) is denoted by .¥ 0 , the polynomial can be 

written in the form: 

N(^p) = Nq{p — pi){p - P2) • • • (p — Vn) 


( 10 . 10 ) 
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Multiplying both sides of Eq. (10.8) by N(p), we obtain 

M(j)) = No[Bi(p - p2)(p " Pz) ' ' ' (P — Pn) 

+ B2ip ~ Pl)(p — Pz) • • • {p - Pn) A- • • • (10.11) 

+ Brtip - PI)(P — P 2 ) • • ‘ (P — Pn-l) 

Xow it is seen by differentiation of (10.10) that the derivatire of iV(p) is 

equal to 

N'(p) = Nolip — p2)(p — Pz) ' • ' {p — Pn) 

A- {p ~ Pi){p — Pz) ' ' ' {p — Pn) A- • ' ' (10.12) 

+ (p — pi){p — Pa) * • • (p — Pn-l)] 

Substituting p = pi into Eq. (10.11), all products vanish except the first, 

in which the factor p — pi does not appear. The same holds for Eq. 
(10.12). Therefore, 


and 


™ p2)(Pi ~ Ps) * • • (pi “ 1 


N'ipi) = Noipi — P2)(pi — ps) • • • (pi — Pn] 


We obtain by division 


: \Pi) 
^/'(Pi) 


= 


In general, substituting p& into (10.11) and (10.12), we have 


Bk 


M{pk) 

N'ipk) 


Using the expansion (10.8), it follows from rule I and from 
the operational formula (9.5) that 


m = - 1) -^(0 (10.13) 




From Eq. (10.8) it follows that 

a(0) _ ^ 


2 ft 

Pk 

k^l 

Hence, Eq. (10.13) can be written in the form: 


*=i 


n(p) i{t) = 
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Note . — If M{p) and N{p) are of the same degree. 
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M(p) 

N(p) 


n 

No p — pj, 

k — l 


iiere Mq and N o are the coefficients of the lughest degree term in M {p) and 
N{p)j respectively. 


Mo 

Then an additive term — l{t) appears in (10.13). 
iV 0 


However, in this case 


1 

ZiO) 


iVo ^pk 
A-1 


and, therefore, Eq. (10.14) remains valid. 


that whenever M and N are of the same degree, A(0) ^ 0. 


It is seen 


The rules used in this deduction are based on the assumption 
that the real part of — p* is not negative. This is satisfied 
if the system is damped or capable of carrying out o.scillations 
with constant amplitude. Let us first consider a damped system. 
In this case the real parts of the roots p* are negative, and for 
t — > CO the sum in Eq. (10.14) vanishes. Hence, the limiting 
value of the indicial admittance for ^ > =» is given by 

(10.16) 


This expression may be considered as the static response of the 
system under action of a unit force; for example, in the case of an 
elastic system it is equal to the static deflection produced by unit 
load. If some of the p^’s are pure imaginary, the corresponding 
terms in (10.14) represent harmonic oscillations about the 
static equilibrium position. 

The case of N (p) with multiple roots can be treated in a similar 
way. 

For example, if pi is a double root, the expansion of 0(p) in 


partial fractions contains a term of the form 


4~ Bzp 
(p - Pi)- 


Replacing 


p by p + Pi (where the real part of pi is not positive), and apply- 
ing rule VI, we obtain 
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p B-l + Biij) + Pi) 


V + Vi 


p- 




^(0 


= 4 ^( 1 _ 1 ) + 

L pi\p V + Vi/ 


V J 


l{t) 


Using Eqs. (9.1) and (9.5) we j&nd 


A{t) = 4[(5i + B2Pi)pite^^^ + ^i(l - (10.17) 

Pi 

11. Response of an Electric Network to the Sudden Applica- 
tion of a Constant Voltage. — We consider the network shown in 

Fig. 11.1 and assume that the switch 
S is closed at t = 0. The battery B 
furnishes a constant electromotive 
G force E. We investigate the transient 
state. The impedance of the total 
circuit is 


B 

J,L 




i? 


II 1 

-d 
h 

dX-\/\A/' — 

Rz A 


Ei^p) — E -f- Za, 


( 11 . 1 ) 


Fig. 11.1. — Example of a ry • t i * • 

network on which a constant where Zae IS the resulting impedance 

electromotive force is suddenly parallel branches ahe and 

impressed by closing of a 

ade. Hence, 


switch. 


J_ 

Zae 


1 


+ 


Ri “j— li/Cp Lp -f- R 2 
Substituting expression (11.2) in Eq. (11.1), we obtain 

1 


Z{p) = R + 


or 


Zip) R + 


Cp/iRxCp + 1) + l/(Lp + R^) 
(RlCp -)- l)(ip + JR 2 ) 


( 11 . 2 ) 


(11.3) 


CLp~ + CiRi -|- R^p -|- 1 
The reciprocal value of Zip) is 

1 _ Mip) 


Qip) 


Zip) Nip) 


(11.4) 


with 


M(p) = LCp2 + (El + R^)Cp + 1 

Nip) = LCiR + Ri)p-^ + [T + C(EiE2 + RRi + RR^)] p 

+ R + R 2 
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With the abbreviations 

p = lC{R + i2i) 

Q = L C(jKii^2 “h RRi “f“ RR^^ 

T = R R 2 

we have 

N(p) = Pp" + Qp + T (11.5) 

The roots of N (p) are 


Q 

2P 



( 11 . 6 ) 


Using Eq. (10.14) we could write the final result directly", but 
for the sake of physical interpretation we prefer to repeat the 
intermediate steps of the solution. We note here that the two 
polynomials M (p) and N (p) are of the same degree; for the expan- 
sion of M(p)/N(p) in partial fractions we apply, therefore, the 
formula (10.15) and write 


with 


, Pi . B. 

N{p) R + Ri p — Pi p — P2 


Bi 


= MM 

N'ipiY 


P 2 


M(p2) 

N'{p,) 


The values of the coefficients are 


(11.7^ 


Pi 

P 2 


LCpi + (Pi -f- R2)Cpi + 1 

2Ppi + Q 

LCp\ + (Pi + P ^ 

2Pp2 + Q 


( 11 .^ 


The symbolic equation for the indicial admittance is 


Applying Eq. (9.5), we obtain 
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The function A{t) gives the current through the battery when 
the switch S is closed at the instant ^ = 0 and a unit electromotive 
force is imposed by the battery. The value of the current 

0 is equal to — -i-— . The limiting value for 


at the instant t 

is equal to 


R + P 

1 Si B 2 A 1- i. TT' 

ig + ijj ~ • According to Eq. 

(11.7), this expression is equal to the value of M(p)/N{p) for 

p = 0, i.e,, equal to Hence, the transient current 


starts Avith the value 


+ 


and approaches asymptotically 


the value 


1 


R 


This can be seen physically in the following 


.way. At the instant t = 0 the whole current goes through the 
branch abe because of the presence of the inductance in the branch 
ode. The condenser C is initially -without charge, and, therefore, 
its counterelectromotive force is zero. The only potential drop 
occurs in the resistances R and Ri. In the' steady state due to 
the presence of the condenser in the branch abe, the whole current 
passes through the branch ade, and the total potential drop occurs 
in the resistances R and Rz. 

Equation (11.10) gives the total current passing through 
the two branches abe and ode. We shall now calculate the 
current through the capacitor (7. We denote the current through 
the branch abe by h, the impedance of this branch by Zi, the 
current through ade by Izy and the impedance of this branch by 
Z 2 . The total current is / = Ji + J 2 . On the other hand, 
Zili = Z 2 I 2 and, therefore, 


/i - 


( 11 . 11 ) 


With I ~ ElZ, we have 

+ ZzZ^ 


( 11 . 12 ) 


Hence, the transfer impedance for the current in the branch 
abe produced by an electromotive force applied to B is given by 


Zbi - Z- 


(11.13) 
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With Zi — 4“ Z 2 = R 2 -^Lp, and Z = obtain 

the symbolic equation for the current Ii — .4i(/) : 


or 


Cp^Ro “h Lp) 

Wcf) 


l{t) = A,(t) 


We expand the operator in partial fractions: 


(11. lo) 


where B[ and constants containing the parameters of the 

system. 

Then the solution of (11.15) becomes 


If ^ 00 , 


A^{t) 


1 B[ 

R + Ri Pi 


•P2 


nil 8) 


Substituting p = 0 in Eq. (11.16), we see that the right side of 
(11.18) vanishes. 

This example shows an important feature of the operational 
method. If we are interested in a particular result only, e.g., 
in the current passing through a certain branch of the network, 
we can calculate this unknown quantity without solving tln^ 
whole problem. 

If we are especially interested in the beginning pliase of a 
transient process, it is convenient to use the e.vpansion theorem 
(10.3) which generally leads with little labor to a satisfactory 
ans\ver. 

12. Response of Undamped Mechanical Systems to Suddenly 
Applied Forces. — The response of undamped mechanical systems 
to sudden applications of external forces can be calculated by 
means of the methods given in Chapter Y, section 7. We have 
seen that if we know the principal oscillations of the system it 
is not difficult to describe its motion by means of the displace- 
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ments fr of the normal modes and the normal components Sr of 
the external forces. The displacements satisfy equations of 
the form 

Milr + = Sr (12.1) 

If the forces are suddenly applied at ^ = 0, Sr is of the form 

Sr = Crl{t) 

In this case the solution of Eq. (12.1) represents the motion 
of a mass M with elastic restraint under a suddenly applied 
force. Applying the result already found in section 3 for this 
case we have 

kr = -^0. - COS<^rt) ( 12 . 2 ) 

This gives the amplitude of each normal mode as function of 
time, due to a sudden application of external forces. 

Using arbitrary coordinates, each coordinate qi is given by an 
equation of the form [cf. Chapter Y, Eq. (6.17)]: 


If the system has no restraints for one degree of freedom — for 
example, it can rotate freely around an axis — its lowest frequency 
is coi — 0. The amplitude describing the free rotation satisfies 
the equation 

Mh = (12.4) 

The solution satisfying the initial conditions = 0 is 

(12.5) 

which is a uniformly accelerated motion. The complete solution 
consists of the forms (12.2) and (12.5). 

The same problem may be considered from the point of view of 
the operational calculus. We shall see that the method of 
expansion of l/Z{'p) in partial fractions leads to the same repre- 
sentation of the motion as we obtained by superposition of 
principal oscillations. Both methods require the solution of the 
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frequency equation Z(p) = 0. Their respective advantages 
will depend on each individual problem. The operational 
method is illustrated by the two following examples. 

Example 1 . — Consider two disks connected by an elastic shaft, 
and assume that a sudden unit torque is applied to the disk 
Di (Fig. 12.1).* We denote the moment 
of inei'tia of the disk Di by Ji, that of the 
disk D 2 by 1 2 , and the torsional spring 
constant of the shaft by k. We define the 
impedance Zx{p) as the quotient of the 
alternating torque T applied to Di and 
the angular displacement of the same disk. 

To find this impedance we write the 
equations of motion for the angular dis- 
placements 6 1 and 62 of the disks Di and 
i) 2 , respectively. Withp = cf/di, we obtain 


T 

4 


Ms 


A 




i p. 


Fig. 12.1. — Mechani- 
cal system consisting of 
two elastically connected 
disks and the equivalent 
Eliminating 62 from these equations we find^ electrical network. 


= —k{82 — 


( 12 . 6 ) 


+ 


and therefore 

Zip) ' (12.7) 

The same result can be obtained by the methods of Chapter IX, 
section 3. From Eq. (4.9) of that chapter we have 

1 

Jijjc) + ^ ( 12 . 8 ) 

which expression is identical with (12.7). 

Eliminating 61 from Eqs. (12.6), w’e obtain 

(p^^/k)[hhp^ + k(I, + I2)] 62 = T 

* Figure 12.1 also shows the electrical network corresponding to the 
mechanical system. Thus, the calculation presented in the text can bo 
applied to compute the effect of a voltage suddenly switched on the network. 
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Hence, we have 

Zuip) = + k(h + h)] (12.9) 


where Z 12 is the ratio of the torque T applied to Di to the angular 
displacement of the disk Do. 

The roots of Zi{p) ~ 0 and Zi 2 (p) = 0 are p = 0, correspond- 


ing to a free rotation, and p 


± icoo = i H ^ 


1 4-l\ 

Ii I2/ 


where coo 


is the frequency of the relative oscillation of the two disks, 
which is in this case the only principal oscillation. 

The symbolic equation for the response = Ai{t) of disk Di 
to a unit step is 


^i(p) 

or, expanding the operator 1/Zi{p) in partial fractions, 


( 12 . 11 ) 


According to Eqs. (9.1) and (9.6), 


- ? m = m 


+ Wq 


cof 


Therefore, Eq. (12.11) becomes 


k P k ~~ I^oil 1 — cos ( 
2 


or substituting k — 


hh 


The first term represents a uniformly accelerated rotation with 

the angular acceleration y — However, the acceleration 

ii I2 

immediately after the beginning of the motion is equal to l/h; 
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this shows that at the first instant the presence of the second disk 
has no effect. 

It is interesting to calculate the angular displacement of the 
disk X>2. The response 62 = A 2 ( 1 ) of this disk is given by the 
symbolic equation 


(12J3) 


By the method used above, we obtain 


Since there is no damping, the sum of the moments of momentum 
of the two disks must be equal to the total impulse imposed on 
the system. The moments of momentum of the disks are 

Ji and 1 2 ^^, From Eqs. (12.12) and (12.14), we obtain 


T dJ-i , -r dA2 


The expressions (12.12) and (12.14) represent combinations of 
Eqs. (12.2) and (12.5). The difference Bi — $2 is given by 

= Ai(0 — ^2(0 == *“ cosa)oO -^(0 (12.16) 

The torque M* that occurs in the shaft is equal to k{di — ^2) 
or, substituting the value of ; 

M, = . . (1 - cos ojoi) l{t) (12.17) 

i 1 -r i2 


Therefore, the ratio of the maximum torque occurring in the shaft 
to the external torque T is equal to 


M, _ 2I2 

T - /i + /a 


(12.18) 


This quotient approaches zero if 72//1 — > 0 and approaches the 
value 2 for — > 0=. 

Example 2. — The same method of treatment can be applied 
to more complicated mechanical devices. Figure 12.2 shows a 
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motor driving, by means of a gear G and two pinions Pi and P 2 , 
two elastic shafts Si and S^ carrying the disks Ps and P 4 at their 
free ends. The moment of inertia of the masses rigidly connected 
to the motor shaft is denoted by I, the moments of inertia of the 
pinions by h and / 2 , those of the disks by Is and 

We define as the impedance of the system the ratio of the 
alternating torque T acting on the motor shaft to the angular 



Fig. 12.2. — Mechanical system consisting of two disks mounted at the free ends 
of elastic shafts and driven from a central shaft by means of a gear system. 

deflection B of the same shaft. We show that the torque T is 
given by 

T = ZB = + g\Zi + g\Z 2 )B (12.19) 

where Zi and .Z 2 are the impedances of the two systems con- 
sisting of pinion, shaft, and disk, and are the gear ratios. 
Let us denote, for example, the angular deflection of the pinion 
Pi by Bi. Then B — Bi/gi, wLereas the torques acting about the 
shaft of the gear G and that of the pinion Pi are in the ratio 
^i:l. Hence, the torque transferred to the gear is equal to 
giZiBi = glZiB. Therefore, the total torque is equal to the 
expression (12.19). 

The impedances Zi and are obtained by using the method 
given in Chapter IX, section 4. 

We find 


\l7ki) + (l//3P‘^) 
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and, therefore, 

Z.il+ ( 12 ^ 20 ) 

We put <*?! = /ci/Js, 0)1 — yi = glki, 72 = gi ^'2 and 

Jr = / + + ^^2-^2 


Then, 

1 

Z(p) 


1 

IrP^ 


(p- + ojDCp" + o>t) 

(p^ + ^i)(p^ + t*>l) + ^(p*^ + ^1) + + ^ 1 ) 


The quantities wi,co 2 represent the frequencies of oscillation of 
the disks when the pinions are rigidly fixed. The roots of the 
denominator are given hy p = 0, = •— juf, and p- = — ju| 

where mi and M 2 are the two natural frequencies of oscillation of 
the system. Hence, 


Let us now calculate the effect of a unit torque suddenly applied 
by the motor. We have to evaluate 1 {t) — A{t). We 

expand the operator 1/Z{p) in partial fractions, as follows: 


The coefficients Ci and C 2 may be obtained very simply 
by using the formula (10.9), considering p- as the variable 
instead of p. We find 


Cl 


Using the operational formulas (9.1) and (9.6), we have 


Zip) 


l(t) = 


. Cl 


H — s-d — cos , 

+ —(1 — cos II 
M 2 


,0] 


(12.23) 
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The motion of the motor due to the sudden application of a 
constant torque consists of a uniformly accelerated motion and 
two superposed harmonic oscillations. If the frequencies coi 
and 6)2 are equal, we find that one of the roots, for example is 
equal to 6)i, an(|, therefore, Ci = 0. The angular displacement 
of the motor shaft is then given by 

l(t) (12.24) 

In this case only one oscillation is excited by the application of the 
torque. 

13. Multiplication of Operators. BorePs Theorem. — Let us 

assume that Oi(p) and Q 2 (p) are two operators, such that 

= 4i(0 ..o IN 

= A^it) 


Then we prove that the operator Qi(p)Q 2 {p) /p transforms the unit 
step into the function 


Ai2{t) — J 

f^Ai(r)A 2 {t — t) dr 

(13.2) 

or 

A,At) = J 

[^AAr)AAt - t) dr 

(13.3) 

In operational form. 


= -A 12(0 — A2i(0 

(13.4) 


This relation is known as BoreVs theorem. Tirst, we prove that 
Ai 2 = ^21. If we replace ^ — r by f and —dr by df, Eq. (13.2) 
becomes 

f°Ai(t)A,(t - f) dr = £A,(nAi(t - r) dr 

The last expression is identical with A 21 [Eq. (13.3)], if we 
replace the variable of integration by r. 

For the proof of the multiplication theorem, we make use 
of Carson^s integral equation (6.5). This equation states that 
the operator that transforms l(t) into the function A{t) is p times 
the Laplace transform of that function. Hence, we must show 
that ^i(p)^ 2 {p)/p^ is the Laplace transform of d.i2(^) or A 2 i(t). 
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The Laplace transform of Ai 2 {t) is given by 
A(p) = dt = dt£‘Ai(r)Ai(t - r) dr (13.5) 

We write Eq. (13.5) in the form: 

r) dr (13.6) 

The right side of Eq. (13.6) is a double integral whose domain 
of integration A OB is shown in Tig. 13. L It consists of the 
infinitely extended area between the axis r = 0 and the 45® 



faj (b> 

Pkk 13.1. — Proof of Borel’s theorem. Two different ways of evaluating a double 
integral extended over the infinite triangular area AOB. 

line OB represented by the equation r = L In Eq. (13.6) the 
integration is performed first along vertical strips extending 
from T = 0 to T = i (Fig. 13.1a). However, we can perform 
the integration also along horizontal strips (Fig. 13.16), starting 
from the 45° line OJ5, and add their contributions. Thus Eq. 
(13.6) becomes 

“X’ 

Using ^ = t — T and r as variables of integration, we put dt = d^ 
and obtain 


This double integral can be broken up into a product of two single 
integrals : 

dTj^”e-^^A2(.0 dt 


( 13 . 8 ) 
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Now is the Laplace transform of J-i(r), and 02 (p)/p is 

that of ^ 2 (t), i.e., 


Therefore, 

A(p) - Q.E.D. (13.9) 

It is easy to see that we can apply the multiplication theorem 
to the calculation of the response x(t) of a system whose imped- 
ance is Z(p) to a force F(t), which is an arbitrary function of t, 
provided that F(t) is expressed by a symbolic equation of the 
form: 

= F(t) (13.10) 

If A (t) is the response of the system to a unit step, we have the 
symbolic equation 


(13.11) 

We now denote llZ{p) by ^lip) and apply Borehs theorem, 
substituting ^(0 for .<4i(0, and F{t) for A. 2(0- According to 
Eqs. (13.2) and (13.4), 

f Fit - T)A{T)dT (13.12) 

P *J 0 

Multiplying the oper^or on the left side by p, we obtain, accord- 
ing to rule III, 


— r) A {T)dr 
or 

Q^{p)Q,(p)lit) = F(0)A(«) + £F'{t - r)A(r)dT (13.13) 
Interchanging the variables r and t ~~ r in the integral, we obtain 

- r)dT (13.14) 

The expression on the right side of Eq. (13.14) is DuhameFs 
formula [cf. Eq. (4.2)] for the response x{t) to the force F{t). 
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Equation (13.14) is useful in many cases. It shows that when 
an operational representation for F{t) is known, we can evaluate 
the response by direct operational methods without actually 
carrying out the integration in DuhamePs formula. This is 
illustrated by the example in the following section. 

14. Response of a Network to a Suddenly Applied Alternating 
Voltage. — We consider the same network (Fig. 11.1) as in section 
11 but assume that the battery is replaced by an alternating 
generator G. The alternating voltage is switched on the network 
at i = 0. We assunie that the voltage applied is represented by 

Fif) = sin wt 1(0 (14.1) 

so that the network is switched in when the voltage is zero. The 
function sin o^t 1 {t) is the solution of the symbolic equation 
[cf. Eq. (9.4)]: 

„ 1 (0 — sin wt 1 (t) (14.2) 

Hence, we know that the operator Q^ip) = ^^2 transforms 

l{t) into the external action F(t), and we can apply BoreFs 
theorem. The impedance of the system is, according to Eq. 
(11.4), 


Substituting this value for Z{p) and for fi52(p) in Eq. 

(13.14), we find that the response, f.c., the current I{t) through 
the generator, becomes 


cop 

2 


(14.3) 


This symbolic equation is solved by expanding the operator in 
partial fractions. The roots of the denominator are pi, p 2 , zco, 
— fco, where pi and p 2 have the values given in section 11. 

We note that the derivative of the denominator is 


(p2 + co2)W(p) + 2pN(p) = (p‘^ + co2)(2Pp + Q) + 2pN{p) 
Therefore, we obtain the expansion 
M(p) cop _ Bip Bip Bsp ^ Bip 

N{p) p- + 0)^ P — Pi P — P2 ' P — P -I- ^ 
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with 

D _ M{p^) 

%pl + <oO(2Ppi + Q) 
~Q) 


M{—uS) 

2iNi- 


The current is 


I 1*^7 n -*■ 

P ~ Pi ^ V — Pi P — loi 


p + ioi 


lit) 


(14.5) 

Applying Eq. (9.3), 

7(0 = (Sxe’>-‘ + P2e^=‘ + 1 (t) (14.6) 


The terms Bie”'* + represent the transient part of the cur- 

rent; the last two terms correspond to the steady state. 


Problems 


1. A sinusoidal voltage sin c^t 1 (t) is switched at ^ = 0 on a circuit of 
inductance L and resistance R. Find the current by using the general solu- 
tion of the differential equation. 

2. In Prob. 1 calculate the currents by applying Borel’s theorem. 

3. An elastic shaft carries a disk of moment of inertia I at one end and a 
clutch of moment of inertia Ii at the other. The system is driven by 

an electric motor. The shaft is initially at rest 
and started in such a way that the torque applied 
to the shaft increases proportionally with time until 
it reaches a certain value Mo, after which it stays 
constant (Fig. P.3). Determine the maximum 
"* torque in the shaft. Compare it to the case 
where the driving torque is applied suddenly at 
t = 0. 


M\ 


to 

Fig. 


M 


P.3. 


Hint: The torque may be represented by — [^ 1 (t) ~~ {t ~ U) l{t — io)] 

^o 

4 . Find the current flowing through a capacity and a resistance where 
the voltage applied increases proportionally to the time and then decreases 
linearly with the same constant rate until it reaches zero again. 

Hint: We note that the voltage may be represented by the superposition 
of three functions: (Fo/^o)[^ lit) ~ 2(1 — to) lit — U) + {t — 2^o) 1(1 — 2to)] 
(Pig. P.4). We therefore calculate the current I{t) due to a voltage 
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{Ef^/U)t l{t) and apply the principle of superposition. The total current 
will be 

/(O 1{V) 2/ — to) l{t to) -j- I {t — 2to) i (f ■ — 2to) 


To calculate I{t) we can make use of the relation - l(t) — t l(i) and u.se 

P 

BoreFs theorem. 

6. The triangular voltage curve of Prob. 4 lasts 2?o sec. It is repeatexi 
periodically with the period 2<o (Fig. P.ol and applied to a circuit 

with capacitance and resistance. Compute 
the steady-state current and the tran- 
sient current by using a representation 
for the voltage similar to that suggested for 
Prob. 4. Compare the transient with the 
steady-state current. 




Fig. P.5. 


6. Replace the capacitance in Prob. 5 by an inductance. 

7. Calculate the current due to a voltage cos wt 1 (t) applied to the net- 
work considered in section 11 of this chapter. Apply BoreFs theorem. 

8. Replace the voltage applied in Prob. 7 by sin {cd + <p) l{t). Plot the 
current for various values of tp. 

Hint: Write sin (cot -}- tp) l(t) = sinwf cos ^ l(t) + cos wi sin ip 1(1) and 
apply the principle of superposition. 

9. A valve-operating mechanism can 
be approximated by a mass m attached 
on one side to a fixed point by a spring 
k, while on the other side it receives the 
push of a cam through another spring 
(Fig. ■ P.9). The cam profile is such 
that the vertical displacement of the 
roller is 



Xi 




between t = 0 and t = T and zero for t > T. The springs are initially 
strained under a compression P. Find the motion of the mass m (value) 

and the pressure of the roller on the cam. Show that ^ "b ^ , 

is a sufficient condition for the roller not to leave the cam. 
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10. Calculate the deceleration of the last car of the electric train con- 
sidered in Chapter VI, Prob. 4, when a braking force of 7,000 lb. is suddenly- 
applied to the locomotive. Consider the cases where /3 = 2\/ km, and 
|3 = 

11 . What is the current produced by the sudden application of a constant 
pressure to the diaphragm of the condenser microphone in Chapter VI, 

Prob. 3? Assume m = 0 and ^ ) where Co = A /a. 
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CHAPTER XI 


EQUATIONS OF FINITE DIFFERENCES APPLIED 
TO ENGINEERING 

‘‘Brooks Taylor, in Ms book, ‘The Method of Increments’ (1715- 
1717), was the first to consider equations of finite differences. As 
a matter of fact, the relations between the terms of arithmetic and 
geometric progressions, which were known for a long time, repre- 
sent the simplest examples of difference equations. But they were 
not considered from the point of view of their relation to a general 
theory. This viewpoint w^as a veritable discovery.’^ 

— ^Le Marquis be Laplace, 
“Th^orie Analytique des Probabilites^’ (1820). 

Introduction. — This last chapter is devoted to the calculus of 
finite differences, especially to linear difference equations. Such 
equations are being applied more and more to engineering 
problems. Sometimes they are used as approximations to dif- 
ferential equations. However, their most important application 
is made in connection with systems — mechanical or electrical — 
that consist of many identical components. Because of the large 
number of degrees of freedom of such systems, the general 
methods usually resorted to involve lengthy and complicated 
calculations, whereas the special methods developed in this 
chapter greatly reduce the labor required and simplify the solu- 
tion. 

1, The Calculus of Finite Differences. — ^Let us assume that a 
function f{x) of the variable x is defined for equidistant values of 
X. If X is one of the values for which f(x) is defined, f{x) is also 
defined for the values x + k AXj where Ax is the interval between 
two successive values of x, and k is an integer. We denote 
the value of the function y — f{x) for x + k Ax, for the sake 
of simplicity, by writing y with a subscript : 

f{x + kAx) = yx^ksx (1-1) 

We now define the first difference or the difference of first order 
Ay^ of y at the point x as the increment of the value of y in going 
from a; to X -j- Ax: 
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Aj/® — Vx+Ax Vx 


( 1 . 2 ) 


It is seen that we have chosen arbitrarily the step in the direction 
of increasing x; we could also define by the difference 

2/x Vx—Ax' 

Continuing this process, we call the increment of the first 
difference in going from x to x the difference of second order 

of y at X, i.e.y 

~ ^Vx+Ax ^2/x (1.3) 

or 


In general, we define the difference of the order n by 

(1.4) 

It is seen that if we build up the difference of nth order A^y^, 
starting from the first difference Ay^j then A^^y^ appears as a 
linear expression in ?/*, yx+Ax, • • - , yx+nAx> 

In most applications it is convenient to choose the interval 
Ax equal to unity. Then we write y^+nAz — Vx+n^ Using this 
notation, the sequence of differences becomes 

Ayx == t/x+i — Vx 
A^yx = yx+2 — 2ya:+i + yz 
A^yx = yz+z — Zyx^2 + 

( 1 . 5 ) 

r=^0 

It is seen that the coefficients of A^^y^; are the same coefficients 
which appear in the expansion of (a — 5)”, i.e., they are equal 
to the binomial coefficients multiplied by (—1)''. 

In many physical problems only differences of even order 
occur. In such cases it is more convenient to define the differ- 
ences A^^yx in a somewhat different way. We shall write 

A^yz = yz-i — 2yz 4- yx+i (1.6) 

i.e., A^y^ is the increment of the first difference taken on the 
right and left sides of the point x. Similarly, we write 

A^(y») = A*^(AV:r) 
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or in general, 

(1.7) 

In this case a difference of the order 2??? represents a linear 
expression in i/x-m, , 2/x, • . . , yx-^m-u Vx^m. 

2. Linear Difference Equations with Constant Coefficients. — 
A linear difference equation of the order n is a linear relation 
between an unknown function and its first n differences. Its 
general form is 

An + An-i + * * ‘ "b A i A^x + Ao^x = (2.1) 

The simplest example of such an equation is 

At/aj = a 

where a is a constant, or, substituting the value of Ay^ from 


y^i — Vx — a 
The solution is obviously 

2 /x == aa; + const. 

In other words the values yx constitute an arithmetic j)rogression 
with the difference a. 

If we write 

Ayx + = 0 

we obtain 

2/a^+-l — Vx + hyx 0 

or 

= \ - b 

Vx 

It is seen that in this case the values constitute a geometric 
progression. The coefficients A„, . . . , Ao of Eq. (2.1) are, in 
general, functions of the variable x, defined for the equidistant 
values X Xq + k where k is an integer. However, we shall 
consider in detail only the case of the equation wnth constant 
coefficients. The function is given for the same equi> 

distant values of x. If = 0, the difference equation is 

called homogeneous. 
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As Eq. (2.1) represents a linear relation with constant coeffi- 
cients between n + 1 successive values of yx, it can be also writ- 
ten in the form: 

-f an-iVx^n-i aiyx^i + a^Vx = 4>{^) (2.2) 

If we use the differences in the form (1-7), a linear difference 
equation of the order 2m can be written in the following way: 


(2.3) 

As a matter of fact, in most practical problems the physical setup 
leads to this form of the difference equations. 

Let us start from Eq. (2.2) containing the unknowns i/x, . . . , 
2/x-f-n. If the values of Vx+i^ • • • j Vx^n-i are arbitrarily 
chosen, then yx+n is determined by the equation. We now 
proceed to the next equation, increasing the subscripts by 1. 
The values of y occurring in this equation are , 

yx-\-n+i- Since • • • ? are known, we can determine 

If we continue this process, we see that the sohition is 
determined by the arbitrary choice of the n initial values 
. . . , ya;+n-i. Therefore, the solution depends on n arbi- 
trarily chosen initial values. Assume that fi(x), f2{x)y . . . , 
fn(x) are n particular solutions of the homogeneous equation, each 
corresponding to a particular choice of the initial values. Then, 
owing to the linear character of the equations, the/i(a;)’s multi- 
plied by arbitrary constants, Ci/i(rr), . . . , Cnfn(x), 

are also solutions of the system, and we can write the general 
solution in the form: 

Vx = Cifi{x) + 02 / 2 ( 2 :) -!-*’*+ Cnfnix) (2.4) 

As in the case of linear differential equations, (2.4) gives the 
general solution of the difference equation (2.2), if none of the 
fiixYs can be expressed as a linear combination of the others. 
In this case we say the particular solutions (a:) are independent. 

We obtain the general solution of the nonhomogeneous equa- 
tion by adding to (2.4) a particular solution of the nonhomo- 
geneous equation. In many cases such a particular solution 
can easily be found. 

The general solution of a homogeneous difference equation 
can be obtained in a manner similar to that employed in the 
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theory of linear differential equations with constant coefficients. 
We substitute a solution of the form: 

y,: = (2.5) 

where C is an arbitrary constant and X is an undetermined factor. 
Putting we may also write 

y. = C/3- (2.6) 

and substitute this expression into the difference equation. In 
some cases it is more convenient to use the form (2.5), in other 
cases (2.6). The difference equation furnishes an algebraic 
equation for X or j8, respectively. 

Let us consider as an example an equation of the second order, 
e.g., 

a2yx+2 + ai2/x+i + a^y^ = 0 (2.7) 

Substituting = CjS®, we obtain 

+ + Uo) = 0 

Hence, excluding the cases C == 0 and jS = 0, which would mean 
that yx = 0 for all values of x, vre have 

<22/3^ H“ ni/6 -{- ^0 “ 0 (2.8) 

If the quadratic equation (2.8) has two distinct roots, and ^ 2 , 
the general solution of (2.7) is 

y. = CiiSf + CsiSl (2.9) 

If /3i = P 2 , Eq. (2.8) furnishes only one solution. In this case 
we follow a method suggested also by the theory of differential 
equations. We first write Eq. (2.8) in the form: 

+ 51j3 4- — = 0 (2.10) 

CL 2 OL 2 

and as Pi is a double root, the left side of Eq. (2.10) must be 
identically equal to (/? — pi)-. Therefore, 

4 - -/3 + - = P- 

Hence, ai/a 2 = -“2/3i, ao/a-i = jdf, and the difference equation 
(2.7) appears in the form: 

yx+‘2. — 2^i^x+i + ^lyx — 9 


( 2 . 11 ) 
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We verify by elementary calculation, that 

y. = x&l ( 2 . 12 ) 

solves Eq. (2.11); in fact, we obtain, by substituting (2.12), 

~i-2 - 2ix + 1) + x] == Q (2.13) 

Therefore, in the case of a double root, the general solution of 
(2.7) is given by 

y. = CiiSf + C,x^i (2.14) 

In the case of the difference equation (2.2) of order n, the 
general solution of the homogeneous equation is given by 


if the 71 roots /Si, / 82 , . . . , /S„ are distinct. If one root, say /Si, 
is an m-fold root, the first m terms in (2.15) are to be replaced 
by (Cl + Csx + • • • + 

3. Application to Continuous Beams. — The analysis of con- 
tinuous beams requires the evaluation of the statically indeter- 
minate moments acting at the supports. These moments satisfy 
the so-called three~7no7ne7it equation, which is a relation between 
the moments acting at three successive supports. If, for 
instance, the supports are equidistant and there is no load acting 
between them, the moments at successive supports are related by 
the equation* 

M^x—l “H drilifa; "b “ d (3.1) 

The supports are numbered 0, 1 , 2, . . . , x. Let us assume that 
we have a beam extending to infinity to the right (Fig. 3.1) 
and supported at equidistant points 0, 1, 2, . . . , a*, etc. At 
a distance a to the left of the first support, a load P is acting on 
the beam. Now, if we want to calculate the moments directly 
])y using Eq. (3.1), we can start from the known value of the 
moment at the first support Mq = --Pa; then we assume an arbi- 
trary value for Mi and calculate Mo. The consecutive equations 
(3.1) give us M-i, M^, M-o, .... However, the values of 
Mz, Ma, Ms . . . are dependent on the arbitrary value of Mi, 
This arbitrary value is determined by the boundary condition 
that Ma — > 0 as x oo, which follows from the physical con- 

*See S. Timoshenko, ‘^Strength of Materials,” vol. 1, p. 226. 
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sideration that the effect of a finite load cannot extend to infinity. 
Consequently, the value of Mi has to be determined so that the 
sequence Mo, Mi, M 2 y . - . , Mx tends to zero as x increases to 
infinity. This requires the application of a trial-and-error 
method. 

However, if we consider (3.1) as a difference equation of 
second order, the method given in the last section leads to a 



Mo 


Fig. 3.1. — Bending moment diagi-am for a continuous beam supported at an 
infinite number of equidistant points and loaded at its free end by a concen- 
trated load. 

simple solution of the problem. Putting Mx = we obtain 
the equation 

-f 4id -h 1 = 0 

The roots of the equation are 

/3i = -2 4- Vs = -0.26795 
^2 = — 2 — ^ 3-V320o 

The general solution of Eq. (3.1) is, therefore, 

M, = C,(-2 + Vsy + Ci{-2 - V3)" (3.2) 

The boundary conditions are Mo — —Po and = 0. Since 
l,3il < 1 and > 1, liS^t 0 and l/Sfi as r There- 

fore, we put Ci = 0. Then Mo = -Pa leads to 

M. = -Pa( -1)"(0.26795)- (3.3) 

Fiquation (3.3) gives the values of the moments at the .support,-^. 
The distribution of the bending moment is shown in Fig. 3.1. 
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As a second example, we consider the case of a continuous 
beam with n equal spans and a triangular load distribution, 
as shown in Fig. (3.2). The three-moment equation for this case 

IS 


PI 


n 


(3.4) 


where P is the total load on the beam. Equation (3.4) is a 
nonhomogeneous difference equation of second order given in a 
form corresponding to Eq. (2.3). As a particular solution, we 



Pig. 3.2. — Bending moment diagram for a continuous beam supported at n + 1 
points and loaded by a linearly distributed load. 


try a linear function of the form Mx = Cx. Substituting M* 
in Eq. (3.4), we obtain 


C{z - 1) + 4.Cx + C{x + 1) = 


satisfied by 


C = 


PI 

6n® 



(3.5) 


The general solution of Eq. (3.4) will be the sum of the general 
solution of the homogeneous equation (3.1) and the particular 
solution (3.5) found above: 


Mx = Ci(-2 


C,{-2 - 


PI 
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Since 

01/32 = (2 - V3)(2 4- V3) = 1 

we can write 

= C, 0 f + 

on" 

The boundary conditions require that the moments at the sup- 
ports a; = 0 and a; = n be zero. From Mo = M„ = 0, it follows 
that 


Cl = -C2 = 

and the solution becomes 


PI 0 ? 

6 n 1 — 0 ?" 


M. 


pi/x 0J-* — 0r+A 

6 ?i\n 1 - 0 !’* / 


Putting = — 01 = 0.268, we can introduce hyperbolic func- 
tions and obtain 





- - (-1)-+** 
n ^ 


sinh yx 
sinh y n 


The bending moment diagram is shown in Fig. 3.2. It must 
be kept in mind, of course, that formula (3.6) does not represent 
the bending moment along the span, but only at the supports, f.c., 
it applies only to integral values of x. To find the complete 
moment diagram we first connect the end points of the ordinates 
Ml, M* 2 , . . . by straight lines and then add the moments 
corresponding to the load under the assumption that every 
section of the continuous beam may be considered as simply 
supported. 

4. Buckling of a Rectangular Lattice Truss. — A rectangular 
truss consisting of two vertical columns and a number of cross- 
beams forming n identical frames is clamped at both ends. An 
axial load P is applied to each column. We assume that the 
variation of the length of the columns can be neglected and that 
both columns buckle in the same way. In other words, the 
truss is assumed to buckle only by shear (Fig. 4.1), The cross- 
beams are numbered from 1 to n — 1. 

Consider first the crossbeams in the buckled shape. They 
are bent into a shape with an inflection point at the center. 
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Hence, the bending moment at the center of each crossbeam is 
equal to zero, and if we cut the crossbeams into two halves, the 
action of the other half can be replaced by a force acting at the 
free end of the half crossbeam. This force is equal to the shearing- 
force occurring at the inflection point and is (Fig. 4.2) of such 
magnitude, that the deflection of the crossbeam at that point 
is zero. Hence, we consider half of each crossbeam as a beam 
clamped at the Joint at a right angle to the column. We denote 




Fig. 4.1. — Buckling of a truss under axial load. Beplacement of tlie effect of 
the crossbeams by restraining moments. 

the slope of the column at the Joint of the crossbeam member 
X by Va: (Fig. 4.2); the shearing force acting at the center by 
Sx (Fig. 4.1); the length of the crossbeam by Zi; the moment 
of inertia of its cross section by Ji; and the elastic modulus of 
the material by Ei. Then the deflection of the center is equal 

to —Vajw + = 0 and, therefore, & The 


moment at the Joint is equal to Hence the 

effect of the crossbeams can be replaced by the moments acting 
at the Joints, if we neglect the effects of second and higher order 
in Vx. Therefore, the problem of the buckling of the truss is 
reduced to the problem of the buckling of a single column with 
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elastic restoring moments acting at the joints, the restoring 
moment being of the magnitude 


m: = 


u 


14.1) 


In order to solve this problem we consider the slopes iv of the 
columns at the joints as unknowns and express the bending 
moments acting at the ends of the vertical elements of the frames 
by the Then the equilibrium conditions of the joints furnish 

the necessary number of equations for the determination of the 
vjs and the buckling load P, 

Let us consider the vertical element of the frame that extends 
between the joints x and x + 1 (Fig. 4.2). The deflection of 



Fig. 4.2. — Buckling of a truss under axial load. Equilibrium between the forces 
and moments acting on the elements of the truss. Deformation of the elements. 


this element, which is a section of the length I of the column 
with the flexural stiffness El, is denoted by where $ is a 

coordinate running from ^ = 0 to i = L The slope div^/d^ 
is denoted by Vx(0 and the bending moment by MxiO- The 
element considered is loaded by end moments and by the 
axial force P. Therefore, Mx(|) — Mx{0) -f- P [wx{^) — u’x(O)] 
The differential equation for Wx(0 is 

El ^ + M^O) + P K($) - m;,( 0)] = 0 
We obtain, by differentiation. 
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M ^ + Pt;. = 0 (4.2) 

The general solution of Eq. (4.2) is 

VxiO = cos OL^ + Bx sin (4.3) 

where 


In order to express the constants .4 a? and Bx in terms of the 
slopes, we remember that 2;a:(0) = Vx and VxQ) = and obtain 
from (4.3) 

/ j. 1 cos at . . ^ A A\ 

VxU) = Vx cos ^ sin (4.4) 

The bending moment Mx($) at an arbitrary point of the column 
is given by 


sin a 5 


aEI (Vx-hi — Vx cos al) 
sin al 


cos 


At the point f = 0, we have 


^ ^ Sin al 

The moment Mx(l), acting at the point ^ = Z, is 

cos (4.6) 

sm al ^ ^ 

Having the expressions (4.5) and (4.6) for the bending moments 
acting on the column at the joints, we can set up the equilibrium 
condition for the joints. Consider, for instance, the joint x 1 
(Fig. 4.2). Since the moments acting about the joint must be in 
equilibrium, we have 

M.+i(0) + - Mxil) = 0 

Substituting the expressions (4.1), (4.5), and (4.6) for the 
moments, we find the following difference equation for the slope 
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Elh 


In order to solve (4.7), it is convenient to try a solution of the 
form: 

V;, = (4.8) 

rather than one of the form Vx = Substituting (4.8) in 

equation (4.7), we obtain 


— 2 ^cos al + 3/i 

or, dividing by 


cos al + 3 jLt 


sin al 
al 


-h 

2 


cosh X 


(4.9) 


Hence, the general solution of (4.7) can be written in the form: 

Vx = + C2e-^-= 

or 

'^x = C'x cosh \x + sinh Xrc (4.10) 

where X is determined by the relation (4.9). 

The boundary conditions are 2 ^^: = 0 for a: = 0 and x — n. 
From Vo = 0 follows CJ = 0. Hence, we have 

Vn = O'o sinh Xn = 0 


This equation cannot be satisfied by real values of X, (except X = 0), 
so that we must write Xn = rwi or 


X = 


. rir 
z — 
n 


where r is an integer. 

Then relation (4.9) becomes 

, , „ sin al rx /a 

cos al 3/i ~ — 7 — = cos — (4.11) 

al n 

We obtain the lowest critical value of the buckling load P by 
substituting in Eq. (4.11) the smallest integer r for which [cf. 
Eq. (4.10)] can be made to comply with the boundary conditions 
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dq = 'On = 0. For r = 0 we obtain as the only solution = 0 
for all Xj which means that the column remains straight. For 
r = 1 we have from (4.10) 

»^ = Csin— (4.12) 

n 

It is seen that in this case the column has no vertical tangent 
except at the ends. Therefore, Eq. (4.12) represents a mode of 
buckling connected with horizontal deflection of the ends. If no 
deflection at the ends is allowed, we must put r = 2, and obtain 

v^ = Csin^ (4.13) 

111 this case the truss takes the shape shown in Fig. 4.1. We 
(*alculate this case in detail. We have from (4.9) 

, , _ sin al 2t /a a\ 

cos Oil + 3/a — y— = cos — (4.14) 

Oil ^ 

Equation (4.14) determines the parameter a and the buckling 
load, which is P == a^EI. 

Let us first consider n = 1, f.e., a truss consisting of two col- 
umns without a crossbeam. Then the buckling load is equal to 
the buckling load of a single column of the length I clamped to 

El 

fixed bases at the ends, ^^e., P = 47r^-^- This gives al = 2^ 

which satisfies Eq. (4.14) for n — 1. In the case n = 2, there 

is one crossbeam at the mid-point of the truss. However, since 
the crossbeam is not deformed when the truss buckles, it does 
not influence the magnitude of the buckling load. Since now 

El 

the column acts as a beam of length 2Z, P = or al = tt. 

This value of al, in fact, satisfies Eq. (4.14) for n = 2. 

If n ^ 3, the crossbeams modify the buckling load. Equation 
(4.14) gives the value of al = {PV^/Eiy~ as function of /a and 

El 

n. We write P = Pe /(/a,^) where Pe = Is the so-called 

EuleFs buckling load of one section of a column. In Fig. 4.3 the 
ratio P/Pe = v is plotted as function of the dimensionless ratio 
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PP- 

or with L = nl, PL^/EI = 47r“, as expected, since when ju = 0 
the two columns buckle independently. For = x , i.e., when 
the bending stiffness of the crossbeams is very large, we find 
PP/EI = TT^. In this case every section of the column buckles 
as if it were clamped between horizontal surfaces which could 
move freely in the horizontal direction. This is approximate^ 
correct for high buildings, for example, w^hen the construction 



Fig. 4.3. — Buckling of a truss under axial load. Diagram for the buckling load. 

of the floors is relatively more rigid than the columns. We notice 
that if n — > 00 and I is finite, so that the structure becomes 
infinitely tall, P remains different from zero. This is due to the 
assumption that the two columns buckle identically, which 
excludes the bending proper of the structure as a whole. 

5. Voltage Drop in a Chain of Electric Insulators. — e shall 
insert here an interesting problem of electrical engineering, which 
can be treated very conveniently by means of difference equa- 
tions. The arrangement shown in Fig. 5.1 is called a .string 
insulator. The n — 1 insulators of the chain are connected by 
metallic conductors. The first insulator is grounded by being 
attached to the tower; the last one is connected to the line 
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conductor, which carries an alternating current of frequency co. 
Consider now one of the metallic conductors between two 
insulators. The rate of change of the charge of this conductor 
depends on its capacity with respect to all the other conductors 
and the ground. However, it is sufficient to take into account 
the capacity with respect to the two adjoining conductors and the 
ground. If we denote the voltage of the a;th conductor by V^, 



Fig. 5.1. — String in- 
sulator for an electric 
power-line. 





Fig. 5.2. — Equivalent net- 
work of a string insulator. 


the current between the (x — l)th and the a;th conductor is 
/a, == iboC i{Vs:-i — Vx ) ; between the a:th and {x -f- l)th conductor 
/j+i = iooCiiVx — Fa: 4 -i), and between the a^th conductor and the 
ground where Ci is the capacity between two 

adjoining conductors and C 2 is the capacity of a conductor with 
respect to the ground. We assume that the conductors and 
insulators are all identical. 

The network of capacities corresponding to the chain is 
schematically shown in Fig. 5.2. It is seen from the figure that 
Ja,+i = Is + 4, and, therefore, 


- Fs) - F._i) ^ C 2 FS = 0 (5.1) 

or 

(5.2) 


Equation (5.2) is a homogeneous difference equation of second 
order. We substitute Fx = in Eq. (5.2) and obtain 
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,x(x-i) _ ( 2 + 

or, dividing by 

It follows that 


cosh X = 1 *4“ K7=7" 
ZC 1 


(5.3) 


Vx = Bi cosh \x + Bo sinh Xx (5.4) 

The boundary conditions are Vo — 0 
and Vn = Uj where U is the voltage of 
the line conductor. Hence, Bi == 0 and 
B 2 sinh Xn = U. The distribution of volt- 
age along the chain is, therefore, given by 
the equation 


^sinh Xx 
sinh Xn 


(5.5) 


Equation (5.3) has two roots X and —X, and, therefore, the 
general solution of Eq. (5.2) is 

Vx = 



where X is determined by Eq. (5.3). 
If the capacity with respect to the 
ground, C 2 , is negligible in comparison 


Fig. 5.3. — Distribution 
of potential in a chain of 
power-line insulators. 

with the capacity 


between adjoining conductors, X- ‘0 and Vx — E™ (Eig. 5.3). 

In this case the total drop of voltage is equally distributed 
between the insulators, the drop in each insulator being equal 
to U /n. However, if the ratio C2/C1 is not small and Xn 
is large, the voltage drop per insulator decreases rapidly 
as we go farther away from the line conductor. In Fig. 5.3 the 
ratios Vx/U are plotted for C 2 /C 1 == 0, ^ and 1. Hence, the 
insulators near the line are much more heavily loaded than those 
adjoining the tower. It is also seen that beyond a certain limit 
the increase of the number of insulators is of little use. 

6. Critical Speeds of a Multicylinder Engine. — It is generally 
assumed and fairly well confirmed by experience that the torsional 
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frequencies of the crankshaft of a multicylinder engine can be 
calculated with good approximation by replacing the moving 
system by a massless cylindrical shaft which carries a certain 
number of disks. 

The moments of inertia of the disks are determined in such a 
way that the disks are dynamically equivalent to the masses of 
the cranks and to the masses of the reciprocating parts. 

Let us consider a shaft of constant cross section carrying 
n identical disks spaced at equal intervals of the length I (Fig. 
6.1). The moment of inertia of each disk is denoted by /. 



Flywheel Machine 

Fig. 6.1. — Distribution of the moments of inertia of the rotating parts of a 
multicylinder engine. 


The torsional stiffness of each section of the shaft between two 
disks is determined by the constant c, such that if the relative 
angular displacement of two neighboring disks is equal to 0, 
the torque transmitted by the section is equal to c0. 

Let us denote the angular displacement of the a;th disk by 
Then the equation of motion of this disk is given by 


dt^ 


- 0x) “ c(0. - (6.1) 


Assuming harmonic motion with the amplitude 0a; and with 
an angular frequency co, we substitute 6^ = Ox sin and obtain 

= 0 

or with = 

- (2 - = 0 (0 2 ) 

It is seen from the figure that this difference equation does not 
apply to the first and last disks, but is correct for 2 : = 2, 3, 
‘ , n — 1 and can be solved by the method used in section 5. 
We substitute in Eq. (6.2) 0a; = Then, we obtain 

6“^ — • (2 a^) + 6^ = 0 
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or 

2 

cosh X = 1 — ^ 

There are three cases : 

a. If \a\ < 2, jcosh Xj < 1, and X is a pure imaginary number. 
Substituting X = we have 

cos Ai = 1 - ^ 
or 

a = 2 sin ^ (6.3) 

jU 

The corresponding solution is 

0x = A cos yiX + B sin ixx ♦ (6.4) 

2 

6- If jal > 2, 1 — — is negative and in absolute value larger 

Jj 

than unity. In this case we put X = ft + and obtain 

cosh M cosh iv + sinh p. sinh = 1 — ~ (6.5) 

• A 

As cosh iv = cos v and sinh iv = i sin v, we must have sin v = 0. 
If we choose i/ = 0, we obtain cosh /z = 1 — which is impossi- 
ble, Therefore, we put v = w. Then 

cosh p cos TT = 1 — ~ 

and 

cosh a 4 = ^ — 1 
or 

a = 2 cosh ^ (6.6) 

Then Hence, we 

write the general solution in the form 

0:, = A(--1)-^6’^^ -h 


or 


r -b DC — 1)^ sinh px 


(6.7) 
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c. The limiting case is |q:| = 2. Then Eq. (6.2) becomes 

0a:_l + 20a, + 0a:-}-l = 0 

The two independent solutions of this equation are ( — 1)^ 
and ( — The different types of solutions are shown in 
Fig. 6.2 for a shaft extending from a; = 0 to rr = oo (cf. section 7). 




f 'tN. /f 1 1 1; _ 

dlilK A 


'"r- , 


I r~T'~r- j 

~'t"t r 1 1 


fl ^ 


- r 1 1 

..-r--T"r I f 1 ^ 

M 1 M 1 h 1 ^ 

"--‘--J.’ IT 

\a\ 



Fig. 6.2. — Types of forced oscillations in a system of elastically coupled disks. 

The equation for the first disk becomes [cf. Eq. (6.1)] 

= c(e2 - ei) - k,{e^ - e^) (6.9) 

where 0/ is the angular deflection of the flywheel and ko is the 
elastic constant of the shaft between the first disk and the 
flywheel. For the flywheel we have the equation 

= ;co(0i - 0/) (6.10) 

If we put <i“0l/d^2 = — 0ico^, d-Qf/dt^ = — and eliminate 
0/ between (6.9) and (6.10), we obtain 

- ‘=<®- - ®‘) - - iwf ' 

We shall use the notation -^o = ^ _ (The constant 

Kq is identical with the dynamic spring constant defined in Chap- 
ter IX, section 4.) 
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The significance of Kq is the following : The effect of the flywheel 
on the motion of the first disk is the same as though the disk 
were elastically joined to a fixed base by a spring whose spring 
factor Kq varied with the frequency. If 6; is small, Kq is small 
and negative. If co passes through wo = v"A*o/'To, Kq becomes 
— oo and then jumps to + oc and decreases with increasing value 
of w. If CO is very large, Kq = ko. In this case the flywheel acts 
essentially as a fixed base. The factor Kq is plotted against w in 
Fig. 6.3. 

From Eq. (6.11) it follows that 

02 - (1 - = 0 ( 6 . 12 ) 

The equation for the oscillation of the last disk is determined by 
the coupling of the crankshaft with the machine. Let us assume 



Fig. 6.3. — The dynamic spring constant iCo as function of the frequency. 

that the mechanical characteristics of the machine can also be 
replaced by a dynamic spring constant which we denote by 
iTn+iCco). Then we obtain for the nth disk the equation 

-Qn = 0 (6.13) 


which is analogous to Eq. (6.12). 

Equations (6.12) and (6.13) furnish two relations for the 
determination of the constants of integration occurring in the 
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solutions (6.4) and (6.7). The calculation can be simplified by 
the following procedure: 

We define two quantities Bo and formally by substituting 
in the solution (6.4) [or (6.7)] a: — 0 and a: = n + 1. Using Eq. 
(6.4), we obtain 

00 = A. 

and ■ (6.14) 

Gn+i = A cos fjL^n + 1) -[" J5 sin iJi{7i 4“ 1) 

Then we have 

00 - (2 - a^)ei + 02 = 0 

and (6.15) 

e„„i - (2 - a^)Qn + 0n+l = 0 

Comparing Eqs. (6.15) with Eqs. (6.12) and (6.13), which 
account for the end conditions, we obtain 



(6.16) 


Equations (6.16) may be considered as the boundary conditions 
for .r = 0 and a: = n + L 

Substituting for Bo, Gi, G„, G^+i their expressions from Eqs. 
(6.4) and (6.14), we obtain the following two equations for A 
and B: 

A 1 cos AC j + b(~ - 1^ sin it4 0 

A cos ii{n + 1) + — 1^ cos iin 

+ j"sin fL{n + 1) + — 1^ sin un = 0 

These two linear equations have solutions for A and B different 
from zero if 

sin + 1) + |~ — 2 sin iin 

sin ij.[n — 1) = 0 (6.17) 
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We remember that a. — ~ ^ ^ other hand, 

that Kq and Xn+i are given functions of a?. Hence, Eq. (6.17) 
is an equation determining w, i.e., it is the frequency equation 
of the oscillating system. It can be solved graphically by 
plotting the left side as function of oj. We have used oiih" the 
solution (6.4) which assumes a < 2. To be thorough we should 
also use the solution (6.7) and investigate whether there are 
frequencies for which a > 2. The frequency equation for this 
case is similar to (6.17) and contains hyperbolic functions. 

Let us consider the simple case Kn+i — Kq = Q, i.e., the shaft 
with free ends. Then Eq. (6.17) reads 


sin yin + 1) — 2 sin -L sin ^(n — 1) = 0 
or 

sin /xn(cos ^ — 1) = 0 

If the factor 1 — cos ii — 2 sin- ^ — 0, then w = 0. All the other 
frequencies are obtained from sin fxn = 0, i.e., /t = rx/n, where 

T IT 

r = 1, 2, • • • The corresponding values of a are otr — 2 sin - 

n Zt 

The corresponding frequencies are 





( 6 . 18 ) 


Substituting r = n into (6.18), we obtain ojn == 2\/cJl, How- 
ever, if we calculate the values of 0^ for this case, f.e., the corre- 
sponding mode of oscillation, we find identically 0* = 0 for all 
values of a\ Hence, does not represent the frequency of an 
actual vibration. If we substitute = n + 1, n + 2, . . . the 
values of \o)r\ are repeated. Hence, we have n frequencies includ- 
ing 6) = 0. Moreover, it is seen that o)n = 2\/'cJl is an upper 
limit for the frequencies of the system, no matter how many 
disks there are. The spectni?n of the frequencies of the system is 
shown in Fig. 6.4 for eight disks. The system has 8 degrees of 
freedom; however, one degree of freedom C(^rresponds to the 
rotation of the whole system; this i.s formally verified by the fact 
that CO = 0 satisfies the frequency equation. With an increase in 
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number of the degrees of freedom, the frequencies come closer 
together and especially crowd together near the limiting frequency. 

It is interesting to investigate the behavior of the system 
when n approaches infinity. We can proceed to the limit in two 
different ways. If we keep the total length of the shaft constant 
and increase the number of disks, the frequencies of the torsional 
oscillations of the system will be identical in the limit with the 
oscillations of a shaft with uniform moment of inertia. In this 
case, the frequencies are proportional to the integral numbers 
and there is no upper limit for the frequencies. If we keep the 



Fig. 6.4. — Frequency spectrum of an eight-cylinder in line engine. 

distance between adjoining disks constant and increase the 
number of disks, the number of frequencies increases, but they 
all lie between zero and the upper limit 2\/ c/I. We shall show 
in the next section that this fact greatly influences the type of 
forced oscillations occurring in such a system. 

Before concluding this section let us consider the case in which 
one end of the shaft is free {Kq == 0) and the other end is fixed a 
distance I from the last disk {Kn^i = k). Then from Eq. (6.17) 
we obtain 


c . 
sm 


2r - Itt 


(6.19) 


where r = 1, 2, . . . , n. 

The system considered in Chapter V, section 6, is a special case 
of the above arrangement for which n = 3. Therefore the 
frequencies are equal to 2^/' c/1 multiplied by sin 7r/14, sin 37r/14, 
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and sin 57r/14. These results will be found in agreement with 
the numerical values given on pages 179 and 180. 

It is seen that if a system consists of identical units, the met hod 
of difference equations possesses the great advantage that the 
frequencies and the coefficients of normal modes can be expressed 
by elementary functions. 

7. Waves in a Mechanical Chain. — ^Let us assume that the 
shaft extends indefinitely from x = 0 to x = =c and that the end 
at a: = 0 performs angular oscillations described by 0o = 0 sin oot. 
We assume that all disks oscillate with the frequency" w but 
with unknown amplitudes and phases. Hence, tve write for the 
angular deflection of the a;th disk 

dx = Oz sin coi + cos oot (7.1) 

Substituting the expression (7.1) in Eq. (6.1), we find that both 
0' and ©'' must satisfy Eq. (6.2): — (2 — o:“)0r + 0r-j-i = 0. 

Let us first assume that \a\ <2. Then 0' and 0'' are given by 

0' = A' cos iJLX + sin fjLX 
Q'J = d" cos iJLX + sin fix ^ 

where a = aj\/l/c == 2 sin jLt/2. The end conditions are 0o = 0 
and 00 = 0. Hence, d' = 0 and A" = 0, Avhile B' and JB" 
are undetermined, unless conditions at the other end of a system 
are given. Thus, the general solution of the problem is given by 

dx — 0 cos fix sin cot + B' sin nx sin cot B" sin /jlx cos cot (7.3) 

Let us consider a special case, putting B' = 0 and B'' = — 0, 
then 

dx — 0(cos fjLX sin cot — sin nx cos cot) 

= © sin {oot — fix) (7.4) 

Equation (7.4) represents a pt'ogi'ess^ing wave. If we compare tw’o 

instants t and i we see that 6x{t) — Ox+ii ^ -h — z.c., the* 

CO \ CO/ 

(x + l)th disk has the same angular deflection at tin* time 
t that the rth disk had at the time i. H(*ii<*c‘, the time in 

40 

which a certain angular deflection progn*s.s(*s from disk to disk 
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is equal to ju/w. If we denote by I the distance between adjoining 
disks, the velocity of propagation w is equal to 


• At 


(7.5) 


The wave length is equal to 2Trl/fi. For very long waves, i.e., 
for the limiting case 0, w = l^cjl. The wave velocity 


% jc 
ttV/ 


for 
= 2 . 


decreases if p increases and reaches the value w 

fi = TT. This value corresponds to the limiting case 
For this value of a, the wave length becomes 21, i.e,, the half-wave 
length is equal to the distance between two adjoining disks. 
Therefore, the adjoining disks are oscillating in opposite phase; 
it is seen that in this limiting case the notion of a progressing wave 
becomes confused with that of a standing wave. The limiting 
case can be interpreted either as a standing wave or as a progress- 
ing wave in which the wave reaches the next disk in a time equal 
to the half period. 

Let us now consider laj > 2. According to Eq. (6.7), in this 
case the solution corresponding to Eq. (7.2) is given by 


0' = -h 

B'J = A"(-l)®e^^ + J5"(-l)^e->^^ 

where 

a = 2 cosh ~ 


If we assume that the angular deflection remains finite at infinity, 
we have A' - A" = 0. From the end condition at a: = 0, 
it follows that B' = B and B" = 0. Therefore, we have 

So: = sin cot (7.7) 

It is seen that no progressing wave is possible in the system. We 
obtain a standing wave with two adjoining disks oscillating in 
opposite phase. The amplitude of the oscillation decreases 
exponentially wdth x. 

Hence, wi = 2V c/I is the maximum frequency of torsional 
waves traversing the chain of disks considered. We may call 
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coi the cut-off frequency of the system. We have seen in section 
6 that the same value of co is the upper limit for the free oscillation 
frequencies of the system. Therefore, it appears that no wave 
whose frequency is higher than the upper limit of the free oscilla- 
tions can pass through the chain. The analogous electric device, 
consisting of a network of coils and capacitors, generally used 
in the technique of oscillating circuits, is called a low-pass filter. 

We now modify the mechanical properties of the chain b 3 ' 
inserting identical springs between each disk and a fixed base 
(Fig. 7.1). We assume that the restoring moment exerted by 



each spring is equal to Then the equation of motion for 

the ^th disk is given by 


- e.) - 0 .) -ke,=^ I ^ ( 7 . 8 ) 

Substituting 0^: = ©x sin we obtain 


(7.9) 


k 

Let us write 1 + gc ~ 


2c 


Then Eq. (7.9) becomes 


= 0 (7.10) 

We have already discussed this equation for S 1 and have fouiui 
two types of solutions: one for the case — 1 ^ (3 ^ 1, and another 
for — CO < < —1. There remains the case ^ > 1 to bt' 

discussed. Putting 0 = we obtain cosh X = jS, which gives 
for jS > 0 a real value of X. The corresponding solution is 




(7.11) 
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The condition ^ > 1 means k/c — loo^/c >0 or < k/I, 
whereas < —1 leads to oF- > Hence, = ’y/k/I 

represents a lower limit for solutions of the type 
Qx = A cos jjLX B sin jjlx 

We find that below this lower limit no progressing wave can 
travel through the chain. Now, if k is large in comparison with 
c, i.e., the springs which connect the disks to the fixed base 


/ 

iit. 



■ t 1 

* T 




'////// 


Fig. 7.2. — Mechanical model of a band-pass filter. 

are much stronger than the springs between the disks, the two 

limits 0)1 = \/k/J and ^ come close together. 

Hence, the behavior of such a mechanical system is similar to 



O 


Fig. 7.3. — Frequency spectrum of the mechanical model shown in Fig. 7.2. 

that of a selective filter that allows the passage of progressing 
waves only in a narrow band of frequencies. If the system is used 
as Si filter, coi and 0)2 are the cut-ofi frequencies . 

The character of the oscillation in the range below the lower 
limit wi is given by (7.11). If we exclude the case in which 0 is 
infinite at infinity, we obtain a standing wave; the amplitudes 
of the successive disks decrease exponentially with the distance 
from the end, and all disks oscillate in the same phase. 
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Figure 7.2 shows an arrangement that is mechanically similar 
to the system of disks shown in Fig. 7.1. Ten mass points are 
attached to a string held under tension and are bound to a fixed 
base B by springs. The 10 frequencies are all between the two 
limits 0)1 and co 2 ; as shown in Fig. 7.3. 

The frequencies are given by the equation ? s* ^ sin where r = 

II 24 

1,2... 10- To obtain the tor’s graphically, we draw a hyperbola, whose 
equation is = k/I, where the ordinate y is measured from the line 

AC. The radius of the circle is equal to 2^/ c/I . 

8. Electric -wave Filters. — -Let us consider the network shown 
in Fig. 8.1. Its arrangement is similar to a ladder. One side 
of the ladder, A .6, is a conductor kept at zero potential; the other 
side, CD, consists of a series of identical coils and capacitors in 
series. The rungs represent another series of coils and capacitors. 


C— ][-'TyW5?r — IP 


Tsmipp—If 




Fig. 8.1. — Network diagram of an electric wave filter. 


We denote the voltage of the point where the :rth rung of the 
ladder joins the side CD, by and the three currents meeting 
in Pa, by /i®, / 2 z, where 

+ -fax + Jsx = 0 (8.1) 

The impedance of the combination L\ and Ci is given by 
+ that of the combination C 2 and L 2 by 

’Zt) = “b — 


r '^"-1 r - r - 

Then I\x — ^ ^ ^ ano Izx nr 

Zj\ Z/2 

Substituting these expressions in Eq. (8.1), we obtain the 
following relation between the consecutive voltages Fx-i, F*, 
F.+i; 
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This equation is formally identical with (7.10). The ratio 
is real, because Zi and are pure imaginary numbers. 
Substituting the values of Zi and Z 2 , we have 


0=1 + 


2^2 


- 1 , 1 " (1/C^i) 

' o r._..2 (^ /n>i 


(8.3) 


The solutions of Eq. (7.10) have been discussed in sections 6 and 
7. It was found that progressing waves can pass through the 
system only if — 1<0<1. We distinguish between the 
following cases: 

a. Assume that the network consists of capacitors or of 


C 

coils only. In the first case = 1 + in the second case 


/3 ^ 1 in both cases 0 > 1; and, therefore, no wave 

Z jL'2 

can pass through the system. The device acts as a wave trap. 


L, 

T 




(c^ 


X 


-D 


Fig. 8.2. — (a) Low-pass filter; (6) high-pass filter. 

6. Assume that the line CD contains coils only and the rungs 
of the ladder merely capacitors, as shown in Fig. 8.2a. Then 
A 2 = 0, and Cl = 00 ;0 — 1 — \L\C itN"- . The device lets through 
waves of the frequency co if 0 > — 1. Hence, the device acts as a 
low-pass filter with the cut-off frequency wi = 2 J'\/LiC 2 ^ 

c. Assume that the line BD contains capacitors only and 
the rungs are constructed of coils (Fig. 8.26). Then we must 

substitute Li = 0 and C 2 — ^ and obtain 0=1 — — — -• 

We see that 0 is a large negative quantity for small values of 
CO, that it passes through 0 = — 1 for co| = l/4CiL2, and that it 
converges to 1 if co co . Therefore, the device cuts off the 
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waves of low frequency up to 0)2 = 1/2\/CiL 2. The device is a 
high-pass filter, 

d. If Li and L 2 are not zero, and Ci and are finite, we obtain 
waves between two limiting frequencies wi and 402 , which cor- 
respond to /? = 1 and /3 == — 1. From Eq. (8.3) it follows that 


I 4 . 


4<7x 


and cj 02 = 


VLiC, 


+ 


41/2 

XT 


The device acts 


as a hand-pass filter. If ctJi and W 2 are near together, only a nar- 
row range of frequencies will 


pass through the filter. It is 
seen that this will be the case if 
and jLf 2 /Li, i.e., CiXiaiid 
; are only slightly different. 

Figure 8.3 shows the param- 
eter ^ as function of the fre- 
quency oj for the three cases b, 
c, and d. 

Problems 




Low Pass 



high Pass 


1. The numbers 1, 3, 6, 10, . . . , 
etc., constitute an arithmetic pro- 
gression of second order, i.e., their 
differences of second order are con- 
stant. Find the value of the hun- 
dredth term of the progression by 
setting up and solving the difference 
equation. 

2 . Calculate the frequencies and 8.3.- Diagram'' for the frequency 

normal inodes for the mechanical range of various types of filters, 
systems described in (a) Prob. 10, 

Chapter V; (b) Prob. 13, Chapter V, by the method of difference equations. 

3. Calculate the frequencies and the modes of vibration of a 1 0-story 
building. The mass of the building is equally distributed between the nine 
floors above the ground. The stories have equal rigidities with the e.xcep- 
tion of the first story, which is designed to have half the rigidity of the 
other stories. 

4. Write the difference equation for the horizontal displacement of the 
truss joints in the buckling problem of section 4. bhow that when the 
truss buckles, the joints lie on a sine cur\T. 

6. Consider an infinitely extended string under a tension F. The string 
carries equidistant masses m, which are immersed in a viscous fluid. Diseus.s 
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the nature of the wave propagation, when a harmonic transversal motion is 
imposed on one of the masses. 
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WORDS AND PHRASES 

Words and Phrases is the title of a well-known collection of 
legal terms, especially of the legal interpretation of expressions 
used in everyday life. The words and phrases collected here 
attempt to give the strictly mathematical definitions of some of 
the concepts and operations commonly used by physicists and 
engineers. 

1. God made the integers; all the rest is the work of man — ^L. Kronecker. 

2. Negative integers are introduced so that the equation x a = h always 
has a solution when a and 6 are positive integers. If a > 5, x is a negative 
integer. . 

3. A rational number is a number that can be expressed as the quotient 
of two integers. 

4. We say that a real number a is defined if there is a rule that decides 
whether an arbitrary rational number is smaller or greater than a. For 
example, the rule that any positive rational number is greater than a if 
its square is greater than 2 and any rational number is less than a if its 
square is smaller than 2 defines a positive number a called V 2- fhe 
number defined in this way is not a rational number, it is called an irrational 
number. 

6. Every irrational number can be included in an arbitrarily small interval 
between two rational numbers; e.g., 1.4 < 2 < 1.5, 1.41 < \/ 2 < 1.42, 

1.414 < \/2 < 1.415, etc. 

6. A complex nmnher a -f hi is a number defined by a pair of real numbers 
a and 6 so that a + hi formally obeys the rules of addition and multiplication, 
including the additional rule that = —1. Hence, 

(a "h hi) -j- (c -j- di) = (a -b h) -f- (c + d)i 
{a -h hi){c -f di) = (ac — hd) -{- (ad -f hcM 

a is called the real part, hi the imaginary pari, of the complex number a + U. 

7. A complex number whose real part is zero is called a pure imaginary 
number, 

8. The logarithm of a number to a certain base is the exponent to which 
the base must be raised to produce the number. If the base is 10, the 
logarithm is known as the Briggses logarithm or common logarithm of the 
number. If the base is the irrational number known as e = 2.7182S1S2S 
. . . , the logarithm is known as the Napierian logarithm or natural logarithm 
of the number. 
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9. A sequence of numbers is a set of numbers arranged in a definite order. 
If the number of members of the set is greater than every integer N but 
the members are arranged in order according to a definite rule, the set 
forms an infinite sequence. 

10. If for any given positive number e, however small, an integer v can 

be found such that |a — a«| < e whenever n is greater than v, where a is a 
fixed number and a,, is a member of the sequence ai, 02 , , then 

a is the limit of the sequence as n tends to infinity; f.c., 

a = lim On 

71— > 00 

11. If for every positive integer iV, however large, it is possible to choose 
V such that > N whenever n > v, then tends to infinity. 

12. Irrational numbers can always be expressed as limits of infinite 
.sequences of ratio'nal numbers. 

13. An infinite series Oo + Oi + • * • '-h Ow + On+i + • • • is said to 
be convergent if the sum of the first n terms /Sn = flo + + • • ■ + o,,. 
tends to a limit as n tends to infinity. A series that is not convergent is 
divergent. The necessary and sufficient condition for the convergence of a 
series is the following; For any given positive number e, however small, it is 
possible to take n sufficiently large so that 

[On an+1 +••••+• < € 

for every positive value of p. 

14. If an infinite series is convergent, the limit of the sum of the first n 
terms as n tends to infinity is called the sum of the infinite series: 


lit — lim 

16. A variable y is called a function of the independent variable x if its 
value or values are determined when the value of x is known. This is 
written in the form y — yix) or y = fix). If y has a value for a; = a, it is 
said to be defined for x — a. 

16. If for every value of a; in an interval, y has only one value, y is a 
single-valued function of x in the interval; if y has more than one value for 
each value of a:, it is a multiple-valued function of x. 

17. If for any arbitrary number A, however large, f{x) is greater than N 
whenever x is sufficiently near to a, then fix) is said to tend to infinity as re 
tends to a. This is written /(a;) — >• =0 as a: — > a. 

18. The values of x for which the equation /(a;) = 0 is true are called the 
roots of the equation. Am equation fix) — 0 that is true for arbitrary 
values of x is called an identity. 

19. A polynomial in the variable x is the sum of a finite number of terms 
of the form anX''\ where is a constant called the coefficient of x'^ and n is 
a positive integer or zero. The degree of a polynomial is equal to the greatest 
exponent that occurs. 
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20. An equation of the form f{x} — 0, where f(x) is a polynomial of the 
nth degree, is called an algebraic equation of the nih degree. 

21. An equation /(;c) = 0, where the expression /ix) involves only a finite 
number of algebraic operations on x, i.e., addition, subtract ion, multiplica- 
tion, division, and raising to rational exponents, can always be brought into 
the form g(x) — 0, where g(x) is a polynomial. Hence, / x) = 0 in tins 
case is also called an algebraic equation . 

22. A real number which can be a root of an algebraic equation with real 
coefficients is called an algebraic niimher; a real number that is not algebraic 
is transcendental. 

23. An algebraic equation of nth degree can always be written in the form : 

fix) — an(x — <xi)(x — Oii) • - * (x — an.) = 0 

where on, 0:2, , an are the roots of the equation. A number ak that 

occurs only once in the sequence ai, ao, . . - . is called a shnple root: 
a number that occurs more than once is called a multiple root; if it occurs r 
times, it is called an r-fold root. 


24. An infinite series of the form fix) == ^ where ai, as, , 

n =0 

an, .. . are a sequence of numbers independent of x, is called a power 
series in x. 

26. If the terms of an infinite series are trigonometric functions of x 
multiplied by constant coefficients, the series is called an infinite trigonometric 
series. 

26. If the terms of an infinite series are functions of a variable x and 
Snix) denotes the sum of the first n terms, the series converges to the sum 
Six) for any given value of x if for everj^ given e a value of v can be found 
such that l5(x) — 5„(x)| < e whenever n > v. 

27. If a series converges for every value of x in an interval, it converges 
in the interval. 

28. If for every given e it is possible to choose v independent of x so that 
1^(3.) „ ^„(x)| < e whenever n > v for all values of x in an interval, the 
series converges uniformly to the sum Six) in the interv^al. 

29. A'vsxiablQ y is Si function of several independent variables Xi, X 2, . - . , Xn 
if its value or values are determined when Xi, Xo, . . . , Xn are known and 
xi, X2, . . . , Xn can vary arbitrarily in certain intervals. The function y 
is w^ritten in the form : 

y = 2/(Xi, X2, - • • , Xn) 


or 


y = /(Xi, X2, • • • , Xn) 


30. If fixi, X2, . . - , Xn) is a polynomial of first degree in the variables 
xi, X2, . . ■ , x„, the equation 

/(Xi, X2, • • ‘ 1 Xn) “ aiXl ^ . -f- OnXn b — 0 
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is called a linear equation for xi, x-i, . . . , If b == 0, the equation is 
homogeneous; otherwise it is nonhomogeneous. 

31. The system of n homogeneous linear equations for the n variables 

Xi, Xz, , Xn 

aiiXi -f . . . -f ainXv. = 0 


anlXi -f • • * -h annXn. = 0 

has the unique solution xi = Xz =’ * • =a:n=0if the determinant 

1^11 . 

A == 


is different from zero. 

32. The determinant of the nth order 

. . . ainj 


\ani ... a 

is a symbol for the sum of all products that can be made after the following 
rules : 

a. Every term contains only one element from each row and from each 
column. 

b. If in every product the factors are arranged in ascending order accord- 
ing to the columns from which they are drawn and the number of 
inversions in the sequence of the first subscripts (which designate the 
rows) is even, the term is given a positive sign in the sum. If the 
number of inversions is odd, the term is given a negative sign. 

33. The array of m X n numbers 


2 . • . . ain 


is called a matrix with m rows and n columns. If m =* n, the matrix is 
called a square matrix. The coefficients of n linear equations for n unknowns 
constitute a square matrix. 

34. If there is a number L such that for any given positive number e, 
however small, a number 8 can be found so that \L — f(x)\ < e whenever 
0 < |x — a:o I < 5, it is said that f{x) tends to the limit L SiS x tends to Xo; i.e.. 

L = 


35. If limf(x) = f(xo), thenfCx) is continuous at x = 
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36. If f(x) is not continuous at a: = Xq, but for any given however small, 
a number 5 can be found such that l^f —fix)\ < e whenever x > and 
X — Xo < 5, we say that/(x) te7ids to the limit M from the right and denote 
M by f{xQ + 0). If \N ~/(»| < e whenever x < Xu and xo — x <5, we 
say that N is the limit of f{x) from the left and denote *V by f(xo — Od We 
say that the function f{x) has a finite discontinuity at x = Xo. 

37. The difference /(x Ax) — f{x) is called the difference A/ of the 
function /(x) for the increment Ax of the independent variable x. 

38. If the ratio Af/Ax has a limit as Ax — 0, the function /(x) is said to 
he a differentiable f unction of x, and the limit 


) Ax dx 


= nx) 


is called the derivative of f(x) with respect to x. 

39. If fix) is differentiable, the derivative of f{x) is called the second 
derivative of fix) and is denoted by /''(x) or dff/dx^. Iff' (x) is differentiable, 
its derivative is called the third derivative of /(x), and so on. 

40. If the function fix) is differentiable, its difference A/ is equal to 
A/ = (A + e) Ax, where A is a function of x, independent of Ax, and 
e — )• 0 when Ax — » 0. Then df = A Ax is called the differential of f(x). The 
coefficient A is equal to the derivative of/, viz., fix), and, according to the 
definition of the differential, dx — Ax. Hence, the differential of f(x) can 
be written in the form: 


df — fi^) dx 

41. If /(xi,X 2 ) is a function of the independent variables Xi and xa, then 
Af = /(xi + Axi, Xo -f- Axo) ~ /(xijXo) is called the difference of the function 
fixijxf) for the increments Axi and Axo. If the difference Af is expressible 
in the form Af = Ai Axi + Aa Axo + ep, where p — '\/ (AXi)- (Axo)"-, 
Ai and A 2 are independent of Axi and Ax>, and e 0 when p —> 0, t.€’.,when 
Axi and Ax 2 —> 0; then fixi,xf) is said to be a differentiable function of Xi 
and X 2 . 

42. The principal part of the difference Af, viz., Ai Axi -f- A 2 Axo, is called 
the differential of/ and is denoted by df; this is usually written in the form: 


df = Ai dxi -f Ao dx-y 


since, according to the above definition, Axi = cfxi and Axo = dxo. 

43. If /(xi,X 2 ) is differentiable, it has partial derivatives. The partial 
derivative with respect to Xi is equal to the coefficient Ai; the partial deriva- 
tive with respect to xo is equal to the coefficient A 2 . They are denoted by 
df/dxi and df /dXi, respectively. 

44. All expression of the form Ai dxi -f-Aodxo, where Ai and A 2 are 
differentiable functions of Xi and Xo, is the differential of a function f 1 XuX- 2 > 
if the partial derivatives dAifdx 2 and dA^/dxi are equal and are continuous 
functions of Xi and X 2 . 
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45. The words and phrases defined here for two independent variables 
can be extended to any arbitrary Jinite number of variables. 

46. The function y(,x) defined by a relation of the form F(x,y) = 0 is said 
to be a function defined implicitly by this relation. 

47. If 2 is a differentiable function of x and y, where y is a differentiable 
function of x, the equation 


dz 


j , ds 
dx ■+ —dy 
dx dy 


is again true, and the derivative of z considered as a function of x is 

dz „ ^ 2 ; ^ dz dy 
dx dx dy dx 

48. A differential equation is an equation in which at least one derivative 
occurs. If a partial derivative occurs, it is a partial differential equation. 
If there is only one independent variable, so that no partial derivatives 
occur, it is an ordinary differential equation. 

49. A differential equation in which the highest derivative is the /tth 
derivative is called a differential equation of the nth order. 

60. The indefinite integral of a function f{x) is a function F{x) whose 
derivative is f{x). It is denoted by F{x) = ffix) dx. 

61. The definite integral of a continuous function f{x) between the limits 
a and b is equal to the limit of the sum 

Sn = (xi - a)f{a) + {xt — xi)fixi) - -f- (6 - Xn-i)f{x.n...i) 

where u < xq < 0^-2 < . . . < < b, when the intervals — a, — Xi, 

■ ■ • , 6 — Xn-i tend to zero and the number of subdivisions n tends to 
infinity. The definite integral is written in tlie form: 


iim Sn 

n — ^ X 



dx 


62. If the function has a finite discontinuity (cf. 36) at x — Xo but is 
continuous for a ^ x < Xu and Xi, < x ^ 6, the definite integral 

J ''6 /*xo rb 

fix) dx = I f(x)dx-i-l fix) dx 

a tJxo 

where 

J '^xo /*xo — Ax I f*b 

fix) dx = lim I fix) dx and I fix) dx = 

L, 

Ax' 


and Ax 2 are positive). 
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63. If f{x) tends to infinity when x 
Ax — > 0, then 


h and 


X b~Ax 

fix) dx has a limit as 



Ax 

fix) dx ~ f f(x) dx 


where Ax has been assumed to he positiv^e. Such an integral is called an 
improper integral. 

64* lifix) tends to infinity as x a., where a is a value of x in theinterval 
between a and h, and if the integrals f* dx and f(x) dx 

m)0- */a + AX3 

have limits as Axi 0 and Ax^ — + 0 , w'here Axi and Ax 2 are always positive, 
then the definite integral is defined by 

J '*6 /•« — Axt /•ft 

fix) dx = lim I fix) dx 4 " Hni I fix) dx 


66 . If the integrals involved in 64 have no limits, but their sum has a 
limit when Axi = Ax%, the limit of the sum is called the principal value of 


66. The integral f fix) dx is equal to lim f fix) dx if this limit eocists. 
If the value of |/(a;)a;”l, where w > 1, is smaller than a fixed number for all 
values of x, however large, the integral J* fix) dx has a limit for x — ♦ =« . 

67. The coordinates of a point P are three numbers which determine the 
location of P in three-dimensional Euclidean space. 

68. A rectilinear or Cartesian coordinate system is defined by its origin 
and three directions. The straight lines that are parallel to the three direc- 
tions and pass through the origin are called the coordinate axes. 

69. If xi, X 2 , and xz are the rectilinear coordinates of a point P, the point P 
is located at the end point of a succession of three straight-line segments, 
where the first segment begins at the origin and is parallel to the xi-axis, the 
second to the xa-axis, and the third to the xs-axis, and their lengths arc 
xi, X 2 , and Xs, respectively. 

60. If the axes of a rectilinear coordinate system are perpendicular to 
('ach other, the coordinate system and the coordinates are called rectangular 
Cartesian. 

61. The coordinates of points that lie on a given surface satisfy an equa- 
tion of the form P(xi, Xa, Xz) = 0, which is called the equation of the surface. 
The equation of a surface often can also be written in other forms, such as 
Xz =/(Xi,X 2 ). 

62. A linear equation djXi -j- A 2 X 2 4- .4 3 X 3 4 - A 4 =0, whert‘ An .Us 
A s, and A.i are constants, is the equation of a plane. The e<piatjon of fh<' 
.ri.r 2 plane is, for example, Xz ~ 0 . 
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63. The coordinates of the points that lie on a curve in the XiX-i, plane 
satisfy an equation of the form F{xi,X 2 ) — 0, which is called the equation 
of the curve. The equation of a straight line, for example, is of the form 
ArXi + -42:^2 +4.3 = 0. The equation of a curve can also be written in 
the form rc 2 = f{xx) or in the parametric form Xi = gi{t), X 2 ~ gzii). 

64. The equation of a curve in three-dimensional space is written in 

parametric form: xi = gi{i), Xi = xs = gsit). The equation of a 

straight line, for example, is given by = Ai + Bxt, x^. = +2 + 

Xs = 4.3 + Bst. 



ANSWERS TO PROBLEMS 


Chapter I 


5. 


^ = 2 log — 

y- y 


6. tan”^ - — tan“^ ^ = C 

a a 

or, in the equivalent form, 

y — \/ ax — a'^ — c{a^ + ax — a®) 


\/ ax — a^ 


7 . 


log y h C 

V 


X X 


^ = 2 + 2 


Vs , {VI 


■ tan 


(^logx+c) 


9. j/ = A cos V + B sin + e C cos — p 

Vs Vs/ V Vs 


-{- D sin - 


V 


y == Ae® + Be”® + C cos :r + B sin x 


10 . 


y = Ce"®^“® 4- sin — 1 
y — [x l)'*(e® -f- C) 


11. . _ijL» _i»'„ los 

Q 1 + 2^0/ ^ ^ 1 + 2m! 


\ I ~¥mf 7 


12. 


h. 


I hi h<, 


gives the location of pax&x 


{ hii h2 - hi\ 

P = 6, U cot^a {^log - - 


13. If the slab is pulled: 


F = i + 


/) 


1 - 


by 
V'J . 


k-h-r, 




+y 
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If the slab is pushed: 

/ 


(X 



X , ac ac 


2/ = (A 

3 2 

16 . y = e Ha cos + B sin J “ To 2a; -{- -- sin 2a; 

' 2 2 y lo lo 

16 . y “ cos 2x cosh 5x + sin 3x cosh 4a; 

— i (sin 2a; sinh 5a; + cos 3a; sinh ^ 

17 . cosh* a; = 1?^ cosh 5x + 3^ cosh 3a; + It cosh a; 


Chapter 11 

1 . 3/ =* AJo(kx) -f BYo(kx) 

3. a; = 1,667 

4 . 2/ — Aloikx) + BKoikx) — ~ 


6. 2/ ~ 

This can be written with real coefficients in two equivalent forms: 

2/ = ^ 

and 

Tables for and will be found in Jahnke-Einde, ‘‘Tables 

of Functions/’ 2d ed., page 285, 

6. V = - [AJA2X) + Sr.(2x)] 

X 

__X X ^ 

y = e ^(AeV2 ^ ^2) 

4 

7. y = A cos (log x) B sin (log a;) H — H 

5 5 

9. a = I 

10 . n = 0, y ~ 1; n = 2j y = f(3a:^ — 1); 

n = 4, 2/ = i(35x^ - 30.a;2 + 3). 

n ~ 1, y = a;; n = 3, 2/ = K5a;® — 3a;); 

n = 5, 2/ = i(63a;* - TOa;^ -f 15a;), 
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Chapter III 

1 . a) Both Ml and M 2 rise with the speed of | ft. ^sec. 

b) Ml rises with f ft. /sec.; 3/2 with | ft., sec. 

c) Ml rises with 3- ft. /sec.; with f ft., sec. 

2. The amplitude is 0.182 in. The required counterweight is 2.44 lb. 


The remaining amplitude is 1\ 1 

107 4- i 

3. The beam turns through the angle 

I 4r^ _ IS , 


0.0036 in. 


'\4r- +4r<‘ 


2\/i- + r! 


where = I /m; I is the moment of inertia of the beam with respect to the 
center of the circle, m is the mass of the dog. If t = 0, v? — 2 sin“^ 

2r 

i.e., the point B reaches the initial position of *4. 

4. 0 = 0 or cos 6 = g/l^^ hence 6 can be different from zero when 
^2 > g/l. 

6. (I 4“ sin® 0)G =* /f2o 


-(/ 4- mP sin® d) 12® 4- 
For small values of 6 : 




cos 9) = -n; + -vl 


-mZ®l — - I -f -rrrdig — — const. 

j£ \ctt J Jd 

If S2o < g/l the mass oscillates around the vertical position 0 — 0. 

If 12o > g/lj the mass oscillates around a mean value of 0, different from zero. 

6 . The gyroscopic pitching moment of the two-bladed propeller in foot- 
pounds, is 1700 cos^ /3, where /3 is the angle of rotation of the propeller blade 
measured from the vertical. 

7 . For 6 — 30°, the two speeds of precessions are 167 r.p.m. and 33.6 
r.p.m. For 6 = 90% 28.2 r.p.m. and infinite. 

8. The path of the C.G. is ah ellipse. There is one stable and one unstable 
equilibrium position. 

10. T174 

11 . The pendulum is in stable equilibrium position at 0 = 0 if O® < ^ 1. 

12. Unstable for f2® > g/l. 

13 . The pressure in pounds per square foot is p = 200 tanh® 1/14.4), 
where t is the time in seconds. 


14. I {mi 4- ^2)r® sin® d 4- U- cos® 04-/3 ^4- 


4- i Wi 4" WI2 


r®0® sin 0 cos 0 = v^S sin 0 
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16. 


m x-\~ mW cos d — ml$^ sin 6 = —kx 
mxl cos e + — — mgl sin 9 


For small values of 6: 




16. Two unstable equilibrium positions on the circle, whose diameter is 
= I when mgl /2k > 1. One stable and one unstable equilibrium posi- 
tions on the vertical through the midpoint of AB when mgl /2k < 1. 


?) 


Chapter IV 

1. -log (^1 + 

2. 4.53 sec. 

3. 18,130 slug ft.2; the radius of gyration is 5.5 ft. 

4. 81 lb. 

6. Exact value: 7.4164 ■%/ 1 /mgr', approximation: 7.26 ^s/l /mgr. 

6. The velocity varies between — “\/^ and time of one 

V3 V3 


revolution is 
1 


\ 2 / 


■ Vi +c 

8. iF{i) 


Vi + ' 






10 . 

11 . e = r 

12. The frequency of the motion is where the distance between 

27r \ L 


the pulleys is 21. 

13. Yes, when/J^ < (/c — when > (/c — mco^y/oj‘^. 

Fo 


14. a: 


m[{cJl — 4- 4a)->y-] 


(wo — w2)^si 


sin o)t 


sin /xt 


g-Xt^C 


— 2w\ cos oit -h 2wXe cos jjlI — sin fj.t 




Vf { Q^\ 

16. ho h = —■ log cosh I “ where v) — 


g 

5,000 ft. 


mg 
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17 . X « 4,830 ft. 

18 . Approximately equal to the half period of a mathematical pendulum 

whose length is equal to the radius of the earth, i.e., 42.5 min., == S90 

m.p.h. 

19 . Nodal point; all integral curv'es are tangent to the straight line 
X + y = 0. 

20. Saddle point; the approximate equations of the two integral curves 
passing through the singular point are 

± l)(a: - 3) ? 2(1/ - 2) = 0 

21. The differential equation is 

1 •_ 

dh _ 2tx gh^ 

dx ^ ^ 0^ 

gh^ 

Complete discussion of the solution can be found in H. Rouse, “Fluid 
Mechanics for Hydraulic Engineers,^' McGraw-Hill Book Company, Inc. 
New York, 1938, pp. 290-294. 


Chapter V 

1. = (3 ± 's/ 5)^; tan 20 = 2 (cf. p. 185). 

2. X = +• C sin (a>« 4- f) 

y 3.302(Ae>^* -f Be~^^) -}- 0.3025Csin {o>t -|- 

where X = 1.614 9 , 0 ^ = 2.123'\/p; A, By C and 4^ are arbitrar3% 

3. wi == 47.7/sec.; coo = 137/sec.; 0 *= 90° 

4 . Frequency of vertical translation o>i = 4.90'\/^5 frequency of rotation 
about the vertical axis coa == 13.8V^; frequencies of the coupled oscillations 
consisting of horizontal translation and rotation in the vertical plane parallel 
to the direction of translation (oz = 3.55 “x/g and a>4 ~ 13.5 ig iii f^et 
per second per second). 

6. (a) k < 72.5 lb. /in. 

(6) Vertical amplitude at pump side, 0.00710 in.; at motorside, 0.01332 
in,; horizontal amplitude, 0.00779 in. 

6. (a) 0)1 = 11.7/sec., 0^2 = 15.7/sec. 

= 1.00:2.57, = 1.00: - 0.392 

(6) qi = —0.180 cos 2S.6f in. 

q 2 — —0.442 cos 28. in. 

7. (a) o>i = 11.9/sec., 03-2 — 50.4/sec., wa = 84.6/see. 

= 1.00:1.140:0.967 
- 1.00: -0.286: -1.07 
Ai®^:Al®hAi*> - 1.00: -1.42:2.96 
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,r 1-30 0.525 1.00 

1.85 , 0. 187 , 1.59 

2590 - u® 

0.83 0.416 1.94 

.125 - 0)2 2590 - 0)2 7160 - o)*. 

(6) The resulting moment of X and R with respect to the center of 
gravity vanishes if the condition (a) is satisfied. 


9. T — 0.76 sec. 


10. 

0)1 = 0.535\^c/I 






9S«:9^‘>:9^«:9i”: 

9 '/’ 

* 1.00:0.713; 

: 0.235: 

-0.337: -0.806 

11. 

cos = l.S9\/c/7, M 4 

= 1 

.57\/^ 






« 1: -2.564 

:3.010: 

-2.147:0.350 



:9's« 

« 1: -1.45: 

-0.33: 

1.61: -0.41 


12. Assuming gs = 0; w = 0.288 v7^; 

= 1:0.916:0.756:0.534 
The exact solution is co = 0. 350\/^7?; 

qi-.q-i-qz-.qi-qt, = 1:0.877:0.647:0.336: -0.368 

13 . For rigid coimeotion o) = 0.347 5/7 ; for free wheeling w = 
0.765'v/ c/I, where c = C /I. 

14. 0)3 = 3.36Vr/M, = 1: -3.646:2 

9<2);g(2> o= 1:0:-1 

= 1:1.646:2 

where c is the shearing rigidity and M is the mass of the building. 

. / 0.648 , 0.333 , 0.018 

4 - M ' 11.29 - 
0.065 

0.333 , 0.036 \ 

\0.708 - fjL 4 - M 11.29 - tij 

where pc == Mo>^/c, 

16. xi ^ 1.0, 0:2 == 0.667, 2:3 = 0.736, 2:4 = 0.738 

17 . The exact values of the roots are —3, —1, 2, and 4. 


Qi ■ 


■ pcrco sin cct 


708 - fA 
1.064 




/ 1.295 


(6) 91 = 1- 


8. (a) 
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Chapter VI 

1. The characteristic equation for the oscillations of the center of gravity 
of the shaft is + 2X^kmcosd •+ A’- = 0 {?n — mass of the shaft ') 

Hence \ has a positive real part except when cos 5 = 1. 

„ P^/y 


4. 2492 lb. sec. /in. 

6. The system is stable if either fci > mg /2l and > mg/2loiki < mg 121, 
2 < mg /2l, and 


H > 





kiia"^ 


— kzza’^){C ~ moment of inertia of the propeller). 


7. AB = C^<p + WghB; lip = -00^4- 11% The stability criterion is 

CQ > -s/AWcS + VlWgh 

8 . C1C2 > 0 ; l^hfm > C1C2 

9. = 0.81114; :t2 « 4.64663; X 3.4 = 1-771115 ± 1.939435f 

10. Xi — 1, X 2 ,z “ 1 ± 0 : 4.5 — 2 ± i 


2. M = 


385 poZ" , 

J°V2 


Chapter VII 

31, 




e sin — jux 

0 V2 


3. For X ^ gix, $) = 


Px^ 

EIP 


I’i - - ^(si - om - X) 

3 o 


f® 


x)m - 0 


4 . If ^ < Z/2, the maximum moment occurs when the wheels are located 


at a; == ^ and a: = $ + a; it is equal to P^ 




If $ > -» the 

maximum moment occurs when the wheels are at x — $ — a and x = ^; 
it is equal to P {I — 


6. wix) 


_ A - -Y* 

“ 3 W 6P L\ 0 


+ 


3a: 

2/ 


; cr is the maximum bending 


stress; I is the length and h the width of the beam. 
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7. 10 « 0.00278Z; h = -0.0461i? 

8. The frequency equation for the hinged beam is 

2k 

coth — cot iSZ — 

EI0^ 

For the clamped beam it is 

k 

sech /3Z sec j8Z + 1 = (tanh pi — tan pi) 

where p^ = poi^/EI. When A; — > 0, coth pi = cot pi in the case of the 
hinged beam and cosh pi cos jSZ -f- 1 — 0 in that of the clamped beam. 
When ^ » oo , tan pi — 0 in the case of the hinged beam and tanh pi = tan pi 

in the case of the clamped beam. 

9. The equation for the critical speed ta is 

Co>^ 

sech pi sec /3Z + 1 + — (tan pi — tanh pl) — — - (tan pi -1- tanh pi) 
EIp^ EIp 

~ == ^ 

where p^ = poi^/EI. If the mass of the shaft is negligible (p 0), P is 
small and we have in first approximation 


1 + 


SEI 


El 


10. The lowest critical speed is given by the smallest root of the equation ; 


tanh h tan ; — = 0 

2 2 k 


where j 


12. The frequency equation is 

1 “b sech pl sec pl + ^pl (tanh pl — tan pl) = 0 
where p‘^ — pca^/EI. 


14. 


cosh 


( b ) 6 > = ^0 + (^1 ■ ^ o )‘ 


H = \/ kta{ei — 0o) tanh .. —1 
\ kt 

< 4 ^) 

Ioi2\/oiykto) 

TT /Ti — / Ii(2l\/'a/JU) 

H = \/ kta{di — do) 7 = - - 

Io(2l'\/ a/kt) 


15. 25,700 B.t.u./sq. ft. hr. 
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where 7 = » ^ 

V 2 C 2 



1 

ViCi 




length. 


19. o; = 4.599 


1 IeIo 


density of the material, JLo — area, /o 


moment of inertia of the root section. 

Chapter VIII 

1. an — 0 if n is even; an = 4/nx if w is odd. 

00 

2 . Mmax - ^ / 


n-1 

2 El 

— Pe = TT is the total weight 


of the beam. 


4. Mmax 


?1 

^ Jo r + 

3r2 5r4 , 175r6 

_i_ — — l- -4“ 

32^2 ^ 128Z^ 8192Z6 


+ 


15H 


35r« 


35re 


+ ' 



cos 40 


7. ?[f = sin 7 = specific weight of water, 

4 48/4 I 


height of the tank, 

8 . Both ends hinged : 

57 


M = k.ylA 1 


)( 


3.080 sin y - 0.7100 sin ^ + 0.3492 sin -- 
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— 0.171 cos - 


-f 0.073 cos 


Clamped at the bottom : 

M = 1 - )l 0.159 cos 

864 V 

k [W 

l^\pA. 

power series, k — 4.654; by three terms, k ~ 4.599 (cf. Prob. 19, Chap. VII}. 

Chapter IX 


9. w = approximation of the deflection curve by two terms of a 

pAo 


eJ 1 \ 

l, I = -i.1 - oos cof + - cos 3&>< ) 
L(j> \ 9 / 

/ — £7oCa>(coS 0 )t — cos 3c*)0 


E , „ (0.2128 -f 92.73t) - (968.1 - U7bi)y 

2. 7 = — where Z = — 

Z ( 7 . 

Hence I is of the form where a =» Oi -f- 6 = &i 

c dy 

d = di 4- idz. Putting I = /i + i/a, 

Cili — Cilt -{- {d\I\ — da/ 2)7 =* <3i 4" hiT 
C 2/1 4" C 1/2 4" (da/i 4* dil{)y == 02 4" hay 
Eliminating 7, we have 

{cidi — ctdi){I\ 4“ l\) — (cib2 — c^bi 4" OJida — cudOli 

4" (.c^bz 4" Cihi — ciidi — cLzdz)!! 4" ciiba — o>A>i — 0 
which is the equation of a circle. 


3. 0 - 


ikTo sin <d 


Mo sin ^id 


00, if o) — > Vo/I, 






4 K IpKIy^ + 2e) [/y^ + c)(/p^ + 2c) + c/p^| 

Ip-(Ip^ 4- c){Ip^ 4- 3c) 4- clp^ilp^ 4* 2c) c^{Ip^ 4- c) 
The frequency equation is 

= 0 


6. The impedance of the network on the left. 


(Li 4- /^2)p^ 4- — 
02 


1 

C,Cz 
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and the impedance of the network on the right, 

V 11 

(L3 -h + TT + TT 

o 3 O 4 

are equal if the conditions given in the problem are satisfied. 

6. (a) I — 46.8 amp. 

(6) I - 194 amp. 

7. The impedance is 


R A- LpA- 


Cp 


It is equal to 2? if L/CR = R. 


1 and 2. 


Chapter X 


^ sm <pe ^ -h sin - 

I — ===== ; tan ^ 

VLW 4- i?2 

3. The maximum torque in the shaft k 


where a»o = \ c is the spring constant of the shaft. 

\ i 1 i 

driving torque is suddenly applied 


Mxr 


2Mo~ 


-e -2— (l-« 

to to 

T~, t — 2to 


6. In the interval nto < i < (n + 

(n-hl)to-t 

RC 


to \ 


U 

1 + 

The last term represents the transient current. 


If the 
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6. In the interval nto < t < (?^ + l)io 

- to) -f 2{t - 2to)l{t - 2to) . . . ] 


Rto 


Eo L 

j g // 

R toR 


Bid 

I +e^ 

The last term is the transient current. 


With the notations of section 14, Chap. X. 

8. J « J5i 


?i^cos <p + “ sin + B 2 ^cos <p -j- ~ sin 99 ^ 


- 1 - 

With the notations of section 14, Chap. X. 

9 . For Q < t < T the pressure on the cam is given operationally by 

iv^ 4 - o>g)(p 2 + 0 ) 2 ) 

fk 


where wo 




-h k 


CtJ COn 

F = P +- aki~ -i 


6)1 ~ 
- cof 


2ir 

, o) = 

m T 


22 2 

6)0 Wo 


(1 — cos mi) H" dk 


"1 


-(1 — cos Oil) 


ki P 

F is always positive if H — - 


m P + 2a^i 

off the cam. The displacement of the valve is 

P -P 


6)0 — 

and the roller cannot jump 


10 . The acceleration of the last car due to a unit braking force is opera- 
tionally 

1 i^P+k)^ 

m {mp^ + A- k) {mp^ -f S^p ff- ^k) 

For jS = 2'\/ km this acceleration is 
_7000 ' 
m 
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Pi = 



-(3 - V6)yJL p. 


“i3 4- 


For /3 = f 

7000 1 _ 

a = — cos Q' 2 t 

m 




11 . 


I = 


PE 


akLipx — Pi) 

R 




// - — 
^\2LI LCo 

« ^ 
2L V \2L J LCo 


kLa^ 


Chapter XI 


1. 5050 

2. (a) CO 


= 2 ^sm^, 


2k 


{p%^ = const, cos ^ — pt 

where sin 4 m = 2 sin 5 m- 
2k - 1 


Pk 


“Mr 


9m C 7m ^ 

where cos — = 7 cos — or m “ 9. 

2 c + k 2 

ri^ , p ( \ 19 — 2A; 

3, CO = 2-. / — sin -» = const, cos r m 

ym 2 

where cos = 2 cos w = mass of one floor, c « coefficient of shearing 
2 2 

rigidity, and k = number of a floor above ground. 

sin €xl 


4. Wa: + 3 


-( 


1+2 cos Oil + 6 m 


Oil 


0 


(U?x +2 — 


0. The 


general solution of this equation is Wx = A -{• B sin Xx + C cos Xx, where 


^ = ( 

2 \ 


1+2 cos ccZ + 6 m ' 


sin od\ . X 
I sin - 

at J 2 




provided these equations can be satisfied by real values of p and q. I ~ dis- 
tance between masses, ^ — damping factor and w = angular frequency of the 
harmonic motion. 
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A 

Adams’ method, 14-19 
Aerodynamic forces on airplane, 
143-145, 222-224, 249-251 
Affine transformation, 156 
Aileron, dynamic balance of, 228 
effect of, 223 
static balance of, 227 
Air resistance, of bombs, 160 
motion of particle with, 139-143 
Airplane, aerodynamic forces on, 
143-145, 222-224, 249-251 
damping parameter of, 252, 255 
drag of, 144, 249-250 
dynamic stability of, 249-255 
equations of naotion of, 143-145 
ffight path of, 145-150 
lift of, 144, 250 

longitudinal stability of, 249-255 
moment of aerodynamic forces 
on, 144, 223-224, 249-251 
phugoid motion of, 145-150, 253 
small oscillations of, 250-255 
stability parameter of, 252-255 
static stability of, 252-255 
wing flutter of, 220-228 
Airplane wing, axial and lateral 
load acting on, 306-309 
Algebraic equations, 471 
biquadratic, 225-227, 242 
complex roots of, 246-249 
cubic, stability conditions for, 
242-243 

factorization of, 247-248 
Graeffe’s method for, 194-196 
iteration method for, 193-194 
Newton’s method for, 192-193 
quartic, stability conditions for, 
244-246 

real roots of, 191-192 
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Algebraic equations, roots of, 471 
solution of, 191-196 
squaring roots of, 194-196 
test function for, 244-247 
Algebraic number, 471 
Algebraic operations, 471 
Alternating current, vectorial rep- 
resentation of, 369-370 
Alternating voltage, suddenly :ii>- 
plied to elec trie network, 433- 
434 

Amplitude, distribution of harmonic 
components, 390-397 
of elliptic integral of the first 
kind, 121, 125 

of harmonic vibration, of strings 
and beams, 283 

of principal oscillations, 177, 190, 
191 

of simple harmonic motion, 115, 
134 

Analogy of electrical and mechanical 
systems, 228-233, 372-374 
Analyzer, differential, 19 
Angular frequency of simple har- 
monic motion, 115 
Angular velocity, 74 
Apparent mass, 222 
Argument of vector, 367 
Arithmetic progression, 439 
Associated homogeneous differential 
equation, 33, 35-37 
Asymptotic approximation for Bes- 
sel functions, 51-54, 58^59, 62 
Axial thrust, 268 

B 

Ballistic problem, 139-143 
Band-pass filter, 463—467 
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Beams, 267-309 
bending of, 267-270 
cantilever, vibration of, 288-290 
carrying mass, vibration of, 290— 
294 

clamped support of, 269 
curvature of, 268-269 
deflection of, 271 

elastically supported, bending of, 
271-273 

buckling of, 304-306 
solution by Fourier series, 323- 
325, 340-343 
flexural rigidity of, 269 
forced vibration of, 347-352 
free end of, 269 
binged, support of, 269 
vibration of, 286-288 
of infinite span, solution by 
Fourier integral, 343-347 
torsional rigidity of, 270 
vibration of, 286-295 
Beats, 136, 170 
Bending, of beams, 267-270 
Bending moment, 268 

graphical representation of, for 
combined loading, 309 
by string polygon, 263 
Bessel functions, 47-68 

of first kind of arbitrary order, 

57- 58 

of first kind of zero order, 49 

of half an odd integer order, 60-61 

of higher order, 55-56 

of imaginary argument, 63 

modified, 61-62 

of negative order, 58 

of second kind of arbitrary order, 

58- 59 

of second kind, Weber's form, 
58, 63-64 

of second kind of zero order, 50 
special properties of, 60-61 
standard forms of, 56-59 
table of symbols, 64 
of third kind of arbitrary order, 59 
of third kind of zero order, 54 
of zero order, 47-54 


Bessel functions, of zero order, 
asymptotic approximations, 
52-54 

semi-convergent series, for, 54 
Bessel's differential equation, 47 
equivalent forms of, 64-68 
of zero order, 47-54 
Binomial coefficients, 438 
Biquadratic algebraic equation, 225- 
227, 242 

Bombs, air resistance of, 160 
Borehs theorem, 430-433 
Boundary conditions, 22 

for clamped support of beams, 
269 

for difference equations, 443-445, 
458 

of differential equations, 259-260 
for free end of beams, 269 
for hinged support of beams, 269 
homogeneous, 310 
nonhomogeneous, 310 
Boundary problems, 309—313 
homogeneous, 310 
nonhomogeneous, 310 
Briggs's logarithm, 469 
Bromwich's integral, 405-407 
Buckling, of columns, 295-304 
under own weight, 301, 304 
Euler's formula for, 299 
of lattice truss, 445-451 
modes of, 297 

of tapered columns, 299—301 
of uniform columns, 295-299 
Buckling loads, determination of, 
by energy method, 358-359 
identified with characteristic 
values, 311 


Cable tension, of suspension bridge, 
278, 281-283 

Cantilever beam, forced vibration 
of, 294-295 

free vibration of, 288-290 
Capacitor, 229 

impedance of, 370, 374 
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Capacity of condenser, 229 
Carson^s integral equation, 407-409 
Cartesian coordinates, defined, 475 
Catenary, 9—10 

Center of gravity (mass center), 
78-80 

Center of percussion, 207 
Central force, 77 
Centrifugal force, 82, 101 
Chain, of electrical insulators, 451— 
453 

mechanical, 461-464 
Characteristic equation, of coupled 
system, 374 

of linear differential equations, 
24, 31, 38, 41 
multiple roots of, 38—39 
Characteristic exponents of coupled 
system, 374 

Characteristic values, applied, to 
buckling, 311 
to critical speeds, 311-314 
to free vibrations, 311-314 
determination of, by energy 
method, 352-359 
by iteration method, 313—317 
of differential equations, 260 
of homogeneous differential equa- 
tions, 311—317 
Circular functions, 28 
inverse, 120 
Circular integrals, 120 
Clamped support of beams, 269 
Coefficient of friction, 95 
Coefficients, of capacitance, 232 
inductance, 232 
of normal modes, 177-180 
Coil, electric, 229 

impedance of, 370-374 
Column, buckling of, 295-304 
under own weight, 301-304 
critical load of, 297 
neutral equilibrium of, 297 
stability of, 297-299 
tapered, buckling of, 299—301 
uniform, buckling of, 295-299 
Column matrix, 199 


Combined loading, of airplane wing, 
306-309 

graphical representation of bend- 
ing moment of, 309 
Common logarithm, 469 
Complex exponentials, 25, 366 
Complex form of Fourier integral 
theorem, 390 

Complex Fourier coefficient formula, 
385 

Complex Fourier series, 3S4-3S5, 389 
Complex number, 469 
imaginary part of, 469 
real part of, 469 

Complex quantities, vectorial rep- 
resentation of, 366—370 
Complex roots, of algebraic equa- 
tions, 246—249 

extension of Newton’s method to, 
248-249 

Condenser, capacity of, 229 
Condenser microphone, 256, 436 
Conserx'ative forces, 90—91 
Conservative systems, 162-166 
with dynamic coupling, 204—210 
Constraints, geometrical, 94—97 
Continued fraction, 376 
Continuous beams, difference equa- 
tions applied to, 442-445 
three-moment equation for, 442- 
443 

Continuous function, 472 
Continuous spectrum of harmonic 
components, 392 

Convergence, of Fourier series, Di- 
richlet’s condition for, 334 
of infinite series, 470—471 
uniform, of infinite series, 471 
Cooling fin, 321 

Coordinates, Cartesian, defined, 475 
generalized, 101 

normal, of mechanical systems, 
183-186 
polar, 105 

rectangular, defined, 475 
rectilinear, defined, 475 
transformation of, 1S4-1S6 
Coriolis force, 82, 220 
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Coupled masses, oscillation of, 166— 
170 

Coupled systems, 162—255, 370-378 
characteristic equation of, 374 
exponents of, 374 
frequency equation of, 171, 208 
Coupling, dynamic, 166, 204-210 
static, 165-166 

Crankshaft, frequency equation for, 
458-461 

oscillations of, 454-~461 
Critical damping, 132 
Critical factor, 132 
Critical load, of column, 297 
Critical speed, identified with char- 
acteristic values, 311-314 
of multicylinder engine, 453-461 
of rotating shaft, 286, 290 

determination of, by energy 
method, 354-^357 
by iteration method, 313—314 
Cubic algebraic equations, stability 
conditions for, 242-244 
CucFature of beams, 268 
Cut-off frequency of wave filters, 
463-467 

D 

D^Alembert^s principle, 98-101 
Damped oscillations, 131-132 
systems, 130-132 
Damper, vibration, 233-237 
Damping, 218-220, 229 
critical, 132 
factor, 130-132 
critical, 132 
forces, 218-220 

parameter of airplane, 252, 255 
Dash pot, 130, 230 
impedance of, 373-374 
Decrement, logarithmic, 132 
Definite integral, defined, 474 
Deflection, of beams, 271 
of strings, 260—267 
Derivative, of function, 473 
partial, of func‘tion, 473 
Determinant, 472 


Difference, of function, 473 
principal part of, 473 
of order n, 438 

Difference equations, 437-468 
applied, to buckling of truss, 
445-451 

to continuous beams, 442-445 
to critical speeds of multi- 
cylinder engine, 453-461 
to electric wave filters, 465-467 
to voltage drop in chain of 
insulators, 451-453 
to waves in mechanical chain, 
461-465 

boundary conditions for, 443-445, 
458 

linear, theory of, 439-442 
Differentiable function, 473 
Differential, of function, 473 
perfect, 91 

Differential analyzer, 19 
Differential equation, associated 
homogeneous, 33, 35—37 
Bessel’s, 47 

of zero order, 47-54 
boundary conditions of, 259—260 
characteristic values of, 260 
first integral of, 21-22, 113 
of first order, 6-14 
of higher order, 19-22 
homogeneous, 10, 259-260 

characteristic values of, 31 1-317 
linear, of first order, 11-13, 22-24 
general theorems, 35-37 
of higher order, 37-40 
homogeneous, 23, 35-37 
nonhomoge neons, 33, 35-37 
oscillatory solutions of, 31 1—313 
of second order, 21-22, 24-26, 
31-34 

self-adjoint, 312—313 
system of, 41-42 
nonhomogeneous, 259—260 
numerical solution of, 14-19 
ordinary, defined, 474. 
partial, defined, 474 
singular ])oints of, 148-157 
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Differential equation, solution, gen- 
eral, 3, 9, 20, 24, 32-33, 35^42 
particular, 3, 13-14, 33-42 
singular, 13-14 

Dirichlet^s, condition for conver- 
gence of Fourier series, 334 
integral, 395 

Discontinuity, finite, of function, 
473 

Displacements, virtual, 94-98 
Dissipation function, 218-219 
of electric networks, 232-233 
Dissipative systems, Lagrange’s 
equation for, 220, 232 
Divergence, torsional, 223 
Divergent infinite series, 470 
Double pendulum, 204-207 
Drag of airplane, 144, 250 
Driving point impedance, 371-372 
Duhamers integral, 403—405 
Dynamic balance, of aileron, 228 
Dynamic coupling, 166 
Dynamic spring constant, 376-378 
of flywheel, 456-457 
Dynamic stability, of airplane, 252- 
255 

Dynamically coupled systems, 204- 
210 

frequency equation of, 208 

E 

Elastic axis of airplane wing, 221 
Elastic foundation, beams on, 271- 
273 

modulus of, 271 

Elastic mounting of airplane engine, 
212 

Elastic restoring force, 114 
Elastic systems, influence coefficient 
of, 190-191 

reciprocity theorem of, 191 
Elastically supported beam, buck- 
ling of, 304-306 

Elastically supported strings, 266- 
267 

Electric circuits, electromagnetic 
coupling of, 372 


Electric circuits, i!!qM*darM‘e of, 37<5- 
371 

oscillations of, 369 
Electric coil, 229 

impedance of, 370, 374 
Electric current, vectorial repre- 
sentation of, 369—370 
Electric insulators, voltage drop of, 
451-453 

Electric machines, equivalent net- 
work of, 372, 3S6 
load diagram of, 370 
Electric networks, dissipation func- 
tion of, 232-233 
equivalent, 229-232 

of electric wave filter, 465-466 
of string insulator, 452 
impedance of, 370-372, 375-376 
ladder type, 376-378 
Lagrange’s equations for, 232—233 
response of, to suddenly applied 
alternating voltage, 433—434 
to suddenly applied voltage, 
420-423 ' 

Electric transformer, equivalent net- 
work of, 372, 386 
Electric wave filter, 463-467 
Electrical-mechanical analogy, 228^- 
233, 372-374 

Electromagnetic coupling, of elect riir 
circuits, 372 
perfect, 372 

Electromotive force, 229-231 

vectorial representation of, 369— 
370 

Electrostatic energy, 232 
Elliptic functions, Jacobi’s, 125-126 
Elliptic integrals, 1 18-130 
of first kind, IIS, 120-126 
complete, 126 

Legendre’s standard form of, 121 
standard form of, 123-125 
of second kind, 128-129 
complete, 128 
of third kind, 129 
Energy, electrostatic, 232 
kinetic, 90 

of rigid body, 93-94 
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Energy, law of conservation of, 91, 93 
magnetic, 232 
method, 352-362 
potential, 90 
wandering of, 170 

Envelope of family of curves, 13-14 
Equilibrium, stability of, 97—98, 164 
of systems, 95-98 
Equivalent network, 229-232 
of electric machine, 372, 386 
of transformer, 372, 386 
Equation, of curve, 475 
of plane, 475 
of straight line, 476 
of surface, 475 

Equations of motion, aerial bomb, 
140-143 

airplane, 143-145 
Lagrange’s, 101-106 
rigid body, 82-85 
single mass point, 74-77 
system of mass points, 77-82 
Euler’s equation for motion of rigid 
body, 85 

Euler’s formula for buckling, 299 
Expansion of operators in partial 
fractions, 417—420 

Expansion theorems of operational 
calculus, 416-420 

Exponential functions, with imagi- 
nary exponent, 25—26 
External forces, 77-78 


Factor, damping, 132 
critical, 132 
integrating, 12 

resonance, 134, 190, 349, 351 
Factorial function, 57 
Factorization of algebraic equations, 
247-248 

Finite differences, calculus of, 437- 
439 

First integral of differential equa- 
tions, 21-22, 113 
Flexural rigidity, of beams, 269 
principal, 270 


Flight path of airplane, 145-150 
Flutter of airplane wings, 220-228 
Flywheel, dynamic spring constant 
of, 456-459 
Force, central, 77 
centrifugal, 82, 101 
conservative, 90-91 
Coriolis, 82, 220 
damping, 218-220 
diagram, 263 
elastic restoring, 114, 130 
external, 77—78 
generalized, 102-103 
gyroscopic, 220 
inertia, 98 
internal, 77-78 
nonconservative, 91 
normal components of, 189 
periodic, motion of particle under, 
132-139 

restoring, 164-165 
shear, 268 

suddenly applied to mechanical 
system, 423-430 

Force-displacement impedance, 374 
Force-velocity, impedance, 374 
Forced oscillations, 133-139 186- 
191 

of beams, 347^352 
cantilever, 294-295 
damped, 137-139 
of elastically restrained mass, 
379-380 

undamped, 133-136 
vibrations, 133-139, 186-191 
Fourier coefficients, 325-327 
complex, 385 
integral, 343-347 

applied, to indicial admittance, 
405-407 

to nonperiodic phenomena, 
3SS-394 

inversion of, 390-391 
theorem, 345 

complex form of, 390 
transition from Fourier series, 
389-390 
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Fourier series, 325-335 

applied to forced vibration of 
beam, 347-352 

approximation of arbitrary func- 
tions by, 330-335 
complex form of, 384—385 
Dirichlet’s condition for con- 
vergence of, 334 

of discontinuous functions, 327- 
330, 335 

for saw-toothed function, 383-384 
transition to Fourier integral, 
389-390 

Frequency, cut-off, of wave filters, 
463-467 

natural, of coupled masses, 168 
of simple harmonic motion, 115 
Frequency equation, of crankshaft, 
458-461 

of dynamically coupled system, 
208 

solution of, by matrices, 196-2C2 
of statically coupled system, 171 
Friction, coefficient of, 95 
reactions, 95 

Function, continuous, 472 
differentiable, 473 
multiple-valued, 470 
single- valued, 470 

Fundamental mode, of oscillation, 
169 

Fundamental system, of solutions, 
37 

Fundamental tone, 285 


Generalized coordinate, 101 
Generalized force, 103 
Generalized momentum, 104-106 
Generalized velocity, 102 
Geometric progression, 439 
Geometrical constraints, 94-97 
Governor, stability of, 258 
Graeffe’s method, for algebraic equa- 
tions, 194-196 

Graphical methods, for hariuuiiic 
analysis, 338-339 


Graphical representation, of bending 
moments, 263, 309 
Gyroscope, So— 89 
applications of, 88 
symmetrical, S6-S9 
Gyroscopic force, 220 
Gyroscopic moment, SS-S9 
Gyroscopic pendulum, 242 

H 

Hankel functions, of arbitrary order, 
59 

of imaginary argument, 63 
of zero order, 54 
Harmonic analysis, 335—340 
graphical methods for, 338-339 
mechanical methods for, 339-340 
numerical methods for, 336-338 
Harmonic components, continuous 
spectrum of, 392 
of force, 391 

Harmonic oscillation, amplitude of, 
283 

reduced to statical problem, 283- 
284 

of string, 284-286 
vibration, 283 
Harmonics, 285 

Heat exchange, problems of, 321-322 
Heat transfer, problem from theory 
of, 44 

Heaviside operational calculus, 409- 
410 

High-pass filter, 466-467 
Hinge moment, 223 
Hinged beam, oscillation of, 2S6-2S8 
Hinged support, of beams, 269 
Hodograph, 141—142 
Homogeneous boundary conditions, 
310 

problems of, 310 

Homogeneous differential equations, 
10, 259-260 
associated, 33, 35-37 
characteristic values of, 311-317 
Homogeneous linear equations, 471- 
472 
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Hydraulic Jump, 161 
Hyperbolic functions, 27—30 
Hyperbolic integrals, 120 
Hyperbolic inverse, 120 

I 

Identity, 470 
Imaginary number, 469 
Imaginary part of complex number, 
469 ' 

Impedance, 36^, 370-378, 389-390, 
405-410 

of capacitor, 370, 374 

of circuit, 370 

of dashpot, 373, 374 

driving point, 371-372 

of electric coil, 370, 374 

of electric network, 370-372, 

375- 376 

force-displacement, 374 
force-velocity, 374 
of inductance, 370 
of mass, 373-374 

of mechanical system, 373—374, 

376- 378 

in parallel, 375-376 
of resistor, 370, 374 
in series, 375-376 
of spring, 373-374 
total, 371 

transfer, 372, 422—423 
Implicit equation, 474 
Improper integral, 392, 395, 405- 
407, 475 

Increment of variable, 473 
Indefinite integral, 474 
Indicial admittance, 397—434 

application of Fourier integrals to, 
405-407 

of elastically restrained mass, 
397-398 

of electric circuit, 399-400 
relation of, in response to unit 
impulse, 401^03 
Inductance, coefficients, 232 
of coil, 229 
impedance of, 370 


Inertia, axis, 85, 270 
force, 98 
law of, 70 
moment of, 85 
parameter, 165 
product of, 85 
Infinite sequence, 470 
Infinite series, 470 

convergence of, 470-471 
sum of, 470 

Infinite trigonometric seri(is, 471 
Influence coefficients of elastic sys- 
tem, 190-191 

Influence function of strings, 265- 
■ 267 

Initial conditions, 22 
Integer, negative, 469 
Integral, Bromwich’s, 405—407 
calculus, 1 
circular, 120 
curve, 2 
definite, 1, 474 
Dirichlet’s, 395 
Duhamel’s, 403-405 
elliptic, 118-130 

of first kind, 118, 120-126 
of second kind, 128-129 
of third kind, 129—130 
equation, Carson’s, 407-409 
first, of differential equations, 
21-22, 113 
Fourier, 343-347 

complex form of, 390-392 
hyperbolic, 120 
improper, 475 

principal value of, 475 
indefinite, 474 

numerical evaluation of, 3-6 
Integral numbers, 469 
Integrating factor, 12 
Internal forces, 77-78 
Internal reactions, 94—95 
Inverse circular functions, 120 
Inverse hyperbolic functions, 120 
Inversion, of Fourier integral, 390— 
391 

of power series, 293-294 
Irrational nvimber, 469 
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Isocline, 7 
Isocline method, 7 
Iteration method, for algebraic 
equations, 193-194 
for determining characteristic 
values, 313-317 


Jacobi’s elliptic functions, 126 
K 

Kepler’s first law, 77 
Kinetic energy, 90 
of principal oscillations, 189-186 
of rigid body, 93-94 


Ladder-type electric network, 376, 
378 

Lagrange’s equations, 101-106 
for dissipative systems, 220, 232 
for electric networks, 232-233 
Lagrangian function, 106 
Laplace transform, 409, 430-432 
Lattice truss, buckling of, 445^51 
Law, of action and reaction, 71 
of areas, 77 

of conservation of energy, 91, 93 
of inertia, 70 

of motion, Newton’s, 70-71 
Legendre’s polynomials, 69 
Legendre’s standard form of elliptic 
integrals of first kind, 121 
Lift, of airplane, 144, 250 
Limit, of function, 472 
of sequence, 470 

Linear difference equations, 439-442 
Linear ditferential eciuations, of 
first order, 22-24 

fundamental system of solution 
of, 37 

general theorems, 35-37 
of higher order, 37-40 
homogeneous, 23, 35-37 
oscillatory solutions of, 311-313 


ari^r differential equations, of 
second order, 24-26, 31-34 
self-adjoint, 312-313 
solution of, by use of operators, 368 
system of, 41-42 

Linear equations, homogeneous, 471- 

472 

nonhoiuogeneous, 471-472 
Linear transformation of (*o(jrdi- 
nates, 184-186 

Load diagram, of electric machines, 
370 

Logarithm, 469 

common or Briggs, 469 
natural or Napierian, 469 
Jjogarithmic decrement, 130-132 
Ijongitudinal stability, of airnlane. 
249-255 

Low-pass filter, 463, 465—467 
Lubrication, problem from theory 
of, 44-45 

M 

Magnetic energy, 232 
Mass, impedance of, 373-374 
Mass center (center of gravity), 
78-80 

Matrix, 196-202, 208-209, 472 
column, 199 
square, 199, 472 
Maxwell’s theorem, 191 
Mechanical cliain, 461—464 
length of waves in, 462 
as model of electric wave filter, 
463-465 

progressing wave in, 461 — 164 
velocity of propagation in, 462 
Mechanical-elei-trical analogy, 228- 
233, 372-377 

Mechanical impedance, 374, 376—378 
Mechanical methods for harmonic 
analysis, 339—340 

Membrane, equilibrium of, 359-362 
free os<*illatioii of, 315—317 
Rayleigh- Ritz method applied to, 

' 359-362 

Microphone, condenser, 256, 436 
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Modes, of buckling, 297 
normal, calculation of, by ma- 
trices, 196-204, 208-209 
of oscillation, of beams, 287-288, 
291 

fundamental, 169 
normal, 176-178, 187-191 
principal, 169, 172 
of strings, 284-285 
of vibration (see Modes, of oscil- 
lation). 

Modified Bessel functions, 61—62 

Modulus, of elastic foundation, 271 
of elliptic integral of first kind, 121 
of vector, 367 

Moment, of aerodynamic forces on 
airplane, 223-224, 249-251 
bending, 268 
of force, 75-76 
gyroscopic, 88-89 
of inertia, 85 
of areas, 270 
principal, 85 
of momentum, 76 

rate of change of, 77-78 
resultant, 78 
of precession, 88-89 
twisting, 268 

Momentum, 71 
generalized, 104-106 
rate of change of, 71, 78 
resultant, 78 

Motion, with elastic restraint, 114— 
115 

and damping, 133-132 
under periodic force, 132-139 
oscillatory, damped, 131-132 
of particle under gravity and air 
resistance, 139-143 
of pendulum, 115-119, 126—128 
phugoid, of airplane, 145-150 
plane, 83—84 
quantity of, 70 
relative, 82 

in resisting medium, 111-113 
of rigid body, 82-85 

around fixed point, 84-89 
simple harmonic, 115 


Motion, of single mass point, 74-77 
subsident, 131—133 
Multicylinder engine, critical speed 
of, 453-461 

Multiple roots, of algebraic equa- 
tion, 471 

of characteristic equation, 38-39 
Multiple-valued function, 470 

N 

Napierian logarithm, 469 
Natural frequencies, of beams, 286, 
293 

of coupled masses, 168 
identified with characteristic 
values, 311-314 
of strings, 284-286 
Natural logarithm, 469 
Negative integer, 469 
Network (see Electric networks) 
Neumann’s function, 63—64 
Neutral equilibrium of column, 297 
Newton’s laws of motion, 7^-71 
application of, to system, 77-78 
Newton’s method, for algebraic 
equations, 192—193 
extension of, to complex roots, 
248-249 

Nodal point, 152-153, 155, 157 
Nonconservative force, 91 
Nonconservative systems, oscilla- 
tions of, 217—223 

Nonhomogeneous boundary condi- 
tions, 310 

Nonhomogeneous boundary prob- 
lems, 310 

Nonhomogeneous differential equa- 
tions, 259-260 

Nonhomogeneous linear differential 
equations, 33, 35-37, 40 
Nonhomogeneous linear equations, 
471-472 

Nonperiodic phenomena, application 
of Fourier integral to, 388-394 
Normal components of force, 189 
Normal coordinates of mechanical 
systems, 183-186 
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modes, calculation of, by 
matrices, 196-204, 208-209 
coefficients of, 177-180 
of oscillation, 176-178, 187-191 
static deflection of, 190 
Normalization, of principal oscilla- 
tions, 176-178 

Normalizing condition, 177-178 
Number, algebraic, 471 
complex, 469 
imaginary, 469 
irrational, 469 
rational, 469 
real, 469 

transcendental, 471 
Numerical methods, for ('valuation 
of integrals, 3—6 
for harmonic analysis, 336—338 
Numerical solution of differential 
equations, 14-19 
Nutation of vertical top, 238 

O 

Ohmic resistance, 229 
Operational calculus, 409-434 

applied to Ovscillations of mechani- 
cal systems, 423-430 
expansion methods of, 416-420 
Operational rules, 407, 411-416 
Operators, 368 
addition of, 411 

expansion in partial fractions 
of, 417-420 
fundamental , 4 14-4 1 6 
imiltiplicmtion of, 430-433 
notion of, 409—41 1 
Ordinary differential eciuation, dv- 
fined, 474 

Orthogonal functions, 351-3o3 
Orthogonality of priiu'ipal oscilla- 
tions, 172-176 

Ortliogonality relation, 173, 176, 209 
Oscillating systems, stability con- 
ditions of, 242-246 
Oscillations, of lieams, 286-295 
carrying a mass, 290—294 
of cantil('V('r Ix'am, 288-290 


Oscillations, of coupled masses, 166- 
170 

of crankshaft, 454-461 
damped, 131-132 
of electric circuit, 369 
forced, 186-191 

of cantilever beam, 294-295 
damped, 137-139 
of elastically restrained mass, 
379-380 

undamped, 133-136 
free, of membrane, 315-317 
fundamental mode of, 169 
harmonic, reduced to statical 
problem, 283-284 
of hinged beam, 286-288 
with increasing ainplitmh', 136- 
137 

linear, of coupled masses, 166-170 
of nonconservmtive systems, 217— 
220 

normal modes of, 176)— 178, 187— 
191 

principal, 169, 172 
amplitudes of, 177 
determined by operational cal- 
culus, 423-430 
kinetic (‘nergy of, 180-186 
normalization of, 176—178 
potential energy of, 180—186 
principal modes of, 169, 172 
small, of (‘onservativc systeiiis, 
162-166 

steady state, 365, 388 
Os(‘illat{)ry solutions of linear differ- 
ential e<iuati<)us, 311—313 
Ovt'rtones, 285 

P 

Param(d,ri(* form for equation of 
curve, 47(5 

Partial derivatives of function, 473 
Partial diffen'iitial equation, defined, 
474 

Pendulum, ct)inpoimd, 115 
couiitervvc'ight, 159 
double, 264-207 
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Pendulum, gyroscopic, 242 
motion of, 115-119, 126-128 
Perfect dift'erential, 91 
Perfect electromagnetic coupling, 
372 

Period of simple harmonic motion, 
115 

Periodic force, response to, 382—385 
vectorial representation of, 367- 
368 

Periodic motions, phenomena, 385 
superposition of, 378—382 
voltage impressed on electric cir- 
cuit, 380-382, 385 
Phase, of vector, 367 
Phase angle, 366 
Phase lag, 138 

Phugoid motion of airplane, 145- 
150, 253 

Pipe, under internal pressure, 274- 
277 

Plane motion, 83-84 
Plasticity, problem from theory of, 
45 

l*olar coordinates, 105 
Polynomial of ?zth degree, 470 
Polynomials, Legendre's, 69 
Positive definite, quadratic form, 
164 

Potential energy, 90 
(‘xternal, 92-93 
internal, 92-93, 98 
of principal oscillations, 180—186 
Power series, 471 

inversion of, 293-294 
Precession, 87-89 
free, 87 

moment of, 88-89 
of vertical top, 238 
Principal axis of ellipse, 184-186 
Principal flexural rigidity, 270 
Principal inertia axis, of area, 270. 
Principal modes of oscillation, 169 
Principal iiioiiient of inertia, 85 
Principal oscillations, 169, 172 
amplitudes of, 177 
determined by operational cal- 
culus, 423-430 


Principal oscillations, kinetic energy 
of, 180-186 

normalization of, 176-178 
orthogonality of, 172-176 
potential energy of, 180—186 
Principal part of difference of func- 
tion, 473 

Principal value of integral, 475 
Principle of superposition, 378-379, 
388, 403 

Product, of areas, 270 
of inertia, 85 
scalar, 72-74 
vector, 72-74 

Progressing wave in mechani(uil 
chain, 461-464 
Progression, arithmetic, 439 
geometric, 439 

Q 

Quadratic form, 164 
positive definite, 164 
Quadrature, 2 
Quantity of motion, 70 
Quartic algebraic equations, sta- 
bility conditions for, 244-246 

R 

Radius vector, 75 
Rational number, 469 
Rayleigh-Ritz method, 353-362 
deflection of membraiK^, dettu- 
mined by, 359—362 
determination of buckling load 
by, 358-359 

determination of critical speed by, 
354-357 

Reactions, 94-95 
frictionless, 95 
internal, 94-95 
Real number, 469 
Real part of complex luirnber, 469 
Real roots of algebraic ecpiations, 
191-196 

Reciprocity theorem of elastic sys- 
tems, 191 
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Ileetangular coordinates, defined, 
475 

lic'ctilinear coordinates, defined, 475 
Relative motion, 82 
R.esist:iii(*e, ohmic, 229 
Resistor, 229 

impedance of, 370, 374 
Resonance, 132-139, 295, 311, 349- 
351, 377 

Resonance factor, 134, 190, 349, 351 
Response, of elastically restrained 
mass, to unit impulse, 399 
of electric circuit to unit impulse, 

400- 401 

of electric network to suddenly 
applied voltage, 420—423 
of force, spectrum of, 390-392 
of mechanical system to suddenly 
applied force, 423-430 
to periodic force, 382-385 
relation of, to indicial admittance, 

401- 403 

static, of system to unit force, 419 
of system to force, 389-392 
to unit impulse, 397—403, 404-405, 
415-416 

to unit step (see Indicial admit- 
tance) 

Restoring force, 164—165 
Rigid body, 82-85 
kinetic energy of, 93-94 
motion of, around fixed point, 
84-89 

rotation of, 84 

Ritz method (sec Rayleigh- Ritz 
method) 

Rotating shaft, critical speed of, 
286, 290 

Rotation of rigid bod}^ 84 
Rule, Simpson’s, 4 
trapezoidal, 4 

liunge-Kutta method, 14, 18-19 
S 

Saddle point, 149, 153-157 
Saw-toothed function, Fourier series 
for, 383-384 
Scalar product, 72-73 


Scalar quantities, 71 
Self-adjoint linear differential equa- 
tions, 312-313 

Semieonvergent scu'ies for Bessel 
functions of zero order, 54 
Separation of variables, 8-9 
Sequence, limit of, 470 
of numbers, 470 
infinite, 470 

Series, Fourier, 325-335, 382-385 
power, 293-294, 471 
trigonometric, 323-325, 352-362 
Shear force, 268 
Shear modulus, 271 
Silent hell, 206 
Simple harmonic motion, 115 
Simple root of algebraic equation, 
471 

Simpson’s rule, 4-5 
Single-valued function, 470 
Singular points, 7 

of differential equations, 148—157 
Singular solutions, of differential 
equations, 13-14 

Small oscillations, c^’ airplane, 250- 
255 

of conservative systems, 162-166 
of nonconservative systems, 21 6- 
220 

Solution, of algebraic equations, 
191-196, 246-249 
general, of differential equations^ 
3, 9, 29, 24, 32-33, 36-42 
of frequency equation by matri- 
ces, 196-204 

of linear differential equations, 
oscillatoiy, 311-313 
particular, of differential (equa- 
tions, 3, 7, 9, 13-14, 33, 40, 42 
singular, of differential equations, 
13-14 

Spectrum, of force, 390-392 

of frequencies, of band-pass filter, 
464 

of beams, 287-288 
of crankshaft, 460 
of string, 285 

of harmonic components, 392 
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Spectrum, interval, 392 

of response to force, 390-392 
of unit-step function, 394—395 
Spiral point, 153-155, 157 
Spring, impedance of, 373-374 
Spring constant, 164, 365 
dynamic, 376-378 
Square matrix, 199, 472 
Squaring roots of algebraic equa- 
tions, 194-196 

Stability, of airplane, dynamic, 252— 
255 

longitudinal, 249—255 
parameter of, 252, 255 
static, 252-255 
of column, 297—299 
of governor, 258 
of vertical top, 238-242 
Stability conditions, for cubic equa- 
tions, 242-244 

for equilibrium of system, 97 
for oscillating systems, 242-246 
for quartic equations, 244—246 
Stable ocpiilibrium, 97, 164, 171 
position for, 07-98 
Standard forms, of Bessel functions, 
56-59 

of elliptic integrals of first kind, 
121, 123-125 

Static balance, of aileron, 227 
Static coupling, 165-166 
Static deflection, of normal modes, 
190 

Static response, of system to unit 
force, 419 

Static stability, of airplane, 252—255 
Statically coupled system, frecpiem'y 
equation of, 171 
Steady state, 365-366 
Steady-state oscillations, 365, 388 
Stop-by-step method, 14 
Stodola’s imihod for determining 
characteristic vahu's, 317 
String, 260-267 

deflection of, 260-267 
elastically supported, 266—267 
harmonic oscillation of, 284-286 
influence function of, 266 


String, modes of vibration of, 284— 
285 

under tension, 264—267 
String insulator, 452—453 
String polygon, 263-264 
Subsidence, 131 

Superposition, of periodic motions, 
378-382 

principle of, 378-379, 388, 403 
Suspension bridge, theory of, 277- 
282 

Symbolic equations of operational 
calculus, 410—416 
Symmetrical top, 85-89 
kinetic energy of, 94 
vertical, stability of, 238-242 


Tapered column, buckling of, 299— 
301 

Tension, in strings, 261-267 

of suspension bridge cable, 278, 
281-283 

Terminal velocity, 142 
Test function for algebraic equa- 
tions, 244-247 

Theorem of virtual displacements, 
94-98 

Three-moment equation, 442 
Top, 85-89 

symmetrical, 86-89 
kinetic energy of, 94 
vertical, nutation of, 238 
precession of, 238 
stability of, 238-242 
Torsional divergence, 223 
Torsional rigidity, of beams, 270 
Transcendental equation, for cable 
tension, 282 

for frequencies of beams, 286-294 
Transcendental number, 471 
Transfer impedance, 372, 422-423 
Transformation, alliiH', 156, 186 
linear, of coordinates, 184-186 
Transient phenomena, 388-436 
Transient state, 365-366, 388 
Trigonometric functions, with imagi- 
nary argument, 25-26, 28-29 
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Trigonometric series, 323-325, 352- 
362 

infinite, 471 

Truss, buckling of, 445-451 
Twisting moment, 268 

U 

Uniform beam, oscillations of, 286- 
289, 294-295 

Uniform column, b\ickling of, 295- 
299, 301-304 

Uniformly convergent infinite series, 
471 ' 

Unit force, static response to, 419 
Unit-impulse function, 396-397 
response to, 397-403, 415-416 
Unit-step function, 394-395 
response to (see Indicial admit- 
tance) 

spectrum of, 394-395 
Unit voltage-impulse, 400-401 


Variables, separation of, 8 
Vectorial representation, of alternat- 
ing current, 369-370 
of alternating electromotive force, 
369-370 

of complex quantities, 367 
of periodic displacement, 367-368 
of periodic force, 367-368 
Vectors, addition and multiplication 
of, 71-74 
argument of, 367 
modulus of, 367 
phase of, 367 
product, 72-74 
Velocity, generalized, 102 
of propagation in mechanical 
chain, 462 
terminal, 142 


Velocity’ height, 146 
Vertical top, nutation of, 238 
precession of, 238 
stability of, 238-242 
Vianeilo^s method for determining 
characteristic values, 317 
Vibration damper, 232-237 
Vibrations {see Oscillations) 

Virtual displacements, 94-98 
Virtual work, of generalized forces, 
102-103 

Voltage, periodic, impressed on 
electric circuit, 380-382, 385 
suddenly applied, to electric cir- 
cuit, 399-400 

to electric network, 420-423 
Voltage drop, in insulator chain, 
451-453 

Voltage-impulse, unit, 400-401 
Vortex point, 149, 153, 155, 157 

W 

Wandering of energy, 170 
Wave, progressing in mechanical 
chain, 461-464 
Wave filter, electric, 463-467 

cut-off frequencies of, 463-467 
Wave length, in mechanical chain, 
462 

Wave trap, 466 

Weber’s form of Bessel functions of 
second kind, 50, 63-64 
Wing flutter of airplanes, 220-228 
Words and phrases, 469-476 
Work, 89 
virtual, 97-98 

of generalized forces, 102-103 


Young’s modulus, 260 



